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Chapter 5
Continuity and Differentiability

Question 1

Prove that the function f(x) = 5x - 3 is continuous atx=0atx=-3 and atx = 5.
Solution:

Given function is f(x) = 5x - 3
Continuity at x = 0,

lim f (x) lim (5x — 3)

x—0 x =0

=5(0)-3

=0-3

Again, f(0)=5(0)-3=0-3=-3

lim,_o f (x) = f(x), therefore, f (x) is continuous atx =0
Continuity atx = -3,

xlirgf (%) xli_)rr_13(5x —3)=5(-3)— 3= —18

And f (=3) = 5(-3)— = —18’
As lim3 f (x) = f(x), therefore, f (x)is continuous atx = —3
xX——

Continuityatx =5

lim f (x) lim (5x — 3)

x—5 x -5

=5(5)-3=22

And f(5) =5 (5) -3 =22

Therefore chliréf (x) = f (x), So f(x) is continuous at x = -5

Question 2

Examine the continuity of the function f(x) = 2x?> -1 atx = 3.
Solution:

Give function f(x) =2 x* — 1

Check continuity at x =3,

lim f (x) lim (2x2 — 1)

x—3 x =3

=2(3)"2-1=17

Therefore }Cifgf (x) = f (x), So f(x) is continuous at x = 3.

Question 3
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Examine the following functions for continuity:

a) f(xX)=x-5

b) f(x) = x—is,x £5

) f(x)= xi__:s,x;t -5

d) f(x)= |x—5]|
Solution:

a) Given function f (x) = x —5
We know f'is defined at every real number k and its value at k is k -5.
Also observed that lin}cf (x) = lirrllc(x —5)=k—y=f(k)
X = X =
As lim, _; f (x) = f (k), therefore, f (x) is continuous at every real number and it is a continuous
function.

b) Give function is f (x) = xlT5'x #5

For any real number k #5, we have

) ; 1 1

Iy f ()= g =

And f (k) = —

As, lim f (x) = f (k)

X -

Therefore

f(x) is continuous of every point of domain of f and it is a continuous function.
2_

c) Given functionis f(x) = xx+525 X = =5

For any real number k #5, we get

. . x2—25_1. (x+5)(x—5)_l. EY = k&

im f () = (E}“’)C(T; s ys - AmGms) =k

k+5)(k—5
and f (k) = P = k=5

As, lin}c f (x) = f (k),therefore, f (x)is continous at every point of domain of f and it is a continuous
X —

Function

d) Given functionis f (x) = |x — 5|
Domain f (x) is real and infinite for all real x
Here f (x) = |x — 5|is a modulus function.
As every modulus function continuous
Therefore, f is continuous on its domain R.

Question 4

Prove that the function f (x) = x™is continuous at x = n where n is a positive integer.
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Solution:
Given function is f (x) = x™where n is a positive integer.
Continuous atx = n, lim f (x) = lim (x™) = n"
X —=n X —=n
And f (n) = n"
As, lim f (x) = f (x), therefore f (x)is continuous atx = n
X —n

Question 5

x.ifx <1

i = = =2?
5_l.fx>1contmuousatx Oatx=1atx =27

Is the function fdefined by f (x) {

Solution:

x.ifx <1

5.ifx >1

Step 1: Atx = 0, we know that fis defined at 0 and its value 0.
Then ii_r%f (x) = lxlrilx =0and f (0)=0

Therefore, f (x) is continuous at x = 0
Step 2: Atx = 1, left hand limit (LHL)O0f f lirrll_f = lirrllf(x) =
X = X =
Right hand limit (RHL) of f lin11+f (x) = lir111+(x) =5
X = X =
Here lirrll_f (x) # linllif (x)
X = X -
Therefore, f (x) is not continuous atx = 1
Step 3: Atx = 2, f is defined at 2 and its value at 2 is 5.

lin%f (x) = lirr% (5) =5 therefore limzf x)=f(2)
x— X - X -
Therefore, f (X) is not continuous at x = 2

Given function is f (x){

Find all points of discontinuity of f where fis defined by:

Question 6

_(2x+3.x <2
f )= {Zx—3.x >2
Solution:

Given function is f (x) = {;z t gi i ;

Here f (x) is defined for x < 2 or (— . 2) and also for x > 2 or (2. )

Therefore, Domain of fis (— ©.2) U (2.0) = (—®.0) =R

Therefore forall x < 2.f (x) = 2x + 3 is a polynomial and hence continuous and for all x > 2. f (x) =
2x — 3 is a continuous and hence it is also continuous on R - {2}.

Now left hand limit = Xl_i)rzn_f (x) = xli_)rgl_(Zx +3)=2X%x24+3=7
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Now left hand limit = lir%1+f (x) = lin21+(2x +3)=2x2-3=1
X > X >
As lim f (x) = lim f (x)
x -2— x -2+
Therefore lin% f (x) does not exist and hence f (x) is discontinuous at only x = 2
X >

Find all points of discontinuity of f. Where f. is defined by:

Question 7

x| + 3, ifx < -3
fx) = {—Zx. if—-3<x<3
6 x+2ifx >3

Solution:

x| + 3, ifx < 2

givn function is f (x) = { —2x. ifx > 2

6 x+2, ifx =3
Here f (x) is defined for x < —3 or (—o0.—3)and for — 3 < x < 3 and also for x > 3 or (3. ).
Therefore, Domain of fis (—o.—3) U(—3.3) U(3.0) = (—o.x) =R
Therefore, forall x < —3.f (x) = |x| + 3 = —x + 3 is a polynomial and hence and forall x (-3 < x <
3./ x= —2xis a continuous and continuous function and also for all ¥>3./x= 6x+2
Therefore f(x) is continuous on R -{—3,3}.
And, x =-3 an x = 3 are partitioning of domain R.
Now, left hand limit = xli_)rgxff (x) = xli_)ngl_(lxl + 3) xli_)ngl_(—x +3)=3+3=6

Right hand limit = f lir§1+f (x) = lir§1+(—2 x)=(-2)(-3)=6

Andf (-3)=|-3|+3=3+3=6
Therefore, f (x) is continuous at x = 3
Again left hand limit klir§1+f(x) klirrgl_(—Zx)) = -2(3)= -6

Right hand limit = klir§1+f (x) klirr31_(6x +2)=603)+2=20
As lirr31_f x) # lirr31+f (%)
X = X —
Therefore limgf (x) does not exist and hence f (x) is discontinuous at only x = 3
X =

Find all points of discontinuous of fwhere fis defined by:

Question 8
|x|,if x =0
fX)=1 x
0,ifx=0
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Solution:

|£|, if x #0
Given functionis f (x) = { x

0,if x=0

f(x) = |x|/x can also be defined as,
Z=1Ifif x> 0 and ‘7"= —1ifx <0

X
= f(x)=1ifx>0,f(x) = —1ifx <0and f(x) =0ifx =0
We get that, domain of f (x) is Ras f (x) is defined x > 0 and x = 0.

Forallx > 0, f (x) = 1 is a constant function and continuous

Forallx < 0, f (x) = —1is a constant function and continuous
Therefore f (x) is continuous on R - {0}.
Now

left hand limit = li%l_f (x) = lirgl_(—l) = —T1
X > X >
Right hand limit = lim f (x) = lim (1) =1
x —»0F x -0+
As, lim f (x) # lim f(x)
x =07 x =07
therefore lir})l+f(x) Does not exit and f(x) is discontinuous at only x = 0.
X —

Find all points of discontinuity of f. where fis defined by:

Question 9
x, ifx<0
fx) =1 x|
-1, ifx =20
Solution:

Given function is

X, ifx<0
f )= 1 Ix|
-1, ifx =20
X
Atx =0L.HL.= lim — = —landf(0) = —1
x=0% | x|

R.HL.= xlir(r)1+f (x)= -1

As,L.H.L.= R.H.L.f (0)
Therefore, f (x) is continuous function?
Now
X
forx=c<0 lim —= —-1={f (c)
x0T

Therefore, lim = f (x)
X —C
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Therefore, f(x)is a continuous atx = ¢ < 0
Now forx = ¢ <0 lim f(x) = 1= f(c)
X —C

Therefore, f (x) is a continuous atallx =c¢ > 0
Answer: The function is continuous at all points of its domain

Find all points of discontinuity of f. Where fis defined by:

Question 10

x+1ifx >1
x2+if x<1

£ = |

Solution:

x+1,ifx >1

f )= {x2+,if x<1

We know that f(x) being polynomial is continuous for x > 1and x < 1 forallx € R.

Check continuity atx = 1

RHL= lmfx)= lim(x+1)=Ilim(l1+h+1)=2
x->1* x—-1t h—0

LHL= lim f(x)= lim(x*+1) = lim((1-h)*+ 1) =2
x— 1t x—-1~ h—0

And f (1) = 2

As, L.H.L.= RHL. = f(1)

Therefore f(x) is a continuous atx = 1 and x € R.

Hence, f (x) has no point of discontinuity

Find all points of discontinuity of f where fis defined by:

Question 11
x3—-3ifx <2
xX) =
f@ {x2+ 1,if x> 2
Solution:
x3— 3,if x <2
f= {xz +1Lifx>2

Atx = 2L.H.L.= 1ir£1_(x3—3) =8-3=5
X =
RHL= limx*+1) =4+1=5
x -2t

f(2=22-3=8-3=5

As, LH.L=RH.L. f (2)

Therefore, f (x) is a continuous at x = 2
Now, for (x> +1) = ¢?+ 1= f (c¢) and
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therefore lim =f (x)
X —C

This implies, f (x) is a continuous for all x € R.
Hence the function has no point of discontinuity

Find all points of discontinuity of f where fis defined by:

Question 12
x1°-1, ifx<1
(x){ ' -
! x2. ifx>1
Solution:
x10—1, ifx<1
X
f( ){xz. ifx>1

Atx = 1L H.L.= 1ir¥f(x) = 1ir517(x10 -1)=0
B : 2\ —
R.H.L.= XlLr?+f (%) Xlljg(X )=1

fA=1%-1=0
As, L.H.L # R.H.L.
Therefore, f (x) is a continuous at? x = 1

Now,forx =c <1 lim(x® +1) = ¢! — 1= f (c)and for x = c > 1 lim(x?) = c?
X —C

X —C

Therefore, f (x) is a continuous forall x € R — {1}
Hence for all given function x = 1 is a point of discontinuity

Question 13

x+5ifx <1

y a continuous function?
x—5.ifx > 11

Is the function defined by f (x) = {

Solution:

x+5 ifx <1

Given function is f (x) = {x “o ify > 1

Atx = 1L.H.L.= lirr%_f (x) = lirr11+(x +5)=6
X = X =

R.H.L.= xh_}rrlLf x) = ler%(x -5 =-4

As, L.H.L. # R.H.L.

Therefore, f (x) is discontinuous atx = 1

Now,forx =c <1
lim(x+5)=c+5=f(c)and

X —C

forx=c >1}Ci£rcl(x—5)=c—5=f(c)
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Therefore, f(x) is a continuous forall x € R — {1}
Hence f(x) is not a continuous function.

Discuss the continuity of the function f, where f is defined by:

Question 14

3if0<x <1
f(x){4,if1<x<3
5if3 <x <10

Solution:

3,if0<x <1
f(x){él,ifl <x<3
5if3 <x <10
Ininterval,0 <x <1,f (x) = 3
Therefore fis continuous in this interval.
Atx=1
L.H. L= xli_)nlq_f (x)=3andR.H.L.= xlifll—f(x) =4
As, L.H.L. # R H.L.

Therefore f (x) is discontinuous at x = 1
Atx =3.L.H.L.= lirr31_f (x) andR. H.L.= lir§1+f(x) =5
25 = X =

As L.H.L # R.H.L.
Therefore, f(x) is discontinuous at x = 3
Hence, fis discontinuous at x = 2 and x = 3

Discuss the continuity of the function f, where f is defined by

Question 15
2x,if x <0
f(x)10,if0 <x <1
4x,if x > 1
Solution:
2x,if x <0
f(x)<0,if 0 <x <1
4x,if x > 1

L.H.L.= lim 2x=0and R.H.L.= lim (0) =0
x -0~ x -0t
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As, L.H.L. = R.H.L.

Therefore, f(x) is continuous atx =0

As,L.H.L.= linll_(O) =0andR.H.L.= linll+ (4x) =4
X = X —

As, L.H.L. # RH.L.

Therefore, f(x) is discontinuous at x = 1.

When x<0,

f(x) is a polynomial function and is continuous for all x < 0.
Whenx > 1.f (x) = 4x

It is being a polynomial function is continuous for allx > 1
Hence, x = 1 is a point of discontinuity.

Discuss the continuity of the function f, where fis defined by

Question 16
-2, ifx < -1
f(x) = {2x,if—1<x <1
2, ifx>1
Solution:

-2, ifx < —1
fx) = {2x,if—1<x <1
2, ifx>1

Atx=-1,

L.H.L.= lim f(x) =-2andRH.L.= lim f(x)=-2
x -1~ x —>10+

As, L.H.L. = R.H.L.

Therefore, f (x) is continuous atx = —1

Atx =1,

L.H.L.= lirrllif(x) =2and R H.L.= lir?+ flx)=2
X = X -

As, L.H.L. = R.H.L.

Therefore, f(x) is continuous at x = 1.

Question 17
Find the relationship between a and b so that the function f defined by

f(x){ax+1.ifxs3

; is continuous atx =3
bx + 1.if x > 3

Solution:

ax + 1.ifx <3
f(x){bx+1.ifx> 3
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Check continuity at x = 3.
lim f(x) = lim(ax+1) = lim{a(3—h)+ 1} = lim(Ba—ah+1)=3a+1
x_—>3+ xT>3+ h.—>0 h.—>0
xll)rglJrf (x) = xll)r3n+(bx +3) = }llir(l){b (3—h)+3}= }ll_r%(Sa —bh+3)=3b+3
Also f (3) = 3a+1
therefore, lim f (x) = lim f (x) = f (3)
x—3~ x—-3%
=3b+3=3a+1
2
>a—b= g

For what value of A is the function defined by

Question 18
fx) = {A(xz — 2x), ifx <0
4x + 1. ifx>0

Continuous at x = 0? What about continuity atx = 1?
Solution:

Since f (x) is continuous at x = 0
Therefore
L.H.L
1in(}_f(x)=f(0)= A(x*—2x)= 2(0-0)=0
X >
R.H.L
1in(}_f(x)=f(x)=f(0)=4x+1=4 x0+1=1
X —
Here, L.H.L. # R.H.L.
This implies 0 = 1, which is not possible.
Again, f(x) is continuous at x = 1.
Therefore,
lirr&_f(x)=f(—1)=l(x2—2x)= A(1-2)=32
X —
And 1irr&_f(x)=f(1)=4x+1=4x+4 Xx14+1=5
X >
Let us say, L.H.L. = R H.L.

=>31=5
=>/1—5
-3

The value of is 3/5

Question 19

Show that the function defined by g (x) = x — [x] is discontinuous at all integral points.
Here[x]| denotes the greatest integer less than or equal to

Solution:
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For any real number, x,
[x] Denotes the fractional part or decimal part of x.
For example:

[2.35] = 0.35
[-5.45] = 0.45
[2]=0
[-5]=0

The function g: R -> R defined by g (x) = x — [x] Vx € oo is called the fractional part function. The
domain of the fractional part function is the set R of all real numbers, and [0, 1) is the range of the set.
So, given function is discontinuous function.

Question 20
Is the function f (x) = x* — sinx + 5 continuesat x = m?
Solution:

Given functionis f (x) = x*> — sinx +5
L.H.L.= lim (x* —sinx+5) = lim [(r — h)? —sin(m—h) + 5]= 7> + 5
X

xont
R.H.L.= lim+(x2 —sinx+5) = lim [(r—h)?—sin(mr+h) + 5]= 7>+ 5
X—T X—T

And f (m) = n® —sinm+5= mw? + 5
Since LLH.L = R.H.L. = f ()
Therefore, f is continuous atx = &

Question 21

Discuss the continuity of the following functions:
a) f(x)=sinx+cosx

b) f(x)= sinx—cosx

¢) f(x)= sinx.cosx

Solution:

a) Let "a” be an arbitrary real number then
xll_)rEJrf (x) = }lllir%)(a + h)
Now
lim f(a+h)= }llirr(l)(a + h) + cos(a + h)
X —a -
= illin(l)(sin acos0 + coas asinh + cos acosh — sinasin h)

=sinacos0+ cosasin0 + cosacos0 — sinasin0
{As cos 0 =1 and sin 0 = 0}
=sina+cosa=f(a)
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Similarly,
lim £ () = f (@)
lim f(x) =f(a)= lim f(x)
x—=a~ x —at
Therefore, f (x) is continuous at x = a
As, "a” is an arbitrary real number therefore, f (x) = sinx + cos x is continuous
b) Let "a” is arbitrary real number then lim,_,,+ f (x) = lim;,_, f (a + h)
Now
}liL%f (a+h) = ,lli_r)l(q) sin(a + h) — cos(a — h)
= }lli_rg(sin acosh + cosasinh — cosacosh — sinasin h)

=sinacos0 + cosasin0 —cos0 —sinasin0

=sina+0—cosa—0

=sina—coaa=f (a)

similarly,

lim £ (9 = f (@

lim f(x) =f(a) = lim f (x)

X >a~ x —»at

Therefore, f (x) is continuous atx = a

Since “'a” is a arbitrary real number, therefore, f (x) = sin x — cos x is continuous
c) Let"a” be an arbitrary real number then lim,_,,+ f (x) = lim,_o f (@ + h)
Now }li_r)r(l)f (a+h) = }li_l‘% sin(a + h).cos(a + h)

= }li_r% (sinacosh + cosasinh ) (cosacosh —sinasinh)

= (sina cos 0 + cos a sin 0) (cos a cos 0 — sin a sin 0)
= (sina+ 0) (cosa — 0)’

=sina.cosa = f (a)

similarly lim f (x) = f (a)

lim f () =f (@)= Jlim f (x)

Therefore, f(x) is continuous at x = a.

Since, “a” is an arbitrary real number, f (x) = sin x cos x therefore, is continuous.

Question 22
Discuss the continuity of cosine, cosecant, secant and cotangent functions.
Solution:

Continuity of cosine:
“u_n

Let say “a” be an arbitrary real number then

lim f(x) = lim cosx = limcos(a + h)
x —at z—a™t h—0
which implies, %lir% (cosacosh —sinasinh)

= cosa lim cosh —sina lim sinh
h -0 h -0
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=cosa X1—sina X0 =cosa = f (a)
lim f (x) = f (a)foralla € R
xX—a

Therefore, f(x) is continuous at x = a.
Since, “a” is an arbitrary real number, therefore, is continuous.
Continuity of cosecant:

Let say “a” be an arbitrary real number then

and

f (x) = cosecx = —

domainx =R — (xm),x €|

1
= lim =
x—a sin x }llin% sin(a + h)
1
B }llirr})(sin a cos h + cos a sin h)

1
sinacos(i+ cosasin0

sina (1) + cos a(0)
1
= —=f(

sina

Since “'a” is an arbitrary real number, therefore, f (x) = coses x is continuous.

Continuity of secant:
Let say "a” be an arbitrary real number then

T
f (x) =secx = xanddomain|x=R—(2x+1)§,x € |
= li =
N coSs X }lllrr(l) cos (a + h)
B 1
fllirr})(cos acos h —sinasinh)
1

cosacos(l) —sinasin0

~ cosa(l) —sina (0) cosa /@

Therefore, f(x) s continuous atx=a

Since ““a” is an arbitrary real number, therefore, f (x) = secx is continuous
Continuity of cotangent

Let say “a” be an arbitrary real number then

1
f (x) = cotx and domain x R — (xm), x |
tan x

= lim =
x >0 tanx }lir% tan(a + h)
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1 1
1.m(tana+tanh)_ tana + 0
x1—>0 1—tanatanh 1—tanatan0
1=0 1

_tana - tan a _f(a)

Therefore f(x), [ continuous ata =a
Since “'a” is an arbitrary real number f (x) = cot is continuous

Question 23

Find all points of discontinuity of f where,
sinx

f(x):{ = ifx<O
x+1ifx >0

Solution:
sin x .
x+1ifx =0
Atx=0
; . sin(—h)
LHL= lim f(x)= lim =1
x -0~ x -0~ —h
R H.L.= linol_f(x) = lin(r)l_(x+ 1)=0+1=1
X — X =

fO)=1

Therefore,f is continuous atx = 0

. . sin x . .
When x < 0.sin xand x are continuous, then — is also continuous.
X

When x > 0. f (x) = x + 1is a polynomial, then fis continuous.
Therefore, f is continuous at any point.

Question 24

Determine if f defined by
1
2 - - -
f ) = {x sin x,lfx =0
0, ifx=0
Is a continuous function.

Solution:

Given function is:

1
2 . s
F )= {x smx,lfx =0

0, ifx=0
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lim f (x) = lim x? sin—
X— zZ >
As we know, sin (1/x) lies between -1 and 1, so the value of sin 1/x is any integer, say m, we have
. . . 2 . -
1}16%1]” (x) = ;11)1(1) X smx
=0xm
=0
And, f(0) =0
Since, 1in(1)f (x) = f (0), therefore, the function is continuous at
X —

Question 25

Examine the continuity of f, where f is defined by
sinx —cosx ifx #0

A {—1,ifx=0

Solution:

_ (sinx —cosx ifx #0
PORE
Find left hand and right hand limits at x = 0

Atx =0,L.H.L.= lin%f(x) = }llirr})(O —h) = fllin})f (=h)
x - - [N
= }1lm}) sin(—h) + cos (—h) = }llinb(— sinh+cosh)= —0+1=1
RHL= limf (x) = lim(0+ h) = lim f (h)
x =0 h =0 h =0
= }llirr%) sin(h) + cos (h) = %in})(sinh +cosh)= —0+1=1

And f(0) =1
Therefore, hlirgl_f (x) = hlir{)1+f (x) = f (0)

Therefore, f (x) I discontinues atx=0

Find the values of k so that the function f is continuous at the indicated point in exercise 26 to
29.

Question 26
k cos x . b4
if x —
_ Jm—2x 2
f@)= -
3,ifx=—atx= —
2
Solution:

Given function is
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k cos x - T
Jifx # =
f(x) = T —2Xx - 2
3ifx=—-atx = =
ifx=Zatx= 3
y _ 1 k cosx
xlin%f () = xlingn—Zx

So,x — %
This implies x # %

Putting x = %+ h whereh — 0

s
= lim k cos (7+h)

h n—2(%+ h)

s

f (x) = 3whenx = > [Given]

As we know, f(x) is continuous at x= /2
_ (T

im F& =1 3)

From equation (1) and equation (2), we have

k—3
5=
K=6

Therefore the value of k is 6.

Question 27

kx?if x <2
3ifx>2atx=2

£ =1

Solution:

Given function is
_ (kx?ifx <2
f &)= {3,ifx > 2
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lirgl)rf(x): fllin(a)f(2+h)=3
1ir£1_f(x) and f (2) = 3
k x 22=3

3

This implies, k = "

3
= i = i —_ e i —_ —_ 2 =
when k = 3/4 then xh_)nzq_f (x) = %li%f (2—h) }1112%4 2-h)=3

: . 3
Therefore, f (x) is continuous at x = 2 when k = "

Question 28

kx+1.ifx < w
cosxifx> matx=m

f @)= {

Solution:

kx+1.ifx <@

f) = {cosxifx> matx =m
xli_)rgff(x) = }lli_r%f(n+h) = }lli_r%(n+h) = —cosh = —cos0 = -1

andxli_)r;rrl_f (x) = }lli_r%f (m—h) = }li_r}(l)(n —h)= —cosh = —cos0 = —1
Again

lim f (x) = lim(km+ 1)

X -1 h =0

Again given function is continuous at x = m we have

lim £ (x) = lim £(x) = lim £(x)

>km+1=1

> kn= -2
-2

> k= —
T

The value of kis -2/m

Question 29

f(x) = {kx+1,ifx <5
~ 3x-5/ifx>5atx=5

Solution:

Given function is

_ (kx+1,if x <5
f)= {3x—5,ifx>5
When x <5, f (x) = kx + 1:A polynomial is continuous at each point x < 5.
When x <5, f (x) = 3kx — 5: A polynomial is continuous at each point x < 5.
Now f (5) = 5k+1=3(5+h) -5
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lim, f (¥) = lim f (5+h) =15+ 30 =5 e (1)

=10+3h=10+3 x0=10
lim f (¥) = limf (5= =k G=h)+1=5k=nk+1=5k+1orn.(2)
X o— -

6262969699

Since function is continuous, therefore, the equation is equal; equate both the equation and find the

value of k,
10 =5k +1
5k=9

k—-9
5
Question 30

Find the values of a and b such that the function defined by
5ifx <2

f(x)=<ax+b,if 2 <x10
21,if x =210

Is a continuous functions

Solution:
5ifx <2
f(x)=<ax+b,if 2<x10
21,if x =10

For x < 2; function is f(x) =5; which is a constant.
Function is continuous.

For 2 <x <10; function f(x) = ax + b; a polynomial.
Function is continuous.

For x > 10; function is f(x) =21; which is a constant.
Function is continuous.

Now, for continuity at x = 2

Jim f(x) = lim f (x) = f(2)

= }111_%(5) = }lllir%){a(Z —h)+ b} =5
=>2a+b=5..........(1)

For continuiuty at x = 10.xl_i)r1r(1)7f (x) = Xl_i,rf(l)+f (x) =f (10)
= }Li_r%(21) = }lLi_r%{a(lo —h)+ b} =5

= 10a+b=21.........(2)

Solving equation (1) and equation (2), we get
a=2andb=1.

Question 31
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Show that the function defined by f(x) = cos (x2) is a continuous function.
Solution:

Given function is:

f(x) = cos (x2)

Let g(x) = cos x and h(x) = x2, then
goh(x) = g(h(x))

=g(x?)

= cos (x2)

=f(x)

This implies, goh(x) = f(x)

Now,

g(x) = cos x is continuous and
h(x) = x? (a polynomial)

[We know that, if two functions are continuous then their composition is also continuous]
So, goh(x) is also continuous.
Thus f(x) is continuous.

Question 32

Show that the function defined by f(x) = |cos x| is a continuous function.
Solution:

Given function is

f(x) = |cos x|

f(x) is a real and finite for all x € R and Domain of f(x) is R.

Let g(x) = cosxand h (x) = |x|

Here, g(x) and h(x) are cosine function and modulus functions are continuous for all real x.
Now,(goh) x = gf{h (x) = g|(x)| = cos |x|} is also is continuous being a composite function of two
continuous functions, but not equal to f(x).

Again, (hog)x = h{g(x)} = h (cos x) = |cos x| = f (x)[Using given]

Therefore f (x) = |cos x| = (hog)x is composite function of two continuous function is continuous.

Question 33

Examine that sin |x| is a continuous function.

Solution:

Let f (x) = |x| and g (x) = sin |x|then

(gof)x—= g{f(x)} = g (|x|) = sin |x|

Now, f and g are continuous, so their composite, (g of) is also continuous.
Therefore, sin|x| is continuous.
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Question 34
Find all points of discontinuity of f defined by f (x) = |x| — |x + 1]
Solution:

Given functionis f (x) = |x| — |x + 1]
Whenx<-1: f(x) = —x— {-(x+1)}= —x+x+1=1
When—-1 <x<0;f(x)= —x—(x+1)= —2x—1
Whenx > 0.;f(x)=x—(x+1)=1
So, we have a function as:

lif x< —1
f)s—2x—1if —1<x<0

—1,ifx =20
Check the continuity atx =-1,x=0
Atx = —1, L.H.L.xli_g)i fx)= le_gl 1=1
R.H.L.= lim f(x)= lim(-2x—-) =1

x -1 x -1~

Andf(—2)= 2 x2-1=1
Thereforeat x = —1, f (x) is continuous

6262969699

Atx=0L.H.L.= lim f(x)= lim (—2x—1)= -1 and R.H.L.= lim f (x) = lim (-1) = -1
x =0~ x =0~ x -0~ x =0~

Therefore, at x = 0, f(x) is continuous
There is no point of discontinuity.

Exercise 5.2

Question 1

Differentiate the functions with respect to x in Exercise 1 to 8.
sin (x> +5)

Solution:

Lety = sin (x* + 5)
Apply derivative both the side with respect to x.

d d
2 — cos(x? +5) — (x? +5)
dx dx

= cos(x? +5) (2x + 0)

= 2x cos(x? +5)

Question 2
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cos(sinx)
Solution:

lety = cos(sinx)

Apply derivative both the sides with respect to x.
dy _ e . i .

= -sin (sinx) —-sinx
= —sin(sinx) cosx
Question 3

sin (a x + b)

Solution:

Lety sin (a x + b)
Apply derivative both the sides with respect to x.

Y _ S,
7, oos (ax I (ax + b)

=cos (x+b)(a+b) =acos (ax + b)
Question 4
sec (tan Vx)

Solution:

Lety = sec(tan \/E)
Apply derivative both the sides with respect to x.

dy ! d
i sec(tanv/x) tan(tan vx) sec \1/§ 1d_x Vx
= sec(tanVx) tan(tanvx) sec? \/EE x2 !
1
= t t t 2 N
sec(tanx) tan(tanvx) sec \/;2\/;
Question 5

sin (ax + b)
cos (cx +d)

Solution:
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sin (ax + b)

et ———

cos (cx + d)
Using quotient rule.

d_y _ cos(cx + d) %sin(ax + b)) — sin(ax + b) dd—xcos(cx +d)
dx cos? (cx + d)

cos(cx + d) cos(ax + b) % (ax + b) — sin(ax + b){(cx + b)} ;i—x (ex+d)

cos? (cx + d)
cos(cx + d) cos(ax + b)(a) + sin(ax + b) sin(cx + d)(c)

cos? (cx + d)

Question 6
cos x3 sin? (x°)
Solution:

Lety = cos x3.sin’(x>)
Apply derivative both the sides with respect to x.
d

d d
g 3 % 2 (45 2 5y &
T~ CosX e sin® (x>) + sin“ (x )dx coS X

d
= cosx? .2sin(x°) —sin(x®) + sin® (x°) (—sinx3) — x
dx dx

B

3

= cosx? .2sin(x°) cos(x°)(5x*) — sin? (x°) sin x3. 3x?
= 10x* cos x3 sin(x®) cos(x®) — 3x? sin®(x°) sin x>

Question 7
3 cot (x2)

Solution:

Lety = 3/cot (x?)

Apply derivative both the sides with respect to x.

dy 1 L d 5
29 7. —

Oy 21.2{cot(x )} T CO;(x )
= ———.{—cosec (x*)}—x*
JJcot(x?) dx

1

= ———.{—cosec (x?)} (2x)

Jcot(x?)
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—2x coosec(x?)

- Jcot(x?)
Question 8
cos (Vx)

Solution:

Lety = cos (\/})

Apply derivative both the sides with respect to x.

dy ) d
< 8 —sin/x E\/}

1 =il —sinvx
= —Sin\/_z (X)T = \/_

2+/x

Question 9
Prove that the function f given by f (x) = |x — 1|,x € R is not differentiable atx =1
Solution:

Given function: f (x) = [x — 1|

fO=Ix=-1=0

Right hand limit: f (1) = }Lirré
[1+h—-1]-0

fA+n-r@
h

= lim— = lim—=1
And left hand limit

1—h)— 1
F = i A0S

—h
|1+ h-1]-0
lim

h—0 —h
= limﬂ
a h—0. —h
— im = g
Y

Right hand limit # Left hand limit
Therefore, f(x) is not differentiable at x =1

Question 10
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Prove that the greatest integer function defined by f (x) = [x],0 < x < 3 is not differentiable at x
=landx=2

Solution:

Give function is
fx)=[x],0<x<3
Right hand limit:

, 1+h)—f(1
£ @) = i LR IO

h
I1+h| -1

h—-0 h
_ i 1-1
= i Th

and left hand limit

£ 1) = i LOZB D

—h
. | B—hl—1
= lim———

h—0 —h
AN TR
Right hand limit # Left hand limit
Therefore f (x) = [x] is not differentiable at x=1.

In same way, f (x) = [x]is not differentiable at x = 2

Exercise 5.3
Find % in the following exercise 1 to 5.

Question 1
2x+ 3y =sinx
Solution:

Given function is 2x + 3y = sinx
Derivate function with respect to x, we have

Lo+ Lay =Ly
dx X dx y —dxsmx
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2 3d =
+ d——cosx

d_y _ cosx — 2
dx 3
Question 2
2x+ 3y =siny
Solution:

Give function is 2x +3y = sin y
Derivate function with respect to x, we have

4 )+ @y =-Ls
dx A dx Y —dxsmy

dy dy

=243 —= .

+ dx cosydX
_ Y 3) = —2
= - (cosy )=
_ dy_ 2
~ dx  cosy—3
Question 3

ax + by* =cosy
Solution:

Given function ax + by? = cosy
Derivate function with respect to x we have

‘ (ax) + ’ (by?) = ’

dx ddx y= ddxcosy
Yy _ Y

a+b.2ydx— smy—dx

dy . dy
2by a+smy§— —a
Y (2by +siny) =
dx( y+siny) = —a
dy —-a
dx 2by+siny

Question 4
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xy+ y*=tanx+y
Solution:

Given function xy + y? = tanx +y
Derivate function with respect to x, we have
a4 4 2y = 4 i

= (xy) + dxd(y ) = —tanx + ——y

+y—x+2 y=sec x+d—y
Yax YT ax Y dx dx

[Solving first time using Product Rule]

d d d
xg—y+y+d2yd;/—sec x+d—i}
od - ey
xd + 2y dx I sec‘x —y

(x+2y—1)E=seczx—y
dy sec®*x—y
dx x+2y—1

Question 5
x>+ xy+ y* =100
Solution:

Give function is x2 + xy + y? = 100
Derivate function with respect to x, we have

S BV SN B APTTY
X T EYT Y T
2+ (2 20 N2 )+2 Y_4
x (xdd Y yddx Y ax =

y y
2 =7 2y = =0
x+xdx+y+ ydx

TN LA

ve ydx_ xX—=y
Question 6

B+ x2y+ xyr+ y3=81

Solution:
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Given functionis x> + x*y + xy%? + y3 =81
Derivate function with respect to x, we have
d d d d

.3 _ 2 . 3 _ — 81

dxx+dxdxy+éixxy d(ic J J

3x2 + (xzdd—i/ +y a)ﬂ) +dx ayz + y? a;c+ 3y2d—i} = 0 (using product rule)
2 2 &Y . 2 2 &Y _

3x°+ x dx+y.2x+x2ydx+y.1+ 3y I 0

d

d_ic, (x% + 2xy + y?) = 3x? — 2xy — y?
dy  (3x* + 2xy +y?)

dx  x%+ 2xy + 3y?

Question 7
siny+tcosxy=m
Solution:

Given function is sin® y + cosxy = ©
Derivate function with respect to x, we have

2 (siny)2 + L .

- (sm32 + ——cosxy _ddx (m)

2siny asiny—sinxy T (xy) =0

2 sngieosy 2 siny (24 5.1) =0
sinycosy ———sinxy (x ——+ y.1]=

sin 2y d—i}— x sin xy Ix ysinxy =0

. . dy .
(sin 2y — x sinxy) az = ysinxy

dy y sin xy
dx sin2y —xsinxy

Question 8
sin?x+ cos*y=1
Solution:

Given function is sin® x + cos?y =1
Derivate function with respect to x, we have

d d d
. : 2 _ 2 . 1
P (sinx)“ + P (cos x) P (D
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2sinx %sinx+2€osy %cos y=0
2sinxcosx+2cosy (—siny %) =0
sin 2x — sin 2y d_y: 0

dx

d
—sin2y d_ic/: —sin2x

dy sin2Zx

dx sin2y
Question 9

2x
_ e
y= st (53)

Solution:

Given function is

.. 2x
y = sin (2)
Step 1: simplify the given function
Put x = tan 8, we have

e 2tan@
y= '3 (1 + tan? 9)
= sin? (sinf) = 26
Result in terms of x, we get
y=2tan ' x
Step 2: Derivative the function
dy 1 2

=2 -
dx 1+ x2 1+ x2

Question 10

R 3x — x3\ -1 e 1
y = tan 1-32)' 73 X Ne;
Solution:
Given function is:

— 3x — x3\ —1 e 1
y = tan 1-322) 73 X Ne

Step 1: simplify the given function
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B _, (3tan6 — tan®6
y = tan < 1 — 3tan?6 )
y = tan™! (tan36) = 36
Step 2: Derivative the function
dy 1 3
E‘3'1+x2 14 x2

Question 11

1— x?

y = C'OS_1 <m>.0<x<1

Solution:

Given function is
_ o (lox
Step 1: simplify the given function

Put x tan 8
., (1- tan®e

Y= 1+ tan?6

= cos7 ! (cos26) =20 =2tan ' x

Step 2: Derivative the function

dy d 1 2

dex 14+ x2 1+ x2

2

).0<x<1

Question 12
b D
-1

= ==L | 0'<i..<J1
y = sin (1 ™ xz) x
Solution:

: o (1= %P
Given function is y = sin —|0<x <1

14+ x?

Step 1: simplify the given function

Putx tan 8
., (1—tan* 6
y= s <1 + tan? 9)

= sin ! (cos2 )

= sin_lsin(g— 20)= g— 26
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T -1
= ——2tan "' x

2
Step 2: Derivative the function
O > = 2 > (Derivative of a constant is always revert a value zero)
dx 1+x 1+x
Question 13

‘1( 2x ) 1<x<1

= cos = — X
Y 1+ x?
Solution:
Given functionis y = cos™! (1312) = -1<x<1
Step 1: simplify the given function
Putx =tan#@

| A ( 2tanf )
= cos S ——
1+ tan? 6
= cos ! (cos20)
teos(5— 26) = -~ 26
= cos™ cos(=— = ——
2 2

T -1
=3~ 2tan™" x
Step 2: Derivative the function
dy . G2 ] ] c
= -T732 = 1.2 (Derivative of a constant is zero)
Question 14

— gin-1 —2) L 1
y = sin! (2xV1—x )'ﬁ<x<ﬁ
Solution:

Given function is y = sin (Zx v1—x )'ﬁ <x< 5
Step 1: simplify the given function

Put x = sin 0

y = sin! (2 sinf+/1 — sin? 9)
= sin™! (2 sin 6 y cos? 9)

= sin™! (2 sin 6 cos 0)

= sin~! (sin 20) = 260 = 2sin"'x

Step 2: Derivative the function
dy 1 2

=2 —
dx 1+ x2 11— x2
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Question 15

_ 1
y = sec™! (sz_l),O <x <
Solution:

. . . — -1 1 ) i
Given function is y sec (sz_ 7)) 0<x< NG

Step 1: simplify the given function
Putx = cos 6

1
e __ o
y=¥= sec (2 cos? 0 — 1)

1
_ =il
Y= S8 (cos 20)

= sec™! (sec26)

=260 = cos ' x

Step 2: Derivative the function
dy =1 =2

dx  “T1tx? | 1-x2

Exercise 5.4
Differentiate the functions with respect to x in Exercise 1 to 10

Question 1

ex

sin x

Solution:

X

Lety =

sin x
Differentiate the function with respect to x, we get,

ood o e d
d_y_smxdxe e* sinx

dx sin?x
[Using quotient rule]
sinx e* — e* cosx

B sin?x
. (sinx —cosx)

sin?x
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Question 2

sin—x
e

Solution:
Let y = eSin~*

Differentiate the function with respect to xx we get,
d_y = es"”_".i sin~tx

dx cllx

R o

d
. () = ()
dx ¥ € dxf(x)

— sin—x
= e .

Question 3

x3

e

Solution:

Lety = e*’ = (%)
Differentiate the function with respect to x we get,

e(®) 3x2 = 3x2 (*%)
d d
- e~ o L
dx € € dxf(x)

Question 4
sin (tan~1 e™)
Solution:

Differentiate the function with respect to x we get,
d

2 _ cossin (tan~' e™)— (tan™' e™)

dx dx

- d B d

C sinf (x) = cos fl(x) dx; (%)

1+ (e¥)2 dx €

= cos(tan™! e™) —x
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d
.o -1 _
0= o ZF®
1

_ e~ —-x [
= cos (tan™! )1+e x(x)
_e*cos (tan"te ™)

1+ e 2x

Question 5

log (cos e¥)
Solution:

Let y = log (cos e*)
Differentiate the function with respect to x we get
dy 1 d

dx cosex a(cosez)[ _Ing( )_f( f( )]

d
- (-sine®) ——e* [+ ;cosf(x)= —sinf(x)d—xﬂx)]

cos e“
= — (tane?)e? = —e”(tane?)

Question 6

Solution:

Lety=e"+|e"2+ ...... +ex
Define the given function for 5 terms,

2 3 4 5
Letussay,y=e* + e* + e* + e + e”*
Differentiate the function with respect to x we get,

dy _ d d .2 d 3 d 4 d 5
dx_dxe +dxe +dx€ +dxe +dxe
X x2 2 x3 3 x* d 4 x5 d 5
=e"4+e* —x“+et —x°+ e —x'et —x
dx dx dx dx

—e* +e* 2x+e .3x% + e* . 4x3 + ¥’ 5x*
—e* + 2xe*’ +3x2 e*’ + 4x3e + 55t e’

Question 7

eV x>0
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Solution:

Lety=\/e\/;

1
Ory= (e\/z)2
Differentiate the function with respect to x we get,
-1
@_1em7 L, m
2

d
dx J dx J
" S @) = @) @]

1 d
- e
2 JeVx dx
_ 1 oV 1
2\ eVx 2\/;
E3
4+[x ] eV
Question 8

log (logx),x > 1
Solution:

Lety = log (log x)
Differentiate the function with respect to x we get,

dy 1 d 1
dx logx dx (logx)
1 1 1

T logx'x  xlogx

Question 9

Cos X

, x>0
log x

Solution:

_cosx

Lety

_log x
Differentiate the function with respect to x we get,

For more Info Visit - www.KITest.in

6262969699

5.34




For Enquiry — 6262969604

d d
dy _ log x o (cosx)—cos x o (log x)
dx (log x)?

[By quotient rule]
logx (—sinx) — cosx %
(logx)?
(sinx logx + %)
(logx)?
(log x)?
— (x sinxlog x + cos x)

x (log x)?
Question 10
cos (logx + e%), x>0
Solution:

Lety cos (logx + e*)

Differentiate the function with respect to x we get,
dy ; " d .

- 1 sin(logx + e )15 (logx + e%)

= —sin(logx + e*) <; + ex)

1
= <;+ e") sin(logx + e*)

Exercise 5.5
Differentiate the functions with respect to x in Exercise 1 to 6

Question 1

cos x cos 2x cos 3 x
Solution:

Lety = cos x cos 2x cos 3 x
Taking logs on both sides, we get
Logy =log(cos x cos 2x cos 3 x)

= log cos x + logcos 2 x + log cos 3x
Now,
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d d d
logy = alogcosx + alogcos 2x + alogcos 3x

d

ldy 1 d N 1 oy + 3

y dx  cosxdx cos2x dx 0T Cos3xdx 00X

Ly i + in 2 d 2x + in3 d 3
y dx cosx( sinx) cost( sin 2x) dx " cosBx( St x)dx x
1d
;.d—z:tanx(taan)Z—tanSx(S)

dy
Ir —y (tanx + 2 tan 2x + 3 tan 3x)
d
d—z = —co0s x cos 2x cos 3 x(tanx + 2 tan 2x + 3 tan 3x)
Question 2
(x —1)(x—2)
(x-3)(x—-4)(x-5)

Solution:

(x=1)(x—2)
Lety = \/?—4)@—5)
B (x — 1)(36 - 2) %
- ((X . 3)(x — 4)(X - 5))

1
logy—E[log(x—1)+1og(x—2)+log(x—3)—log(x—4)—log(x—S)]
1dy 17 1 d 1 d 1 d
ydx 2lx—1dx xyp—24dx x—3 dx

it d( 5)]
x—5dxx
dy 1 [1 1 1 1 1
dx x—1 x—2 x—3 x—4 x-5

_Ey
dy_ 1 x—1D(x—-2) 1 1 1 1
dx 2 (x—3)(x—4)(x—5)[x—1+x—2_x—3_x—4_x—5

Question 3
(log )COS X

Solution:
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Lety = (log)cs~
Taking logs o both sides we get
logy = log(log x)¢°s ! = cos x log(log x)

d d
(11)%1 gy = d_xd [cos x log(log x)] d
y
S ax = CosX alog(log x) + log(logx) -, Cosx [By product rule]
Ldy _ L d 1 + log(l i
ydx CoSs X logx dx (logx) + log(logx) (— sinx)
1dy cosx 1 % log(]
y dx Togx logx sin x log(log x)
d

cos x
=y [ = sinxlog(logx)]

_ o5 x cos X
(log ) _log > Sinx log(log x)

Question 4
xx _ Zsinx
Solution:

Lety =x* — ot i
Putu = x*and v = 2™~

y=u—v
dy du_d_v
2= (1)

Now, u = x*
logu =logx* = xlogx

d
log u — (x log x)

dx

1 du d l 41

~ T = X g 08X +logx —x

L

udx 0gx

S w141

g = (108

—= x* (1 +108x) v (2)

Again, v = 250 *

dv d .

— — __sinx

giix o d d d
4V _ osinx Lanxle L g g 4
ddx 2 log 2 dxsmx & dxa a loga I f(x)
dz = 25M% (Jog 2).cosx = cos x25"* log 2 ....ccceuuuns (3)
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Put the values from (2) and (3) in (1)

dv .
i x* (1 + logx) — cosx.25™* log 2

Question5
(x+3)2(x+4)30x+5)*
Solution:

lety = (x+3)% (x +4)3(x + 5)*

Taking logs on both sides, we get
logy = 2log(x + 3) + 3log(x + 4) + 4log(x + 5)*

Now
dl —Zdl (+3)+3d1 (+4)+4d1 +5
T 108Y = = og (x 7108 (x I og (x +5)
Ldy ! d(+3)+3 ! d(+4)+4 1 +5
ydx “x+3dx x+adx O
1dy 2 3 4
ydx + + %15

- =

x+3 x+4x+5
y (x+3)2(x+4)3(x+5)4( B 4)
dx x+3 x+4x+5
(Using value of y)

Differentiate the functions with respect to x in Exercise 6 to 11.

Question6

X

1 1
(x + -) + x=+3)
X
Solution:

Lety = (x +%)X + x(“%)
Put (x + i)x = uand x(x+%) =v

y=u+v
dy du dv
E: ;—E ............ (1)

Now u = (x + %)X
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= (x+ 1) [ +log(x +2)] e (2

2+1

Againv = M)

1
logv = logx(H?) = (x + %) log x
1 dv 1\ 1 24
s = (r4) THloex (3
dv 1 1 1
— = [— (x +—) o —logx]

x/ x?

dx X
w x@+)[1(x+§)_._kgx] ......... (3)

Put the values from (2) and (3) in (1),

d 1\ [x2 -1 1 1 rl 1 1
A <x+—) +10g<x+—) 1 x(=+3) [— <x+—)— —logx]
dx X X X X x2

x2+ 1
Question7

(log x)* + x'°9*
Solution:

Let = (logx)* + x9* = u+ v whereu = (logx)* and v = x'°8 *

dy _ du_av
D~ (1)

Nowu = (log x)*
logu = log (log x)* = xlog(log x)

dl _ [xlog(logx)]

708y = 7 |xlog(logx)

L 2 loglogx)] + log(logx) —
T = X 7z log(logx)| +log(logx) —— x
L L2 g + log(logx).1
udx log x dx 0gx + log(logx).

1 du 1 1+1 l

udx log 0g(logx)
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du 1

il [logx + log(log x)]

Z—Z = (logx)* [@ + log(log x)] ........... (2)
Again v = x!°8%

log v = logx'°8* = log x .log x = (log x)?
alogv = % (logx)?

1 dv d

S Tx 2logx Tx (logx)

1 dv 1

S Tx 2logx o

i v (Elogx) xlog * g log x
N :

— = 2x"98 % log X ..ue........ (3)

dx
Put the values from (2) and (3) in (1)

dx

dy . [ +logxlog(logx) o

_— g x it

e (logx) [ log x +2x log x
Question8

(sinx)* + sin~1x

Solution:

Lety = (sinx)* + sin"!vx = u + v whereu = (sinx)* and v = sin™! vx

dy  du_dv
D (1)

Now u = (sin x)*
logu = log(sinx)* = log(sinx)

d d
—logu = — [xlog(sinx)]

dx dx

1du d[l )] + log(si )d
udx_xdx og(sinx) og(sinx dxx
1du 1 —_— , N

” dx_xsinx dxsmx og(sinx).

1 du 1

— — = x——cos x + log(sin) = x cotx + log sin x
u dx sinx

du_ tx + logsi

dx—u[xcox og sin x|

Z—z = (sinx)* [x cotx + logsin x]............ (2)
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Again v = sin 1+/x
logv = logsin™! vx

vv__ 4.5 |[ 2L sint fo) = 1 if(x)]l
Tt I ey ®
v 1 1

dx_\/ll—x.Z\/}

T VxVi-=x

_ 1

_ﬁ ............... (3)

Put the values from (2) and (3) in (1)

d
& (sinx)* [x cotx + logsinx]| +

1
dx 2Vx — x?

Question9
xsinx + (Sinx)cosx
Solution:

Let y x50 * + (sinx)¢°s *

Putu = x™*andv = (sinx)*,wegety =u+v
dy _
T o T g (1)

Now u = xSin*
logu = logx®" * sinx log x

Cli—x;ogu = (sinxlogx)

u

— — =sinx —1 1 —si

7 dx sin x & ogx + logx dxsmx

1 du_ _ 1_|_1

= g~ Sinx —+logx (cosx)

du (sinx_l_ 1 )

o= u cosx logx

g . ,

ﬁz xS X (%+cosxlogx) ........... (2)

Againv = (sinx)~*
logv = log(sinx)¢>* = cos x logsinx

alogv = [cosxlog (sinx)]
1dv d log sin x + logsi
= gy = cosx ——logsinx +logsinx ——cosx
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1dv 1 % + logsi _

— — =CosX —sinx + logsinx (—sinx

v dx sinx dx & ( )

1dv _ _

— — = cotx cos x — sin x log sin x

v dx

T v (cotx cos x — sin x log sin x)

Z—Z = (sinx)® *(cotx cos x — sin x log sin x) (Using value of v) ........... (3)

Put values from (2) and (3) in (1)

dv : sinx _ _ _
i x5 x (T + cos x log x) + (sinx)®S* (cotx.cosx — sin x logsinx)

Question10

2+ 1
x2 -1

X COS X

X

Solution:

x4+ 1

Let x* s * 4+

x2—1

— 14X COS X _ —
Putu =x and v = 2 wegety =u+v
dy _ du . dv
T ot (D)
Now u = x*“**
logu =logx*“®* = x cos x log x
1 du d
T dx (x cosxlogx)
ldu d @ N d | N d |
111211"_ Iy ()-cosx +x —— (cosx)logx + x cosx dx(ogx)

u
i 1.cosxlogx+x(—sinx)logx+xcosx;
du
%=u(cosxlogx—xsinxlogx+cosx)
Z—Z = x*“¥*(cosxlogx —xsinxlogx + cosx) ......... (2)
. x2+1

Againv = xz_ld ]
dv (xz—l)a(x2+1)—(x2+1)a(xz— 1)
dx (x2 —1)?
dv (x*—1)2x — (x* +1) 2x
dx (x2 —1)2
dv  2x%— 2x —2x° — 2x
dx (x2 —1)2

For more Info Visit - www.KITest.in

6262969699

5.42




For Enquiry — 6262969604

dv —4x

E —_ m ............ (3)

Put the value from (2) and (3) in (1)

av _  xcosx — i T
=X (cosxlogx — xsinxlogx + cosx) + Io12
Question11

1
(xcos x)* + (xsinx)z

Solution:

1
Lety = (x cos x)* + (x sinx)z

1
Putu = (xcosx)* and v = (xsinx)- wegety =u+v
dy _ du  dv

dx dx dx (1)

Nowu = (x cos x)*

logu = log(x cos x)* = xlog(x cos x)
logu = x (log x + log cos x)

d d

alogu == {x (logx + logcos x)}
1 du 1 1

I x+ p— (—sinx)|+ (logx +logcosx).1

du
il [1 — xtanx + log(x cos x)]
Z—Z = (x cos x)*[1 — xtan x + log(x cos x)] ........... (2)

1
Againv = (x sin x)z

1
logv = log(x sin x)z = ;log(x sinx)

1
logv = < (logx + logsinx )

L ogv = 2 {1 (log x + logsi )}

I ogv = 7 ogx + logsinx

1dv_1[1+ 1 ]+l + logsi (—1)
gdx_ 7 > Sin)Cl.cc()sx )(ogx ogsinx) )
v 1 cot x og (x sin x

w=v e+ -

dv . 111 cot x log (x sin x)

o= (x sin x)z [x—2+ = " ] ......... (3)

Put the value form (2) and (3) in (1)

dv

dx

Find % in the following Exercise 12 to 15

cotx log(xs

111
— = (x cos x)* [1 — xtanx + log(xcosx) | + (x sin x)z [x_z +

X x2
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Question12
x+y* =1
Solution:

Given: x¥ + y* =1
u+v=1whereu = x¥ andv = y*

d d B d
glx ud dxv_dx
u v
=0 (D

logu =logx” = ylogx

d
alogu =7 (ylogx)

1du_ 1l 4l dy

udx—yxogx 0g X I

du_ (y_H dy)

. d
u y y y y
—_ — s = y =
gx b <x+logx dx>d X x+x logx.dx
aw_ -1 y @

= Xyt xlogx .o (2)
Againv = y*

logv = logy* = xlogy
d
—logv = Tx (xlogy)

dx

1d d1 1 d

vdx_xdx 08y ogydxx

1d B 1dy_|_l 1

vdx x'y ax T 0B%

dv <xdy_|_1 )

dx_v y dx o8y

dv x(Xdy+l )_ dey_l_ x
dx y dx 08Y) =Y y dx yoosy
Z_zz yx—le—z+ y*1ogy v (3)

Put values form (2) and (3) in (1),

dy dy
y—1 Y] x—1 X] =0
X y+x ogx —dx+y x—dx+y ogy

dy y x—1 y—1 X
a(x logx +y* " x)= —x"y— y*logy
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dy —(x¥'y—y*logy)
dx  xVlogx + y*1lx

Question13
y' =2
Solution:

Giveny”* = xY

x¥ = y*¥

log x¥ log = y*

ylogx = xlogy

d

7 vlogx) = == (xlogy)
1+l @ _ 1dy+l 1

Y= ng'dx_x'y I 0gy.

(1 x) W y
0gx y) dx = 0gy X

(ylogx—x)dy_ xlogy —y

y dx x

dy _ y(xlogy —y)
dx x(ylogx — x)

Question14
(cos x)Y = (cosy)*
Solution:

Given (cos x)¥ = (cos y)*
log(cos x)? = log(cos y)*
ylogcosx = xlogcosy

d
P (ylogcosx) = P (xlog cosy)d

y alogcosx + logcos x d_ic/ =X alogcosy+logcosy R

1 d +l dy
cosx +logcosx —= = x

Y cosx dx

d
(—sinx) + logcos x & x
cos x dx

y

dy
— ytanx + log cos x Ix —xtany.

1 d
cosy acosy + log cos y

1
cosy

d
(— siny d_ic/> + log cos y

4y +1
7 T logcosy
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dy dy
xtany a+logcosx.a = ytanxlogcosy

d
d_ic, (xtany + logcosx) = ytanx + logcosy
dy ytanx +logcosy

dx xtany +logcosx

Question15

xy = e*7
Solution:
Givenxy = e*™”
logxy = loge*™

logx +logy = (x —y)loge
logx +logy = (x —y) [+ loge = 1]
d d

d

T logx+d logy=— (x—y)
1+1dy_ dy
x  ydx dx
1 dy dy_1 1
y'dx dx x
dy (1 -
Z(c+1)==
dx \y X
d <1+y> x—1
dx y x
dy ykx-1
dx x(A+y)
Question16

Find the derivative of the function given by f (x) = (1 + x)(1 + x*)(1 + x*)(1 + x®) hence f (1)

Solution:
Givenf (x) = (1 +x)(1 +x2)(1 +xH)(1 + x®) .......... (1)
log f (x) =log (1+x)(1+x2)(1+xH( +x8)
1 —Li 1 i 1 2)+ 1 i(l_l_ 4 4+ 1 i
f(x)dxf() Trxax OO T2 O+ 55 g V¥ 1770 dx
(1+ x®)
! 1+ ! 2x + ! 4x3 + 8 x”’
f()f()_1+x' T+ 2 T 1™ 1+a8 0%
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) ()1+2x+4x3+8x7
flx flx 14+x 14+ x%2 14+x* 1+ x8

Put the value of (x) from (1)

)-A+x)A+x>)A+xHA + 8)_ ! + 2x + i + 8x”_|
flx x x x X [1+x 14+ x2 1+x* 14 x8]

Now, find for f (1):

f(x)—(1+x)(1+x2)(1+x4)(1+x8)_ 1L, 2x1  4x1® 8x1
1+1 1+ 12 1414 1+ 18
1 2 4 8 i |

F- Q@O@@|5+5+5+ 5

£ (1) =16 [12—5]
=8 X 15
=120

Questionl7

Differentiate(x* — 5x + 8) (x> + 7x + 9) in three ways mentioned below:
(i) by using product rule.

(ii) by expanding the product to obtain a single polynomial

(iii) by logarithmic differentiation.

Do they all give the same answer?

Solution:

Let (x> — 5x+ 8) (x> + 7x+9)
(i) Using product rule:

Z—iz (x? — 5x + 8)%(x3+ 7x +9) + (x3 + 7x+9)%(x2— 5x + 8)

d

d_i’z(xZ— Sx+ 8) B3x2+ 7+ (3 + 7x+9) (2x —5)

d

d—i’= 3x* + 7x% — 15x3 — 35x + 24x% + 56 + 2x* — 5x3 + 14x% — 35x + 18x — 45
d

—y=5x4— 20x3 + 45x% + 11

dx

(ii) Explain the product to obtain a single polynomial

y= (x>—=5x+ 8)(x*+ 7x+9)

y= x>+ 7x3+ 9x? — 5x* — 35x% — 45x + 8x3 + 56x + 72
y = x° —5x*+ 15x3 — 26x% + 11x + 72

dy

—— =5x* — 20x3 + 45x% —52x + 11
dx

(iii) Logarithmic differentiation
y= (x>—5x+ 8)(x*+ 7x+9)
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logy —log(x? — 5x + 8) +log(x®+ 7x +9)
d d d
—logy = —log(x?> — 5x + 8) + alog(x3 + 7x +9)

dx dx

1'dy 1 d 1 d

;E: x%? — 5x + SE(X -t 8)x3+ 7x+9a(x T 7x+9)
1dy 1 5

;E: x%? — 5x + 8(2x_5)x3+ 7x+9(3x 7

dy [ 2x -5 3x2+ 7

dx x2 — 5x + 8+x3+ 7x+9l

dy [ 2x -5 3x2+ 7

dx x2 — 5x + 8+x3+ 7x+9l

dy [(2x —5) (x3+ 7x+9) B3x%+ 7)(x*— 5x + 8)

dx 7| (x2 — 5x+ 8)(x3 + 7x+9) l

dy  [2x*+ 14x* + 18x ~ 5x° — 35x — 45 + 3x" — 15x° 4+ 24x* + 7x* — 35x + 56
E_y_ (x2— 5x+ 8)(x3+ 7x+9)

dy [5x* — 20x3 + 45x% — 52x + 11

d_x:y_(x2—5x+ 8)(x3+ 7x+9) l

D 12— 5x+ 83+ 7x+9)

d
d_z = 5x* — 20x3 + 45x% — 52x + 11

Therefore the value of dy/dx is same obtained by three different methods.

[5x4— 20x3445x%2— 52x+55

(x2—5x+ B)(x3+ 7249) ] [Using value of y]

Questionl8

If u, vand w are functions of x, then show that

du dv dw
— VP.W.TU — WT UV —
dx T dx + dx

in two ways - first by repeated application of product rule, second by logarithmic
differentiation.

d
E(u.v.w.)—

Solution:

Give u,v and w are functions of x.

d du dv dw
Toprove.a (u.v.w.) = —vwtu—wtuv ——
Way 1: By repeated application of product rule
L.H.S.

d ( ) d
— (wv.w.) = —
dx v dx

=uv.Ew+wa(uv)
B d d N d
S w U vy o u

[(uv) .w]
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_ dw dv du
=uv E + uw a + vw a
du dv dw

= —  vwH+u— . . wt+uv.—
dx dx dx

= R.H.S.

Hence proved.

Way 2: By logarithmic differentiation
Lety = uvw

logy = log(u.v.w.)
logy —logu +logv + logw

—1 d 1 + d 1 + d 1
ogy = ——logu+ ——logv + ——logw
l1dy 1du 1dv 1dw

ydx_udx vdx wdx
[1du 1dv 1dw]
——y

udx v dx w dx
Puty uvw, we get

1du ldv 1 dw
—(uvw)—uvw[ —_—

d vdx w dx
d ( ) du . dv . dw
dx u.v.w dx v.w u dx w Uu.v. dx

Hence proved

Exercise 5.6

If x and y are connected parametrically by the equation gives in Exercise 1 to 10 eliminating the
parameter the parameter, find dy/dx

Question 1
x =2at’.y= at*
Solution:

Given function are x = 2at? andy = at*

dx _ d (2 tz)

dt 4

dx ) (tz)

ac ¢

= 2a .2t 4at and

dx d

= 4

3’5 d(at )

d)t/ =a— (at4) = a4t® = 4at3
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Now
dy dy/dt _ 4 at3 _
dx dx/dt  4at

tZ

Question 2

x=acos0.y=bcos0
Solution:

Given functions are x = a cos 8 andy = b cos 6
dx _ d .
70" do (acosB)

dx  d 9
=a -7 (acosB)

de

dx g
8- a sin

And

dy_ d b 9
dQ_adG( cos 0)
b _, 0
gg— 70 (cos )
Y _ .

70" b sin @
Now

dy ~dy/d8  —asind b

dx dx/d8 —bsind a

Question 3
x =sinty = cos2t
Solution:

Given functions x = sint and y = cos 2t
d
d—x = cost And

t

x_ th (2t) = —2sin2t

7 Sin2t — = sin

dy dy/df —2sin2t —2X2sintcost
dx dx/d®  cost cost
Question 4
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=4ty = 4
X = Yy = ?

Solution:

. . 4
Given functions x = 4t and y = "

dx_ d (4t) = 4dt—4
dt  dt o dt
And

dy_ d (4)

dtd_ dtd t

_tE4—4d—tt

t2

dy tx0-4Xx1 4

MPTEN t2 t2
4
dy dy/dt — @z -1

dx  dx/dt 4 ¢

Question 5
X=c05s0—cos20,y = sinf —sin 20
Solution:

Given functions x = cos 8 —cos 26 and y = sinf — sin 260

dx_ d 9 28
i dtCOS dBCOS

ax _ ing n26 d 20
19 = —Sin (—sin )dB
D ind — (—sin26) 2
8= sin sin

dx—Z in26 in@

8= sin sin

And

@ _ 4 ne in 26
de—dasm d951n

9 _ cose 2L 20
0= cosf — cos 70

dy— 0 260 xX2
0= cos cos

ax _ 6 —2 20

0= cos cos

Nowd_y_ dy/d6 __ cos §—2cos 20

dx  dx/d®  2sin 20—sin @
For more Info Visit - www.KITest.in

5.51




For Enquiry — 6262969604

Question 6
x=a(0—sinB),y=a(1+cos0)

Solution:

Given functionsare x = a (8 —sinf8) andy = a (1 + cos 6)

dx_ d (9 0)
70 a sin
dx d 9 d 9]
a0~ “lag? ag®®
dx A . ;
gg = a; cos 0)
ay
=a— (1
gg =az ( +cosd0)
y
1 — 118
[d@ ( )+ cos@]
b _ (0 sin6)
20 =a sin
= —asind
dy dy/d0  —asinf® —sinf
dx dx/d® a(l—cosf) 1—cosh
_ ZSinjcosi
0
29
2 sin >
B cos>
. 0
sin=
= —co >
Question 7
sin®r cos3 t
X = —/—— , = ———
vcos 2t Y vcos2t
Solution:
G. f ti . _ sin3r d cos3t
iven function: x = \/T ) T
dx _ Vcos Zt;—t(sin3 t)-sin3 t'E (Veos 2¢t)
at (Veos Zt)2

[By quotient rule]
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-1

Vcos2t .3sin’t % (sint) — sin®t % (cos 2r)2

% (cos2t)

cos 2t

3 sin® t cos 2t + sin3t.sin 2t
B cos 2t

sin? tcost (3 cos 2t + 2sin®t)
= 3

(cos2t)2
And dx _ Vcos 2t :—[ (cos3 t)—cos3 t.;—t (Veos 2t)
dt (Veos Zt)2

[By quotient rule]

-1
Vcos2t .3 cos®t % (cost) — cos3t % (cos Zr)T% (cos 2t)

cos 2t

3
Vcos2 t .3 cos? (-sint) — % (— 2'sin 2t)

cos 2t
—3 sin® tcos 2t + sin3t.sin 2t

3
(cos 2t)2
—3 cos? t sin t cos 2t + cos3t.sint cost

3
(cos2t)2
sint cos? t(2 cos® t — 3 cos 2t)

3
(cos 2t)2
sint cos? t(2 cos? t — 3 cos 2t)
3
dy _dy/dt _ (cos 2t)2
dx dx/dt  sin’t cost (3 cos 2t + 2 sin’ t)
3
(cos 2t)2
cost [2 cos?t—3(2cos?t—1)]
sint [3 (1 — 2 sin?) + 2 sin?t]
cost (3 — 4 cos?t)
sint (3 — 4 sin?t)
— (4 cos®*t —3cost)
3sint —4sin3t
—cos3t

= — = —cot3t
sin 3t

Question 8
t )
xX=a (cost+logtan E),y =asint

Solution:

For more Info Visit

- wwWw.KITest.in

6262969699

5.53




For Enquiry — 6262969604

Given functions are x = a (COS t + log tan %) andy =asint

dx . 1 d t
a|-sint — <tan—>

dt tan% dt 2
_ 1 , t 1
= a |-sint + sec” —.—
tan§ 22
t
cos~ 1 1
= a |-sint + —E
b 2L
i sin cos® 5
S 1
= a |-sint+.
2Ssins cosE
P 2
- . 1
= a |-sint + —]
| sint
d _ 1— sin®t acos’t
= a _——Sll’lt]:a . = -
|Ssin t sint sint

And% = acost

dy dy/dt  acost

dx dx/dt (acos’t
sin t

Question 9

x=asecB,y=btan@
Solution:

Given functionare x = a sec 8 and y = b tan 6

dx
T a sec @ tan 6 and

dx
de
Now,

dy dy/d8  bsec’d

dx dx/d8 asecOtanf
_ bseco

= sec’ 6

atan®
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1
b. cos 6
sin @
"cos O
b cos 0

cos 6 " sin @

asin @

b

= — cosec 0
a

Question 10

x=a(cosO+ 0sinB),y=a(sinb — 0 cos0)

Solution:

Given function are x = a (cos 8 + 0 sinf8) andy = a (sin6 — 6 cos 6)

dx

— =aqa (-sinf + @ cosb +sinb .1)

daeo
=abfcosb

And

do
=a [cosB + Bsinf — cos O]
=afsind

dy dy/df a@sin6
dx dx/d8 a@cos@
Question 11

Do a [cos@ — {9 (— sinH) + cos 0 1}]

if x = Vasint y = Vacs~1t, Show that % = _Ty

Solution:

x = /g sin-1t — (asin—“)

_ a% sin~Lt

And

y = acos—
1 s

— aZCOS

Now

Tt _

(a cos—lf)

1
2

1
2
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dx Lo d (1
- = azsm ltloga T <§Sin_1 t)
— a%sin_ltloga 1—
1 241 — ¢?
dy _  —cos7't da (1 -1
Anddt = a2 1loga di (2 cos t)
1 —
= az’” ‘'loga ——
S RN g
Now,
1os1 1 -1
cos t
dy dy/ae © 0 807 g—p
dx dx/dt  Lsn-1: 1 1
az loga 5——=—=
s 2VI- o
_a%cos_lt .
_ —
a%sin_lt X

Exercise 5.7
Find the second order derivatives of the functions given in Exercise 1 to 10

Question 1
x>+ 3x+2
Solution:

Lety = x?+ 3x +2
First derivative
dy

—=2x+3X14+40=2x+3
dx

Second derivative:

d?y d (dy
2= —(Z)=2x140=2
dx? dx(dx) *

Question 2

x20

Solution:

Let =y = x?°

Derivate y with respect to x we get
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d
= = 20x1
dx

Derivate dy/dx with respect to x we get

dy _ d (dy\ _ 18 _ 18
(dx) — 20 x 19x!8 = 380x

dx_z T odx
Question 3
X COS X
Solution:

Lety = x cos x

dy d d

—=x —cosx +cosx — x

dx dx + dx

= —xsinx + cosx

Now

d%y d (dy) d X d

— = —|—)= — — (xsinx) + —cosx
dx? dx \dx dx( ) dx

= — [x %sinx+sinx %x] — sin x
= —(xcosx +sinx) —sinx

= —XxCOSXx — Ssinx —sinx

= —xcoax— 2sinx

= —(xcosx + 2sinx)

Question 4
log x
Solution:

Lety =logx
dy _ 1

dx X

d’y _d (1)_ d 1
— = — |- )=—X
dx? dx \x dx
d%y 1

X (= -2 _ -
dxz_(l)x T ox2

Question 5
x3log x
Solution:

Lety = x3 log x
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dy
dx
=x3 % + log x (3x2)
= x%+ 3x%logx

Now,
d%y _
==

_ 4 .2 a4 2
=X +3dx (x“logx)

d d
=2x+3 [xz Elogx + log x ™ xz]
=2x+3 (xz.%+ (logx) 2x)
= 2x + 3 (x + 2xlogx)
=2x + 3x + 6xlogx

= 5x + 6x log x
=x (5+ 6logx)

_,3 4 4,3
=X dxlogx+logx X

% (x? + 3x?logx)

Question 6
e* sin 5x
Solution:

Lety = e* sin 5x
dy
— e
dx

d .
= e* cos 5x o 5x + sin 5x e*
X

d . i d
* —sin 5x + sin 5x — e*
dx dx

= e*cos5x X5+ e*sinb5x
= e* (5cos5x + sin 5x)
Now

d’y . d : . G
—Z=e — (5cos5x + sin5x) + (5 cos5x + sm5x)ae

= e* {5 (—sinx) X5+ (cos5x) x5} + (5cos5x + sin5x) e*
= e* (—25sin5x+5cos5x + cos 5 x + sin 5x)

= e*(10cos5 x — 24 sin 5x)

= 2e* (5 cos 5x — 12 sin 5x)

Question 7
e%* cos 3x
Solution:

Lety = e% cos 3x
dy — pbx
dx

6x

d d
e’ —cos3x+cos3x— e
dx dx
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= e%* (- sin3x) % (3x) + cos 3x e%* % (6x)
= —e®sin3x x 3+ cos3xe® x6
= e%(—3sin3x + 6 cos 6x)
Now,
2
jx—z = b % (—3sin3x + 6cos3x) + (—3sin3x + 6 cos 3x) % e 0%
6x (—3 cosx x 3 —6sin3x x 3) + (—3sin3x + 6cos3x) e®* x6

6x (—9 cos 3x — 18 sin 3x — 18sin 3 x + 36 cos 3x)
=9 e%(3 cos 3x — 4 sin 3x)

e
e

Question 8
tan 1x
Solution:

Lety = tan 'x
dy 1
dx 1+ x2

d’y _ d ( 1 )
dx2 ~ dx \1+x2

(D) @11 (1+17)
B (14 x2)?
_ (1+x%) x0—2x

(1+x2)?2
—2x

= 22

Question 9
log (log x)
Solution:

Let y = log (log x)
& - L doey
dx log x dx &

| ~logf (x) = o f )]

1 1

log x ';_ x log x
d d
d%y _ (x log x)a(l)—la(xlog x)
dx?2 (x log x)2
(xlog x) (0)—[xilo x+lo xix]
9 dx & & dx

(x log x)2
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[x %Hog x Xl]

(x log x)?
__ [1+log x]

" (xlog x)2

Question 10
sin (log x)
Solution:

Let = y = sin (log x)
dy d
— cos(log x) o (logx)
1
= cos(logx).;
cos(logx)

5%
Now,

d%y X %cos(logx) — cos(logx) % X

dx? J x?
x [-sin(log x)] o (logx) — cos(logx) x 1

— x sin (log x)%—cos (log x)

= =
__ —[sin(log x)+cos (log x)]

x2
Question 11
. 4 dzy
if y =5 cos x — 3 sin x. prove that T Y 0
Solution:

Lety =5c05sx —3SIiNX couccvircnnnn. (D)

d :

2 = _5sinx —3cosx
%

d )
—zz —5cosx + 3sinx
dx

= - (5cosx —3sinx) = —y [from (1)]
acy

oz Y

d?y _
mzt Y =0

Question 12
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. d%y .
Ify = cos™! x find d—x}; in terms of y alone

Solution:

Giveny = cos™

= e = C0SEX Y (2)

d
= (cosec y) )
= — [— cosec y coty ﬁ]

= cosec y coty (—cosecy)
= — cosec? y cot y [From (2)]

Question 13
If y = 3 cos (logx) + 4 sin (log x)show thatx?y, + xy; y=0
Solution:

Given function is

y = 3 cos (logx) + 4 sin (logX) .......... (1)
Derivate with respect to x, we get
dy

: d d

=N = 3sin(logx) Elogx + 4 cos(logx) Elogx

vy, = 3sin(logx) %+ 4 cos(log x) %

= % [— 3sin(logx) + 4 cos(logx)]

xy, = —3sin (logx) + 4 cos(log x)

Now derivate above equation once again

% (xy;) = —3 cos(logx) %logx — 4 sin(log x) %logx
d d 1 . 1

X — (y1) + n CX= 3 cos(logx) - 4 sin (log x) -

[3 cos(logx) + 4 sin(log x)]

Xy, + 1= — .
x (xy, + y1) = —[3cos(logx ) + 4sin(logx)]
x (xy, + y1) = —y [Using equation (1)]

This implies, x2 y, + xy; + y =0

Hence proved.
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Question 14

Ify = Ae"™ + Be™, show that

%—(m+n) 24 nmy=0

Solution:
Toprovez > = (m+n) ol ~+ nmy =0
y = Ae™ + Be™ ............ (1)

Y _ pemx 4 nx 2L ef (0= f(x)_
~ Ae - (mx)Be (nx)[ e e f (x)]

Z—i = Ame™ + Bne™ ... (2)

Find the derivate equation (2)
2
d—y = Amem"m + Bne™ n

Now L.H.S. ——— (m+n) i ~+ mny

(Using equatlons (D), (2) and (3)

= Am? e™ Bn?e™ — (m + n)Ame™ + Bne™ + mn (Ae™ + Be™)

= Am? e™ + Bn?e™ — Am?e™ — Bmne™ + Amne™ — Bn? e™ + Amne™ + Bmne™
=0

= R.H.S.

Hence proved

Question 15

Ify =500 e’* show that

dZ
d2—49y

Solution:

y = 500e”* +600e™ 7% ... (1)

2 =500 7 (7) + 600 7 (=7)

=500 (7)e”* — 600 (7)e’*

Now,

Z Y =500 (7) e7* (7) — 600 (7) e~7* (=7)
=500 (49)e”* + 600 (49)e’*

= d— =49 [500 e”* (7) + 600 e”*]

= 49, [Using equation (1)]
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= Hence proved

Question 16

Ife? (x + 1) = 1 show that

dzy _ (dy)2
dx2  \dx

Solution:

Givene” (x+1) =1

So, e¥ = 1
x+1
Taking log on both sides we have
1
Y = —
log e log e

yloge =log=1—log(x +1)
y= —log(x +1)

dy _

dx x+1 dx (x + 1)
_ 1 -1

- x+1 (x T 1)
Again

dzy .

= (D @E+D T (x4 1)
[+ < (F @ =nlf O = F@)]

d%y I 1
So, dx?2 — (x+1)2
2
Now LIS, = — = —

dx2 ~ (x+1)2

dy\? _ (-1)* 1
And R-H.S. (E) "y (X+1) (x+1)2
L.H.S.=R.H.S.
Hence proved.

Question 17

Ify = (tan ! x)? show that
(x2+1)?%2y,+ 2x (x> + 1)y, =2

Solution:

Giveny = (tan "' x)? ... (1)

Respect y1 as first derivative and y; as second derivative of a function.

d
y; =2 (tan "1 x) — tan 1y
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[+ = O QY =n{f @Y F ()]
And y; = 2 (tan "' x) !

1+ x2
-1

2tan
1+ x2

So, (1 +x%)y; =2tan™' x

Again differentiating both side with respect to x

d d 1

(14 x?) =t N % (14 x*) = 2.7

1+ 2y + y12x ——

1+ x2)2y, + 2xy; (1 + x?) =2

Hence proved

X

Exercise 5.8
Question 1

Verify Rolle’s Theorem for f (x) = x* + 2x —8,x € [—4,2].
Solution:

Given functionis f (x) = x* + 2x — 8,x € [—4,2]

(a) f(x) is a polynomial and polynomial function is always continuous.
So, function is continuous in [-4, 2].

(b) f (x) = 2x + 2, f (x)exists in [—4,2]so derivable

(f(=4)= 0andf (2) = 0

f(=4)=f(2)

All three conditions of Rolle’s Theorem are satisfied.

Therefore, there exists, at least one ¢ € (—4,2) such that f'(c) = 0
Which implies, 2c+2=0o0rc=-1.

Question 2

Examine if Rolles/ theorem is applicable to any of the following functions. Can you say
something about the converse of Rolle’s Theorem from these examples?

. f(x)= [x]forx € [5,9]

II. f(x)= [x]forx € [-2,2]
L. f(x)=x%[x]forx € [1,2]

Solution:

I.  Function is greatest integer function.
Given function is not differentiable and continuous
Hence Rolle’s theorem is not applicable here.

II.  Function is greatest integer function.
Given function is not differentiable and continuous.
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Hence Rolle’s theorem is not applicable.
. fx)=Q?*-=>f0O=1?*-1=1-=0
f@Q=@P-1=4-1=3 ~f()#f(2)

Rolle’s theorem is not applicable.

Question 3

If f: [-5,5] —» Ris differentiable function are if f (x) does not vanish anywhere, then prove that

f(-5)#f(5)
Solution:

As per Rolle’s theorem if
a) f is continuous is [a, b]
b) f is continuous is [a, b]
c) f is continuous is [a, b]
Then f(c) = 0.c € (a, b)
It is given that f is continuous and derivable but f (¢) # 0
= f(a) # f (b)
= f(=5) # f (5)

Question 4

Verify mean value Theorem if
f(x)=x*— 4x-3
In the interval [a, b] wherea=1and b =4

Solution:

(a) f(x) is a polynomial

So, functions is continuous in [1, 4] as polynomial functions is always continuous.

(b) f (x) = 2x — 4, f (x) Existsin [1, 4] hence derivable.

Both the conditions of the functions are satisfied, so there exists, at least one ¢ € (1,4) such that

f@-FA) o

i L) R
3

Question 5

Verify mean value Theorem if f (x) = x> — 5x* — 3xin the interval [ab] wherea=1andb =3
find all c € (1, 3) for which f (c¢) = 0.
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Solution:

(a) Function is a polynomial as polynomial function is always continuous. So continuous in [1,3]
(b) f (x) = 3x% — 10x f (x) Exists in [1, 3] hence derivable

Conditions of MVT theorem are satisfied so there exists at least one ¢ € (1,3) such that
fR-fA) _ o

— =/ ©

2D —3¢2 - 10¢
2

—7=3c*-10c¢

3¢t — 7¢—3c+7=0

cBc—7)— Bc—-7)=0

Bc=7)(c—-1)=0

Bc—7)=00r(c—1)=0

3c=70rc=1

c= %0rc=1

Only c = % € (1,3)

As, f (1) # f (3) therefore the value of c does not exist such that f (¢) = 0

Question 6

Examine the applicability of Mean value Theorem for all the functions be given below: [Note for
students: check exercise 2]

I. f(x)= [x]forx € [5,9]

II. f(x)= [x]forx € [-2,2]
. f(x)=x*-1[x]forx € [1,2]

Solution:

According to means value theorem:
For a function f : [a, b] - R, if

a) fis continuous on (a,b)

b) fis differentiable on (a,b)

Then there exist some c € (a, b) such that f (¢) =
(1) f () = [x] forxe[59]
Given function f (x) is not continuousatx = 5and x =9
Therefore,
f (x) is not continuous at [5,9]
Now let n be an integer such thatn € [5, 9]
fm+h)—fm) ~ m+h)-n) = n—-1-n —1
= lim ——= lim — =
h h—0~ h h—0~ n h—0~ h

fB)-f (a)
b—a

<~ LH.L= lim
h—-0~
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foAm-fm_  G4m-@m_  n-n

And R.H.L.= lim i = lim 0=
h—-0— h h—-0~ h h-0— n h—-0~
Since, L.H.L. # R.H.L,,
Therefore f is not differentiable at [5, 9].
Hence Mean Value Theorem is not applicable for this function.
(iii) £ (x) = [x] Forx € [- 2,2]
Given function f (x) is not continuous atx = —2 and x = 2
Therefore
f (x) is not continuous at [-2,2]
Now let n be an integer such that n € [-2,2]
n+h)— f(n n+h)—(n L{ s St -1
~ LHL= limf( ) f()= limuz lim —— = lim — =
h—0~ h h—0— h h—0~ n h=0- h
n+h)— n n+h)—(n n—n
AndR.H.L.= limf( ) f(): limuz lim = lim 0=0
h—0~ h h—-0~ h h-0- n h—0~

Since, L.H.L. # R.H.L

Therefore f is not differentiable at [-2, 2].

Hence Mean Value Theorem is not applicable for this function.
(iii) f (x) = x? for x € [1,2] ........... (1)

Here, f (x) is a polynomial function.

Therefore,, f (x) is continuous and derivable on the real line.
Hence, f (x) is continuous in the closed interval [1, 2] and derivable in open interval (1, 2).
Therefore, both conditions of Mean Value Theorem are satisfied.
Now, from equation (1), we have

f (x) =2x

f'(c) =2¢

Again From equation (1):
f@=fM)=0*-1=1-1=0

Andf ()= f(2)=(R)?*-1=4-1=3

Therefore
fe ST @
b—1
pe = 3—0
‘T 21
= 5 1,2
c= 26( ,2)

Therefore mean value Theorem is verified.

Miscellaneous Exercise
Differentiate with respect to x the functions in Exercises 1 to 11.

Question 1
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(3x%2 — 9x +5)°
Solution:

Consider (3x? — 9x + 5)°

d d
& o 9(3x2 = 9% +5)8 = (3x2 — 9x + 5)
dx dx

S COP = n
o @Y =n (@Y f (0

d_z:9(3x2— 9x +5)8 [3 (2x) — 9 (1) + 0]
=Y =27 (3x% — 9x +5) [2x — 3]

dx

Question 2

sin3® x + cos® x
Solution:

Considery = sin® x + cos® x
ory=(sinx)® + (cos)®

dy = 3 (sinx)? —sinx + 6 (cosx)® —cosx
(ailx dx dx
— =3sin® xcosx — 6 cos® xsinx

dx
= 3 sin x cos x (sinx — 2 cos* x)

Question 3

(5 x)3 cos2x

Solution:
considery = (5x)3¢cos2x
Taking both the sides we get

10g y = lOg (5 x)3 cos2x

logy = 3 cos 2 xlog(5x)
Derivate above function:

d d

alogy =3 Tx {cos 2 x1log(5x)}

L9 _ 3[cos 2x Zlog(5x) + log(5x) log = cos 2
~ = 3 |cos 2x ——log(5x) + log(5x) log —— cos 2x
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1dy—3[21ds+1(5) in 2 n2x) L 2
yax - cos x5xdx x +log(5x)(—sin 2x) (—sin x)dx X
1(1}]—3;[2152'215]

ydx - cos x5x' sin 2x log(5x)

dy cos 2x

Tx 3y [ P 251n2xlog(5x)]

Z_z =3 (5x)3cos2x [@— 2sin2 x 10g(5x)] [Using value of y]

Question 4
sin™! (xVx),0<x <1
Solution:

Consider sin~! (x vx)
3

Ory=sin! (xf)

Apply derivation:

dy _ 1 d 3

Question 5
1 X
- 2
V2x + 7

Solution:

cos~
, =2 < x<2

cos

V2x+7
Apply derivation:

dy V2x+7 %cos*1 %— cos™1Z d

-
N R

Consider

EW 2x+7

[Using Quotient Rule]

dx (Vax+7)’
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-1 \ d x 4 x\ 1 Z1d
V2x + 7 —xZ/ﬁi_ (COS E)E(ZX-F)Z a(2x+7)
dy _ - 3)
dx VZx+7)°
1 X
2 1 1 ¢os 7
—V2x +7. 5—5
dy TN 2 2347
dx (2x +7)

V2x+7 | 0S5
+
Va—x2 2x+7

(2x +7)
dy 2x + 7 + V4 — x? cos_lg
dx |NEd— x2\2x + 7 2x+7)

2x +7 + V4 — x2 cos™?

V4 — x2) 2x + 7)%

X
2

Question 6

0< <7T
*S 3

cot 1

Vi+sinx +V1—-sinx l
V1+sinx- V1 -—sinx

Solution:

V1+sin x +vV1—sin x ]
V1+sin x -V1—=sin x
Reduce the functions into simplest for,

Considery = cot ! [

X X X X
V1+sinx = \/cosz §+ sin? §+251n§ cos 3

X X2 X X
= (COS—+ Sm—) = ¢c0S —+ Ssin —

2 2 2 2

A X . X . X X
And V1 —sinx =\/cos2 S+ sin? 5+251n 5 cos >

2
( X _ x)z X X
= cos —— sin =) cos —— sin —
2 2 2 2

Now we are available with the equation below
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X . X X . X
C057+ Sll’l7+ COSz— Sll’l?

_ -1
= ot cos£+s'n£—cos£+s'n£
) 2 TSIy

X
- 2Cos >

= cot

2sin %
y :x= cot™1 (cos ;)

2
Applying derivation
dy 1 1

FER

Question 7
(log x)'°8% x > 1
Solution:

Consider y = (log x)'°8 %, x > 1

Taking log both sides

logy = log (log x)'°8 * = log x log x (log x)
Applying derivation

d d

— (logy) = = (log x log (log x))

1 dy

d d
— = —log(l log(1 —1
y dx og x I og(logx) + log(log x) I ogx
1 dy _ L4 1
S logx1 o (logx) + log(log x) "

og x

1 log(logx
T g(logx)

X
dy <1+10g(logx))
E O i

+ log (logx
=(logx)1°gx( i( & ))

Question 8

cos (a cos x + b sin x) From some constants a and b.
Solution:

Consider y = cos (a cos x + b sin x) for some constants aand b
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Apply derivation

Ix = —sin(acosx + b sinix % (acosx + bsinx)
Z—z = —sin(acosx + b sini%) (—asinx + b cos x)
Z—z = —(—asinx + b cosix) sinifa cos x + b sin x)
Z—z = (—asinx — b cos x) sini{a cos x + b sin x)
Question 9

. T T 3
(sinx — cos x)5'"* C"”Z<x <5

Solution:
Consider (sin x — cos x)Sm*=cosx .. (i)
Applying derivation:

log y = log(sin x — cos x)$™ *~¢os x
= (sin x — cos x) log(sin x — cos x)

Applying derivation

Cll—xcliogy = (sin x — cos x) Tx (1sin X — czs x) + log(sin x — cos x) T (sin x — cos x)
; T (sinx — cos x) (Sin X — cos ) T (sin x — cos x) + log(sin x — cos x).(cos x + sin x)
1 d

; T (cos x + sinx) + (sinx + cos x) log(sin x — cos x)

1d

— — = (cos x + sin x) [1 + log(sin x + cos x)]

y dx

d

=Y (cos x + sin x) [1 + log(sin x + cos x)]

d .

i (sin x — cos x)5™M X7 * (cos x + sin x) [1 + log(sin x + cos x)]

Question 10

x*+ x4+ a* + a® For some fixed a> 0 and x >0
Solution:
y =x*+ x*+ a* + a®

Applying derivation
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d_y: ix" ixa+ ia"+—aa
dx dx dx dx dx

- %Xx+axa_1+ a*loga+0......... (i)
First term form equation (i):

% (x*), Consider u = x*

logu = logx* = xlogx

d d
—logu = — (xlogx)

dx

1du d1 4
udx_x dx Ogx TI08X dxx
1du 1+1 .

wdx ¥y tlosx

=1+ logx

This implies,

du
— =u (1 +logx)

dx
Substitute value of u back
j—xx" = X (1 +108X) icevvvrvirirnnns (ii)

Using equation (ii) in (i) we have

— =x*(1 1 =1l x]
i (1 +logx)ax®*" + a*logx

Question 11
X 3+ (x— 3)"2 forx>3
Solution:

Consider y = x** 34 (x — 3)"2 forx>3

2 2
Putu = x* 3v= (x —3)*
du d_u d_v ()
i ax dxz .......... 1
Nowu = x* -3

logu =log x* P = (x - 3)logx

1 du

o (x? — 3) —1ogx+logx—(x - 3)
= (x? - 3);+1ogx(2x—0)

1du x*-3

T % + 2xlogx

du x?— 3

E:u( . +2xlogx>

du 2 .

= x —3( ) ............. (ii)
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Againv = (x — 3)"2
log x = log(x — 3)’“2

= x?log(x — 3)

LB 2 L og(r - 3) + log(x — 3) — 2
vdx_x dxogx ogtx dxx
_ 2 d( 3) +log(x —3) 2
=xt = (x og(x X
1dv x?

T x_3+2xlog(x—3)

dv x?

il x—3+ 2xlog(x —3)

d Z
d_’; = (x=3)* [xx: + 2x log(x — 3)] ........... (iii)

Using equation (ii) and (iii) in eq. (i) we have

dv 2 x“—3 2 | x
—=x* =3 + 2xlogx | + (x — 3)*
dx X

2

3 + 2xlog (x —3)

Question 12
FindZ—z ify=12(1—-cost)and x = 10 (t—sint),% <t <§
Solution:

Given expression are y = 12 (1 — cos t)and x = 10 (t — sin t)
2 =12 £ (1—cost) =12 (0 +sint) = 12sint
dx d
Anda— 10 m (1 —cost)
dy dy/dt 12sint
dx dx/dt 10 (1—cost)

2sinteost
6 2sinxcos>

5 oo b
2 sin >

Question 13
. dy. , ,
Flndd—zlfy =sinlx+ sinlVx— x2,-<x <1.

Solution:
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Given expressionisy = sin™! x + sin™! Vx — x2

Apply derivation:
dy 1 1 d
v NG ~+ = x — x?
- X
\/ 1(V1— x2)
dy 1 1

——= + l(1—x2)2i(1—x2)
dx 1 — x2 2 2 dx

N e
dy 1 1

— = +
dx1 \/1—x12 VI—1+ x% 2V1— x2

—X
w2
1+ x? x? W1 — x?
Which implies?
dy 1 X

a_\/11—x2 1xx/l—x2

= — = ()
Vi— x?2 V1-—x?
Therefore, dy/dx =0

(—2x)

Question 14
Ifx,/1+y+ yvl+x =0for—1<x<1.

dy -1
Prove that -~ = Qo2

Solution:

Given expressionisx/1+y+ yv1+x =0
J1+y=—yv1l+x
Squaring both sides:
x>(1+y)=y>*(1+x)
x2+ x2y=y*+ y? x
x2—y2= —x2y+y2x
x—y)(x+y)= —xy(x—y)
xX+y= —xy
>y(1+x)= —x

- X
=Y =
Apply derivation
dy (1+x)%x—x%(1+x)

dx (14x)?
_ (A4x)1-x1

(1+x)2
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1
T (1+4x)2
Hence Proved

Question 15

if (x—a)?>+ (y—b)? = c? For some c> 0 prove that
3

dy 212
l1 + () ]
d?y
dx?
Is a constant independent of aand b

Solution:

Give expression is (x — a)? + (¥ — b)? = ¢? ..cvsunens (1)
Apply derivation:

dy
2(x—a)+2(y—b)az0

dy
2(x—a)=—2(y—b)a

dy _ xX—a
2= (yTb) ............... (2)
a2y —|o-mi1-a-oP]
Again ; O—b)?
a2y —lo-pi-G-a(=259)] . .
# E — b [Using equation (2)]
x—a)?
ey —|o-n+ (5=F)
dx? (y — b)?
_ oMo =-b+ (x-a)’]
(y —b)?
— _Cz
= (y—_b)3 ............... (3)

d d?y . .
Put values ofﬁ and ?Zy in the given, we get

i (g)zf

y
dx?
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3
(x — a)z]7
1+ +—+%5
[ (v — b)?
_C2
-0y ;
(0-bY*+ G—a)?)2 | (y=b)® _ ()% _

- O —b)3 X = —5 = —¢ (Constant value)

Question 16

- d —Z
If cos y = x cos (a + y) with cos a # +1.prove that d_z — COsSU(la:y)

Solution:

Given expression is cos y = x cos (a + y)
cosy

cos(a +y)
Apply derivative w.r.t. y
d_x i i ( cos y )
dy o dy \cos (a+y)

dx cos (a+y)%cos y—Cos y %cos (a+y)

dy cos? (a+y)
dx  cos(a+y)(=siny) —cosy {-sin(a + y)}
dy cos? (a+y)

—cos(a + y)siny + sin(a + y) cos y

cos? (a+y)
dx sin(a+y—y)
dy  cos?(a+7y)
sina

cos? (a+y)

dx cos? (a+ .
> —= J [Take reciprocal]
dy sin a

Question 17

2
Ifx=a(cost+tsint)andy =a (sint—tcost) find‘;x—;’
Solution:

Given expressionare x = a (cos t + t sint) andy = a (sint —t cos t)
x =a (cost + tsint)
Differentiating both sides w.r.t. t
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d—xza (—sint+ % tsint)

de
Z—fza (—sint+t % tsint + sint % t)
Z—fza(—sint+tcost+sint)
dx
= E:atcost
And

y=a(sint —tcost)
Differentiating both sides w.r.t. t

4y = ( t a t t)

dt = a | cos dt COoS

4y = ( t (t 4 t+ t 4 t))
dt = a | Cos dt COS CoS At

dy :
= a (cost — (—tsint + cost))

dy _dy/dt _ atsint _ sint

3
d—}t/=atsint
N

= tant

dt _dx/dt atcost  cost

. d’y d _ 2, d
AgamT—dxtant— sei t -t

at cost

, . sect sec3 t
= sec?t =
at at

Question 18

t
= sec’lt — = sec’t
dx

If f (x) = |x|® show that f’ (x) exists for all real x find it.

Solution:

_ LI x3ifx =0
Given expressionis f (x) = |x| = {(—x3), if x<0
Step 1: whenx <0
f(x) =-x"3
Differentiate w.r.t. to X,

f(x) =-3x"2

Differentiate w.r.t. to X,

f’(x) = -6x%, exist for all values of x < 0.
Step 2: Whenx >0

f(x) =x"3

Differentiate w.r.t. to X,

f(x) = 3x"2

Differentiate w.r.t. to X,
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f’(x) = 6%, exist for all values of x > 0.
Step 3: Whenx =0

i LO=SO*D) O+ = f @ _
h-0" ) h h-0" h
' _ (Bx“ifx =20
fe= {—sz if x<0
Now, Check differentiability at x =0
LHDatx=0

I f(0)— f'(0+h)
im

h—->0" h
30— (=3(-h)?)
= lim

h =0t h

_ 3h?

a hLHOlJrT

Ash=0

=0

And RH.D.atx=0

Y f0) = f(0+h)
1m

h—-0~" h

_ 1 f'(R) = £'(0)
= l1im

h->0t

h
_3(h)* = 3(0)*
= lim
hoot h
= lim 3h =0 (ath =0)
h-0t

Again L.H.D.atx = 0 =R.H.D.atx =0
This implies, f* (x) exists and differentiable at all real values of x

Question 19

. AS . d _ S
Using mathematical induction prove that b (x™) = nx™ ! for all positive integers n.
Solution:

Consider p (n) be the given statement

p (n) = % (x™) = nx™ 1 (1)
Step 1: Resultistrueatn=1

p() = (D= =1)x" =1
Which is true as? % x)=1

Step 2: suppose p (m) is true.

p(m) = % (x™) = mx™ 1 ............. (2)

Step 3: Prove that result is true forn=m + 1.
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p(m+1) = % (mx™ = (m+1) mx™!

= x.mx™ 1+ x™ (1)

Therefore, mx™ + x™ = x™ (m+ 1)

m+1D)x™= (m+1)x™

(m + 1) x (m+1)—1

Therefore, p (m + 1) is true if p (m) is true butp (1) is true.
Thus by principal of induction p (n) is true for all n € N.

Question 20
Using the fact that sin (A + b) = sin A cos B + cos A sin B and the differentiation, obtain the sum

formula for cosines
Solution:

Given expression is sin (A + b) = sin A cos B + cos A sin B
Consider A and B as function of t and differentiating both sides w.r.tx,

cos(A + B) (2—1:+d—8) = sin A (—sin B) c;—]i+ cosB (cosA i—f) + cos Acos B C;—]z+ sin B (—sinA) 1—1:

dt
a4 B) (2 +25) cosncosB sin Asing) (22 + &)

= —_ —] = Y - -
cos T (cos Acos sin Asin B) EraT:

= cos(A +b) = (cos AcosB — sin Asin B)

Question 21

Does there exist a function which is continuous everywhere but not differentiable at exactly two
points?

Solution:

Consider us consider the function f (x) = |x| + |x — 1|
fis continuous everywhere but is not differentiable atx =0 andx =1

Question 22
f(x) g(x) h(x)
Ify= l m n | Prove that
a b c
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f(x) gix) h(x)

Do

it m n
a b c

Solution:

Given expression is

f) gx) h(x)
y= l m n
a b c
Applying derivative:
o |EF0 280 TR @ g hE f o) g
2 T I — 2 +| 0 0 0 [+ty= l m
a b c a b C 0 0
1 1 1
_[fx) gkx) h)
l m n
a b G
Question 23

2
Ify = e? 1% _1 < x <1, show that (1 — xz)%—x %— a’y=0

Solution:

Given expression is e €05 1%
d _ d _
_yzeacos 1x—acos 1X
dx dx

— ,acos—1x -1
€ a (Vl—xz)
_ Y
V1 — x2
This implies
&) - 2
dx) — 1— x2

dy2
a2 (2 24,2
a-x)(g;) =ty

Differentiating both sides with respect to x we have

dy d?y (dyy’ dy
1— x? 2.—.—+(—> —2x) = 2a’y —
( x°) dx dx? dx (=2x) aydx

2

d“y dy 2
(1—x?)—=—-2x == a%y

5 P
(1—x2)m—2xa—a2y=0

Hence proved
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