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Chapter 8
Application of Integrals

Exercise 8.1

Question 1

Find the area of region bounded by the curve y? = x and the x = 1, x = 4 then x - axis in the first
quadrant

Solution:

Equation of the curve (rightward parabola) is y? = x
U

LSl

b
A
A 4

>

\..__ yi=x

Yy x=1 xX=4

y = \/E ............. (1)

Required area is shaded region

4 4
= jydx = J\/de [From equation (1)]
1 1

),

El
2

- (5-1)

= %(4;X3—1;X3)| = |§(8—1)| = §><7= 13—45q.units

N| =

dx

| Do

Question 2

Find the area of the region bounded by y?> = 9x,x = 2,x = 4 and the a-axis in the first quadrant.
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Solution:
Equation of the curve (rightward parabola) isy? = 9x.

y =3Vx

L
—
\

\___ y?=9x

"Y' x=2 x=4

Required area is shaded region which is bounded by curve y? = 9x and vertical lines x=2,x=4 and x-axis

in first quadrant.
4 4

= jydx = fS\/E dx| [From equation (1)]

1 1
4

(),

5
2

41
=3jx7dx=3
1

SR ot (B
=|2 (8 — 2v2)| = (16 — 4V2) sq. unit.

Question 3

Find the area of the region bounded by x? = 4y.y = 2.y = 4 and the y - axis in the first quadrant.
Solution:

Equation of curve (parabola) is x? = 4y.

Orx =2y .. (1)

Required region is shaded, that is area bounded by curvex? = 4y. and Horizontal lines .y = 2.y = 4 and
y-axis in first quadrant.
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4 4 4
1

= fxdy = jz\/?dy = ZJyfdy

2 2 2

§4

B 2<y2>2 4 (4%_2%)_(32—8\/7) it
= —% =3 = . Sg. units
Question 4

2 2
Find the area of the region bounded by the ellipse :—6 + % =1.

Solution:
! . . x? y2
Equation of ellipse is TRk . (1)
AY
B(0,3)

Here a’ (= 6) > b% (=9)
2 2 _y2
From equation (1), % + = = 1o-x
. 9 ' 16 16
= y? = - (16— x?)
3
=y? = S (16— X2) e (2)
For arc of ellipse in first quadrant.

Ellipse (1) is symmetrical about x-axis (if we change y to - y or x to - x, equation remain same).
Intersections of ellipse 91) with x-axis (y=0)
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Puty =0 in equation (1), we have

1o =16 >x= +4
6 7 e

Therefore, Intersection of ellipse (1) with x-axis are (0,4) and (0,4)
Now again
Intersection of ellipse (1) with y-axis (x=0)

2
Putting x = 0 in equation (1), y? =1=y2=9 =2 y=43
Therefore, Intersection of ellipse (1) with y-axis are (0, 3) and (0,-3).

Now,
Area of region bounded by ellipse (1) = Total shaded are = 4 x Area OAB of ellipse in first quadrant.
4

fydx

0

=4 [+ Atend B arc AB of ellipse; x = 0 and at end A of arc AB; x —= 4]

4 4
=4 IE 16 — x%2 dx| = 4 fE 42 — x2 dx
4 4
0 0

2 a 2
=3 E\/ALZ —x? + %sin‘1 ﬂo [ [Va? —x? dx =3 Va? —x? + Z-sin”! ﬂ
=3 [5 V16— 16+ 8sin"'1— (0+8sin~'0)] =3[0 + ]
=3 (4m) = 12m sq. units

Question 5
2 2
Find the area of the region bounded by the ellipse xz + % =1.

Solution:

2 2
Equation of ellipse is xT + % =1

YA

X0 o A(2,0) X

{0,-3)
Y"

Here a? (= 4) < b? (=9)
2 2 2
From equation (1), y? —1 -

, 4 4
=y’ = n (4 —x?)
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3
=y? = E(4—x2) ............ (2)
For an arc of ellipse in first quadrant.

Ellipse (1) is symmetrical about x-axis and y-axis.
Intersections of ellipse (1) with x-axis (y=0)
2

Put y=0 in equation (1), % =1

>x2=4

>x = %2

Therefore, Intersections of ellipse (1) with x-axis are (0, 2) and (0,-2).
Intersections of ellipse (1) with y-axis are (X = 0)

2
Put x = 0 in equation (1), y? =1
S>y?=9=>y=43
Therefore, Intersection of ellipse (1) with y-axis (0,3) and (0,-3)

Now

Area of region bounded by ellipse (1) = Total shaded area = 4 x Area OAB of ellipse in first quadrant
2

=4 Jy dx| [+ Atend B arc AB of ellipse; x = 0 and at end A of arc AB; x = 2]
0

2 4
3 3
=4 jZ\M—xzdx =4 ]E 22 — x2 dx
0 0

2 A 2
=6 EVZZ —x2 + 27sin_1 £]0 [ [Va? —x? dx = % Va2 — x2 + %sin‘1 2]

4
-6 E 4—4+25in-11—(0+25in—10)]
=6 [0+2.5 = 0] = 6 sq.unit

Question 6

Find the area of the region in the first quadrant enclosed by x - axis x = /3y and the circle
2 2
x“+ y =4

Solution:

Step 1: To draw the graphs and shade the region whose we are to find
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YA

Equation of the circle is x? + y? =22 ... (1)
We know that equation (1) represents a circle whose centre is (0,0) and radius is 2

Equation of given line is x = \/§y

1
DYEFX e (2)
We know that equation (2) being of the from y = mx wherem = —=tan 30° = tanf = 6 = 30°

V3
represents a straight line passing through the origin and making angle of 300 with x- axis

Step 2: To find the value of xand y

Puty = % from equation (2) in equation (1),

2
X+ =423+ xf =12 5 4x% = 12
=>x>=3 =2x= 13
Puttingx = £3iny = \/1—§,y= landy=-
Therefore the two points of intersections of circle (1) and line (2) are A (v/3,1) and D (- v/3,—1)

Step 3: Now shaded area OAM between segment OA of line (2) and x -axis
NE

= fydx [+ AtO,x = 0 and atA,x V3]
0

1 NG [ 3 5. J VB :
= f — x dx —3 (7>0 = ﬁ (E_ 0) = ﬁ =5 SQ. units ... ... e vee e (3)

Step IV: Now shaded area AMB between are AB of circle and x - axis.

y dx| [+ At0,x = V3 andatAx = 2]

V22 —x2 dx

from equation(2),

ﬁ% Nﬁ\ N

For more Info Visit - www.KlITest.in

8.6




For Enquiry — 6262969604 6262969699

) 2

(V22— + Zsint2) _=[i-va—d+ 2sint1- (S VE-3+ 2sint D)
2 2 2) 3 L2 2 2

V3 V32 V3 . .

=0+2.%—7—2.%=ﬂ—7—%=(%—?)sq.umts ........... (iv)

Step V: Required shaded area OAB = Area of OAM + Area of AMB

3 (m B\« .

=7 (5— 7) = 35q.units

Question 7

Find the area of the smaller part of the circle x* + y* = a? cut off the line x = %

Solution:

Equation of the circle is x2 + y* = a®............... (1)

YA

_/ 3
V'VV
fy?=a?— x
Sy=vVa? — X% v (D)
Here,
Area of smaller part of the circle x*> + y? = a? cut off the line x = % = Area of ABMC = 2 x Area of
ABM

(3
ydx| =4 ff a? — x? dx| [From equation (2)]
a

Il
\S]
ﬁlg\g

V2

2 a
x a x
=2|zva? —x%?+ —sin™! -
lZ 2 a

Sl

a?
2 -
a PR VA

a? — — sin™! —2>

~ 515

2 2

2
=2 [%Vaz —x% + %sin‘1 1— (

For more Info Visit - www.KlITest.in

8.7




For Enquiry — 6262969604 6262969699

_ a’? a a? a? 1 1
=2 l0+ 7E—n ?— sin ﬁl
_z[ﬂaz_LL_ﬁz]
B 4 22 2 2 4
IPYLT
B 4 8 4
_ 2a2 [2 n—n—Z]

8
—ﬁ( —2)—£(E—1)s nit
3\ a2 qunt
Question 8

The area between x = y? and x = 4 is divided into equal parts by the line x = a find the value of a.

Solution:

A

=>y=+x

Now area bounded by parabola (1) and vertical line x = 4 is divided into two equal parts vertical line x =
a.
Area OAMB = Area AMBDNC
4

= 2
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3 3
=>2a2 =8 2 az=4
3
>a=142
Question 9
Find the area of the region bounded by the parabolay = x?andy = |x|

Solution:

The required area is the area included between the parabola y = x?and the modulus function y =

|x| _ { X, le 2 O
—X, le < O
AY
B(-1,1) B(1,1)
y=-xX<0 y=xX20
y=x y=x
€ o >y
Yy

To find: Area between the parabolay = x? and therayy = x for x > 0
Here limits of integration =y = x

>x2=x =2 x*—x=0

>5x(x=-1)=0>x= 0x=1

Now for y =|x|, table of values,

y=xifx =20

y 0 1 2

y=—xifx <0

y 0 1 2

Now Area between y = x? and axis - Area between limits x = 0 and x =1
1 1

- fydx = fxzdx = <%3>1 = % (1)
0

0 0

For more Info Visit - www.KlITest.in

8.9




For Enquiry — 6262969604 6262969699

And area of ray y=x and x-axis

1 1 3\ 1 1
:fydxzfxdxz(%) = e (D
0

0 0
So required shaded area in first quadrant
= Area between ray y=x for x> 0 and x-axis - Area between parabola y = x? and x-axis in first quadrant
= Area given by equation (2) - Area given by equation (1)

11

1 .
=-— - = -—s(q.units
2 3 6

Therefore the required area=2 x (1/6) =1/3

Question 10

Find the area bounded by the curve x = 4y and the line x = 4y- 2
Solution:

Step 1: graph and region of integration

'Y'
Equation of the given curve is
X2 =4V . (1)
Equation of the given line is
X=4Y -2 (2)

y 0 1/2 0

2
Step 2: putting y= XT from equation (1) in equation (20,

2
x=4%—2:>x= x2—-2=> —x*+x+2=0

>x2—x—-2=0
x> =2x+x—-2=0=2x(x—-2)+ (x=2)=0
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>x—-2)+ x+1)=0>=>x=20rx= -1
For x =2, from equation (1), y= % = % =1

So points (2, 1)

For x = 1 from equation (1), y= % = %
So point is (—1&)

Therefore, the two points of intersection of parabola (1) and line (2) are C (—1,%) and D (2,1)
Step 3: Area CMOEDN between parabola (1) and x-axis

2 2
= j dx| = fx—dx
y 4
i =)

G,

12

= |5 22+ (-1%

1 9 3 (
== 8+1) = 3 = 5 S9- units...... (3)

Step 4: Area of trapezium CMND between line (2) and x-axis
2

2

_ gl = x+2d

- || A
]

il

2
_1f(+2)d H
)Y | a\2 T
=1 -

=1 |G+ 4)—(%—2)| =z |(2+4— ~+ 2)|

1 1 T~ 15 .
—Z|8—E|——X——?sq.un1ts ........... (4)

4 2

Therefore,
_15-6 _ 9 o
=75 g%

B w

Required shaded area = Area given by equation (4) - Area given by equation (3) = % .

units.

Question 11

Find the area of the region bounded by the curve y* = 4x and the line x = 3

Solution:
2 _
Vo= 4X i, (1)
1
S Y = 4% = 2X2 e, (2)

Here required shaded area OAMB = 2 x Area OAM
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A
A
M
XI‘ O ’X
(x=0)
_B_y2=4x
x=3
Yy

(),

3
2

3 3
1
=2jydx=2 fofdxzél
0 0

3
=4.2 [37- 0| = 2.3 V3 =83 sq. units.

Question 12

Choose the correct answer:

Area lying in the first quadrant and bounded by the circle x? + y* = 4 and the line 0 and x = 2 is

(A) (B) 3
€3 (D)5
Solution:

Option (A) is correct.

Explanation:
Equation of the circle is x? + y? = 2%............. (1)
Sy=vV22 — X% (2)
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4

>
A

Yl

B
K | B 'X

N

Yy’

2 2
Required area = fydx = j 22 —x?%dx
0 0

2
X W
=|(E\/22—x2+ = sin 1 —)
0

2

:§\/4—4+25in—11— 0+ 2sin~10)
:0+2.%— 0 — 0 = 7 sq. units.

Question 13

Choose the correct answer:
Area of the region bounded by the curve y? = 4x,y — axis and the line y = 3 is:

(A) 2 (B)9/4
(©)9/3 (D) 9/2
Solution:

Option (B) is correct.
Explanation:
Equation of the curve (parabola) y? = 4x
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3 2
2
Required area = Area OAM = fxdx = J‘yxdy
0 0

2
1 ] 1 |27 9 .
== (y—) == |—— 0| = —s(. units
4 I\3 /g 3 4

Exercise 8.2
Question 1
Find the area of the area 4 x*> + 4y? = 9 which is interior to the parabola x> = 4y
Solution:

Step 1: Equation of the circle is 4 x* + 4y% = 9
9

Here, centre of circle is (0, 0) and radius is 3/2
Equation of parabolais x? = 4y ..........(2)
Step 2: To find values of x and y

Put x* = 4y in equation (1), 4y + y* = %
16y +4y?> =9
4y2 =16y —9=0
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4y =18y —2y—9=10
2y 2y+9)—-2y+9)=0
2y+9)2y—-1)=0
2y+9=00r2y—-1=0
>y = %goryzi
Find the value of x:
Puty = ?inxz = 4y,
:>x2=4y(_79):—18
Puty = %inx2 = 4y,
=x% =4y (%)zZ

=> XS

Therefore Points of intersection of circle (1) and parabola (2) are
1 1

A(=V2,3) andB (V2.5)

Step 3: Area OBM = Area between parabola (2) and y-axis

x dy

O%NI»—\

1
[ AtO,y=0andatB,y E]

=2.

3

z
41 1 V2
GE£_3 .............. 3)

Step 4: Now area BDM = Area between circle (1) and y -axis

1

2
= f x dy

1

2

1 3

[ AtB,y = > andatD,y = =

2
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3 [/3)?2 3\2 9 2 1o 1 8
_3 13\ (3 e — 1 ZasssslelensiOen 1 | SIS R
- (2) (2) +851n gl 4 4+85ln g

2 2
3 9 1 1 /8,9 . 41
:—XO) —sin"1— |- |-+ =sin™" =

(4 +8 4 4+8 3

9 T 1 o . _ .4
==X == =y2— =5sin = =

8 2 4 ol 3

o V2 9 . 41
= — —— = = e 4

o~ (4)

Step 5:

Required shaded area = Area AOBDA = 2 (Area OBD) = (Area OBM + Area MBD)
_5[V2 o V2 9 . 1 1\] _ 1 . ot 9 . 11
2Lkt ol (e k- Lo

16 4 3 3] 4 8 3
4-1 9t 9 1
=2vZ (S)+ 5= Isintl 2
V2 =)t % S 3
V2, 9t 9 . 41 2 9(1r ._11)
=24 B Zgip iy = - P T gipel -
o A S A 3
V2 9 1 1 . T
= 1= Sp— —[ sm(——@)zcos@]
6 ' 4 3 2

Question 2

Find the area bounded by the curves (x — 1)? + y? =1and x* + y> =1
Solution:

Equations of two circles are
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YA

X4y =1 A (X-1)2+y2 =1

A
v

Y,\
And (x — 1%+ y2=1...... (2)
From equation (1), y? = 1 — x?
Put this value in equation (2),
(x—1)2%+1—x*=1
S>x24+1-2x+1- x2=1

> —2x+1=0

1
S>x ==
%1
Putnginyzzl—x2
2
2_1(Y =2 q1_1_3 'L
y_l(z)_l - - U

The two points of intersection of circles (1) and (2) are G?) and G_Tﬁ)

Now from equation (1) y = V1 — x? in first quadrant and from equation (2) y =+/1 — (x — 1)? in first
quadrant
Required area OACBO = 2 x Area OAC = 2 (Area OAD + Area DAC)

-1

2 1 ]
=2 fy of circle (ii)dx + f y of circle (i)dx
0

DN =

Il
N
o\n\:h—x

1 ]
J1— (x—1)%2 dx + f\/l— x? dx|
| % |
1= (r— 2 =
{(x - 12 (= 1" + % sin™! (x — 1)} + {—x L= + E sin~1 x}l
. 1
={— % \/g+ sin~! (—%)}— sin™! (=1) — {% \E+ sin~! %}
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_ V3 m m T 3 T 2_1r_ ﬁ .
T4 6+2+2 4 6_(3 2)sq.un1ts
Question 3

Find the area of the region by the curve y = x* + 2.y = x,x = 0 and x = 3.
Solution:

Equation of the given curve is

YA

/ y:x

C

(0,2) _D//
B

y=x+2

(Point D is (0,2)

y=x242 e (1)
x2=y—2

Here vertex of the parabola is (0, 2)
Equation of the given line is

We know that, slope of straight line passing through the origin is always 1, that means, making an angle
of 45 degrees with x- axis.
Here also, Limits of integration area given to be x=0 to x=3.
Area bounded by parabola (1) namely y = x? + 2. the x-axis and the ordinates x=0 to x=3 is the area
3 3

OACD andfydx = f(x2 + 2)dx
0 0

3 3
(420,
=(9+6)-0=15 ... (3)

Again Area bounded by parabola (2) namely y=x the x-axis and the ordinates x=0 to x=3 is the area OAB
and
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3 3
fydxzfxdx
0 , 0
x? 9 9
:(7)():5—0:5 .................... (3)

Required area = Area OBCD = Area OACD - Area OAB
= Area given by equation (3) - Area given by equation (4)
=15 — ; = 2%sq. units

Question 4

Using integration, find the area of the region by the triangle whose vertices are (-1, 0), (1,3) and
(3,2)

Solution:

Vertices of triangle are A (-1,0), B (1,3) and C (3,2).

Therefore, equation of the line is
3-0

y =0 £ (x = (-1)
[ y—¥1 = 2o (xy — x1)]

3 X2— X1
y=5&+1
Area of AABC = Area bounded by line AB and x - axis
1

=fydx

21
[+ AtA,x = —1landat B,x = 1]
1
3
= J-E (x+1) dx
21
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) 1

= (5+ ),

= G+1)+G-1)

=§ §+§)=§§=3 ................. (1)

= Again equation of line BCisy — 3 =%+ % x—1)=y= % (7 —x)
Area of trapezium BLMC = Area bounded by line BC and x - axis

3

3
1
:ojydx= f§(7—x)dx
1

@1—-—7+ )5

Again equation of line ACisy - 0 = S 01) x—(-1) =>y= % (x+1)

Area of triangle ACM = Area bounded by line AC and x-axis
3 3

=> fydxz f%(x+1)dx

5oy )

SIERERY

1 (9+6—1+2)
2 2

Therefore
Required area= Area of AABC + Area of Trapezium BLMC - Area AACM
=3 +5-4=4sq.units

Question 5

Using integration, find the area of the triangular region whose sides have the equationsy = 2x +
1,y =3x + 1 and x=4.
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Solution:

Equations of one side of triangle is

“/
C(4,13)

YA

PR : T
48 X
y=2x1........(1)
y=3x1........(2) And
X=4%4......(3)

Solving equation (1) and (2), we get x=0 and y=1

So, Point of intersection of lines (1) and (2) is A (0, 1)
Put x=4 in equation (1), we get y=9

So, Point of intersection of lines (1) and (3) is B (4, 9)
Put x=4 in equation (1), we get y=13

Point of intersection of lines (2) and (3) is C (4, 13)
Area between line (2), that is AC and x-axis

4 4 4
3x?2
=fydx=f(3x+1)dx= <T+ x>
0 0

0

=24 + 4 = 28 sq. units .......... (iv)
Again Area between line (1), that is AB and x-axis

4 4

=fydx=f(2x+1)dx
0 0

= (x* + x)5

16 + 4 = 20 sqg. units .......... (v)

Therefore, required area of AABC

= Area given by (4) - Area given by (5)

=28 - 20 = 8 sqg. units
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Question 6

Choose the correct answer:
Smaller area enclosed by the circle x* + y* = 4 and the line x + y = 2 is:

(A) 2(m — 2) (B)w —2
C2r—-1 (B)2(m+2)
Solution:

Option (B) is correct.
Explanation:
Equation of circle is x* + y?'= 2% ............. (1)

Ya

S y= V22— x2 i (2)

Also, equation of the lineisx +y = 2
‘ y 2 0 i

Therefore graph of equation (3) is the straight line joining the points (0, 2) and (2, 0).

From the graph of circle (1) and straight line (3), it is clear that points of intersections of circle (1) and
straight line (3) are A (2, 0) and B (0, 2).

Area OACB, bounded by circle (1) and coordinate axes in first quadrant.

2 2
ydx| = f\/ZZ—dex
0

/

X 2 X :
= (E 22— X'2+ ?sin_l E)O

2
= (E\/LL — 4+ Zsin_ll) — (0 +2sin10)

=0+2 (E)Z (0) = sq. units .......... (iv)
Area of triangle OAB bounded by straight line (3) and coordinate axes
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2 2
= Jydxz 0J‘(Z—x)dx

2

xZ
- (20-3),
=(4—-2)— (0,0) = 2sqg.units ......ceceeue (V)
Required shaded area = Area OACB given by - Area of triangle OAB by (v) = (it — 2) sq. units

Question 7

Choose the correct answer:
Area lying between the curves y* = 4x and y = 2x is:

E (B);
OF ©3
Solution:

Option (B) is correct
Explanation:
Equation of curve (parabola) is y* = 4x ............ (1)

YA

A
y

r
Y"

1
=>y=2Jx=2x )

Equation of another curve (line) is y=2x .....(3)
Solving equation (1) and (3), we get x=0 or x=1 and y=0 or y=2
Therefore, Points of intersections of circle (1) and line (2) are O (0, 0) and A (1, 2).

1
Now Area OBAM = Area bounded by parabola (1) and x — axis = f ydx
0

3\ 1
1 ()
1 0
= fode = 2
0

3
2
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4 4
Also, Area A OAM = Area bounded by parabola (3) and x -axis

1 1 2\
]ydx=J2xdx:2<7)
0 0 0

=(1=0)=1u.u...(5)

Now required shaded area OBA = Area OBAM - Area of A OAM
= %— 1= 43;3= %sq.units

Miscellaneous Examples
Question 1

Find the area under of the given curves and given lines:
. y= x*.x=1,x=2andx -axis.
II. y= x*.x=1,x=>5andx -axis.

Solution:

I.  Equation of the curve is
Y = X2 creereen (D

/|

x=1|x=2

VY'

Require area bounded by curve (1), vertical line x - 1, x =2 and x -axis

7 .
=3 Sq. unit

P—
P
vl e

quation of the curve
y=x* e, (1)
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((5,625)
- /

Y.

A
4

v

It is clear that curve (1) passes through the origin because x = 0 from (1) y = 0.
Table of values for curve y = x*

y 1 16 81 256 625

Required shaded area between the curvey = x* vertical lines x = 1,x = 5 and x — axis

5 5

=fydx==fx4dx

1

1
- (x5>5 55 1f
5/, 5 5

_3125-1 _ 3124

5 5
= 624.8 sq units

Question 2

Find the area between the curves the y =x and y =x?

Solution:
Equation of one curve (straight line) isy =x .............. (i)
AY
A1, 1)
B
X < 0 M t)(
VY’
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Equation of second curve (parabola) isy = x? .....(ii)
Solving equation (i) and (ii), wegetx = 0orx =1landy =0ory =1
Points of intersection of line (i) and parabola (ii) are O (0, 0) and A (1, 1).
Now Area of triangle OAM
= Area bounded by line (i) and x-axis

1

1
-~
NlN
N——
o

Also Area OBAM = Area bounded by parabola (ii) and x - axis
1 1

=fydx=fx2dx

0 0

=
w|%,
[N

1
/N
—

=)

6262969699

1 1 .
=3- 0= 3 Sq. units
Required area OBA between line (i) and parabola (ii)
= Area of triangle OAM - Area of OBM
-1 e lsq. units
2 3 6 6
Question 3
Find the area of the region lying in the first quadrant and bounded. by y = 4x? ,x = 0,y =
landy =4
Solution:

Equation of the curve is y = 4x?

A LY
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Here required shaded area of the region lying in first quadrant bounded by parabola (i) x = 0 and the
horizontal linesy = 1andy = 4 is.
4 4 4
fro= [Zar=L [
xay = 2 =5 Y
1 1

Question 4

0

Sketch the of y = |x + 3| and evaluate jlx + 3| dy
Z6

Solution:
Equation of the given curve is y= |x + 3]............. (i)
vy, Y=x+3
y=-x+3)forx=-3 forx=-3

y=|x + 3| = 0 for all real x.

Graph of curve is only above the x -axis l.e., in first and second quadrant only.
y=[x + 3|

=x+3

Ifx+3 =0
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And y= |x + 3|

= —(x+3)
Ifx+3 <0

X < =3 . (iii)

-3 0
-2 1
-1 2
0 3

0
Now Jlx + 3| dx
6

-3 0
f|x+3|dx+ f|x+3|dx
6 =3

-3

—6
_ (2 0 LRy
A\ T 2 T

-6 -3
—[9 9 — (18 18]+[0 (9 9)]
) ( ) 2
—9+9+0+0 9+9
2 2

=18—12—8=18—9=9sq.units

0
—(x+3)dx+ f(x+3)dx
3

Question 5

Find that area bounded by the curve y = sin x between x=0 and x=2m.

Solution:
For more Info Visit - www.KITest.in

6262969699

8.28




For Enquiry — 6262969604

Equation of the curve isy =sin X .......ccceevueeee. ()
y=sinx 20for0 < x < m:asgraphisinland Il quadrant
Andy =sinx > 0formr < x < 2m:asgraphisin Il and IV quadrant

A ny 1®
a(x=3)=5
2 B(x=rm) D(x=2m)
X o x=0 X
3n
Yy c (xz T)
If tangent is parallel to x- axis, then
dy 0
dx
= cosx =0
m 3m
= x = ==

272
Table of values of curve y = sin x between x = 0 and x 27

0 0
n 1
2
T 0
3n -1
2
21 0
Now required shaded area = Area OAB + Area BCB
T 21
= fy dx + f ydx
0 T
T 2m

=fsindx+ f sinx dx

0 T
= — (cosx )T + (cosx )"
= -1(-1-1),+ —(1+1)
= 2 + 2 = 4 sq. units

Question 6

Find the area enclosed by the parabola y?> = 4ax and the y =mx.
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Solution:
Equation of parabola is y? = 4ax ............... (i)
Y AL
~
: (& 2)
< O >
X M %
y=mx

y2 = 4ax

The area enclosed between the parabola and line is the shaded area OADO.
From figure: And the points of intersection of curve and line

4a 4a
0,(0,0)and A (—2,—>
ms m
Now Area ODAM = Area of parabola and x-axis
n?
1
= f 2+ax2 dx
0
4a
3\m?
()
=2+a §0
. 3
_ 4+va <4a>7
-3 , m?
32a Y.
= 3m_3 ................. (11)
Again AOAM = Area between line and x=axis
% 4a

- |[ o= )]
-3 (G -o)

m 16a? _ 8a?

== 2 F —_ W ............... (11)

Requires shaded area = Area ODAM - Area of AOAM
32a°  8a’

3m3  m3
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Question 7

Find the area enclosed by the parabola 4y = 3x? and theline2 y = 3 x + 12.

Solution:

Equation of the parabola is
4y = 3%% i (i)

Orx2 =

Y
A 2y =3x+12

Equation of thelineis2y =3 x + 12 ............ (ii)
From graph, points of intersection are B (4, 12) and C (-2, 3).

4
3
Now, Area ABCD = _[(E x + 6) dx

)
3 4

= [Z x? + 69(]_2

= (12+240—- (3 —12)
=45 sq. units

4
3
Again, Area COD + Area OAB = f(Z x2>dx
2

- % [64 — (—8)] = 18 sq. units
Therefore,
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Requirement area = Area ABCD - (Area COD+ Area OAB)
= 45 — 18 = 27 sq. units

Question 8

2
Find the area of the smaller region bounded by the ellipse gz + yT = 1 and the lineg + g =1

Solution:

Equation of the ellipse is

2 2
x y
e T i
YA
B(0,2]
D
2
5 AGBO)
XN A(3,0) E 3 X
2
B'(0, -2)
h 4

Here points of intersection of ellipse (i) with a-axis are
A (3,0) and A’ (-3, 0) and intersection of ellipse (i) with y -axis B (0, 2) and B, (0, 2).
Also, the points of intersection of ellipse (i) and line % == }2—’ = larea A (3, 0) and B (0, 2).

Therefore

3
2
= 15\/9—9@ dx

2 x 32 x
:§l§ —xz—smlgl
23 9
:5[5\/ +—sm11—<0+§sm 0)]
= % %’T = —n Sq. units .......... (ii)
Again Area of triangle OAB = Area bounded by line AB x-axis
3
2
= jg V3 —x dx
2
=3 {9(9 -3)-9}
=35 3 sq. units .......... (ii)
Now required shaded area = Area OADM - Area OAB
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=3 (E— 1) = % (mr — 2) sq. units
Question 9
2 2
Find the area of the smaller region bounded by the ellipse % + Z_Z = 1and the line E + % =1.
Solution:

2

2
Equation of ellipse is z—z + Z_Z =1 . (i)

A

B(0,2)
D
2
< ABO

B(0, -2)

Y

Area between arc AB of the ellipse and x axis

rb
= f— a? —x? dx
a
0

QxR

2 a

T S

a? —x*+ —sin™" —
a al,

.
0+ 7sin_11(0+0)

2 T ab

Vs e
T T e ii
2 "2 4 (i)
rea between chord and x-axis

I Q| QT

Als

o R

b
— (a—x)dx
a

a
x2

QIS T oo o—
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Now, Required area = (Area between arc AB of the ellipse and x-axis) - (Area between chord AB and x-
axis)
_ mab ab

ab .
hai iy (m — 2)sqg. units

Question 10

Find the area of the region enclosed by the parabola x2 =y, the line y = x+2 and x- axis.

Solution:
Equation of parabolais x2=y ............ (i)
Equation of line isy = x+2 ............ (ii)

Here the two points of intersections of parabola (i) and line (ii) are A (-1, 1) and B (2, 4).
Area ALODBM = Area bounded by parabola (i) and x-axis
2

AY xt=y

Y.

Also, Area of trapezium ALMB = Area bounded by line (ii) and x-axis

2 , 2
= j(x—Z) dx = <x7 2x>

1 -1
=2+4- (%— 2)

15 :
= ~ sq. units

Now required area = Area of trapezium ALMB - Area ALODBM

15 9 .
= — — 3 = =s(q. units
2 2

Question 11

Using the method of integration, find the area enclosed by the curve |x| + |y| = 1.
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[Hint: The required is bounded by linesx+y=1,x—-y=1,-x+y=1and —x—y =1].

Solution:

x|+ |yl=1.......... (i)

xty=1 \w—l
g Al1,0) L
X (1,0 o X
X+y=-1 x-y=1

D(0,-1)

Y.‘V

The area bounded by the curve (i) is represented by the shaded region ABCD.

The curve intersects the axes at points A (1, 0), B (0, 1), C(-1, 0) and D(O0, -1)
As, given curve is symmetrical about x-axis and y-axis.
Area bounded by the curve = Area of square ABCD =4 x AOAB

1

Il

N

X
N |

= 2 sq units

Question 12
Find the area bounded by the curves {(x,y):y > x*andy = |x|}

Solution:

The area bounded by the curves {(x,y):y = x% and y = |x|} is represented by the shaded region.

AY

B{-1,1) B(1,1)

y=-xx<0 y=xxz0
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Since area is symmetrical about y -axis

Therefore, required area = Area between parabola and x —axis between limitsx=0and x =1
1 1

= jydxz fxzdx

o 0
x3 1 .
= (?)0 = 5 ............. (l)
And Area of ray - y=x and x-axis,
1 1 1
=j dxzfxdxz ) (ii)
y > S e e e
0 0 0

Required shaded area in first quadrant
= (Area between ray y = x for x = 0 and x -axis) - (Area between parabola y = x? and x-axis in first
quadrant)
= Area given by equation (ii) - Area given by equation (i)
11

1 c
= - — - = =5sQ. units
2 B 6 9

Question 13

Using the method of integration, find the area of the triangle whose vertices are A (2, 0), B (4,5)
and (6,3)

Solution:

Vertices of the given triangle are A (2, 0), B (4,5) and C (6,3)

AY

B4, 5)

A

X 0
VY,
Equation of side ABisy — 0 = % (x—2)
5

=y=5(&-2)

Equation of side BCisy — 5 = 2%;? (x—4)
=y= 9 —x

Equation of side ACisy — 0 = g (x—2)
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—J’—Z(x— )

Now, required shaded, area = Area AALB + Area of trapezium BLMC - Area AAMC
4 6 6

= j;(x—Z)dx+ j(9—2)dx—f%(x—2)dx

2

E (8 —8) — (2—4)]+ |54 — 18 — (36 — 8)| — %{18—12—(2—4)}]

5 3
E(O+2)+ |36—36+8|—Z(6+2)
=5+ 8—6 =7 sq.units

Question 14

6262969699

Using the method of integration find the find the area of the region bounded lines 2x +y =

4,3x —2y=6and x — 3y + 5 =0.
Solution:

Let say, equation of one line [; is2x +y =4
Equation of second line [, is 3x — 2y =6

And Equation of third linel3isx — 3y +5 =0
Draw all the lines on the coordinate plane we get

Here, vertices of triangle ABC are A (2,0), B (4,3) and C (1,2).
Now Required area of trlangle Area of trapezium CLMB - Area AABL

f (x+5)dx—f(4—2)dx—f (x — 2) dx

For more Info Visit - www.KlITest.in

8.37




For Enquiry — 6262969604

1 1 3
- §[8+20— (§+5>]— (B-H- @¢-1}-3I6-8)- 2-4)
_ ! (28 11) (4—3)— >x2
3 2 2
1o
N ,
= —— 1-—3 = =sq. units
2 2

Question 15

Find the area of the region {(x,y): y* < 4x and 4x* + 4y* < 9}

Solution:
Equation of parabola is y? = 4x .. .. (1)
And equation of circle is 4x? + 4y < 9 ............ (ii)
AY l, -\2)
y2=4x
4x2 +4y2=9
x < = c >X
3
D (7, 0)
l 3)
Yy 2

From figures, points of intersection of parabola (i) and circle (ii) are

A7) and ()

Required shaded area OADBO (Area of the circle which is interior to the parabola)
=2 x Area OADO = 2 [Area OAC + Area CAD]

2
—ZLfZ\/dej ’—— x? dx
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[ 1 51
l( 2y [*2_ ,2 9 171
[}, x2 4 4 .1 X ||
:I 2? + + — sin 3— I
L > 4 2 /21 |
2o\ )1
| | d
N U S IR DR L B
=2 3x2ﬁ+85m 1 S gSin 3]
_o 2 o0 V29 11
_2[3+8'2 4 g St 3]
— (9 1l V2 -
= (8 7 Sin 3+ 6)squnlts.

Question 16

Choose the correct answer:
Area bounded by the curve y = x*the x — axis and the ordinatex = 2 and x = 1 is:

(A) -9 (B) -15/4
(C)15/4 (D)17/4
Solution:

Option (D) is correct
Explanation:

Equation of the curve is y = x°

AY
A(1, 1)
- N »
X e) M =%
(-1,-1)
B (-2, -8)
‘VY'

Now, Area OBN (y = x3 for—2 < x < 0)and Area OAM (y = x3for0 <x <1)

Therefore, required area = Area OBN + Area OBN + Area 0AM
0 1

= fx3dx+fx3dx

—2 0
17 :
= - sq units
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Question 17

Choose the correct answer:

6262969699

The area bounded by the curve y = x|x|,x- axis and the ordinates x = -1 and x = 1 is given by

(A)O (B)1/3
(©2/3 (D)4/3
Solution:

Equation of the curve is

B(-2,-8) v

y=xlx|=x((x) = x%ifx = 0 ccroverec.e. (1)
Andy = x|x| = x (—x) = —x%ifx = 0 ..coe.o..oue. (2)

Required area = Area 0OAMO
0 1

= f—xzdx+ fxzdx

-1 0
= 2/3 sq. units

Question 18

Choose the correct answer:
The area of the circle x* + y* = 16 exterior to the parabola y* = 6x.

(A)3 (4m— V3) (B); (4m+ V3)
(€3 (87— V3) (D); (8w + V3)
Solution:

Option (c) is correct

Explanation:

Equation of the circle is x? + y? = 16 ....(1)
Thus, radius of circle is 4
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This circle is symmetrical about x-axis and y- axis.
Here two points of intersection are B (2,2 \/§)and B’ (2, -2 \/§)

A

A

X o loc 7 X

VY,

Required area = Area of circle - Area of circle interior to the parabola
= tr? - Area OBAB’O

=16 - 2 x Area OBACO

=167 - 2[Area OBCO + Area BACB]

2 4
= 16w — 2 f\/6xdx+f\/16—x2 dx
0 2
2 1
=16m =2 |3 V6 (2v2) + 8sin ! 112 — 8sin? E]
' 8 T T
=l =2 |—=+ 8.-— 2 3—8.—]
TTAlBT %2 VEERE
K 1 1
=16r-2 |—=— 2V3+ 8 (———)]
T 73 V3 + 8w > 6
16 2_2 +8n]
= T — —_ —_—
V3 3
16 (1 1) !
= T[ —_ — —_ —
3/ V3

= % (87T — \/§) sq. units

Question 19

Choose the correct answer:
The area bounded by the y -axis,y=cosxandy =sinxwhen0 <x < g is:

A)2(vV2-1) (B)vV2-1
©V2+1 (D)V2
Solution:
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Option (B) is correct

Explanation:
Graph of both the function are intersect at the point
m 1
B(5 %)
AY
y = COS X y=sinx =
0 DA D(5 )
—rX = '2—‘
,x =
»X = 2
% 0 M (L .0) X
A\ 4
YI

Required shaded Area = Area OABC - Area OBC
= Area OABC - (Area OBM + Area BCM)

/2 /4 )
= j cosx dx — f sinx dx + f cos x dx

0 L "/a
_ ¥_ 0 | 0 T ..
= (sm% sin 0 ) 1( cos4 + cosO +51n2 51n4)
_1+ﬁ_1_ (\/_— 1)squn1ts
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