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Chapter 10

Vector Algebra
Exercise 10.1

Question 1

Represent graphically a displacement of 40 km, 30° east of north.

Solution:
North
A P Scale
10 kn
40 km
300
West < > East
(0]
Y
South

The vector OP represents the displacement of 40 km, 30° east of north.

Question 2

Classify the following measures as scalars and vectors.
(i) 10 kg (ii) 2 meters north-west (iii) 40°

(iv) 40 watt (v) 10-19 coulomb (vi) 20 m/s?
Solution:

(i) 10 kg is a scalar quantity because it has only magnitude.

(ii) 2 meters north-west is a vector quantity as it has both magnitude and direction.

(iii) 40° is a scalar quantity as it has only magnitude.

(iv) 40 watts is a scalar quantity as it has only magnitude.

(v) 10-19 coulomb is a scalar quantity as it has only magnitude.

(vi) 20 m/s2 is a vector quantity as it has both magnitude and direction.

For more Info Visit - www.KITest.in

6262969699

10.1




For Enquiry — 6262969604

Question 3

Classify the following as scalar and vector quantities.
(i) Time period (ii) distance (iii) force
(iv)Velocity (v) work done

Solution:

(i) Time period is a scalar quantity as it has only magnitude.
(ii) Distance is a scalar quantity as it has only magnitude.
(iii) Force is a vector quantity as it has both magnitude and direction.

(iv) Velocity is a vector quantity as it has both magnitude as well as direction.

(v) Work done is a scalar quantity as it has only magnitude.

Question 4

In Figure, identify the following vectors.

=
a

=
=

(i) Coinitial (ii) Equal (iii) Collinear but not equal
Solution:

. Vectors @ and d are cointial because they have the same initial point

II.  Vectors d and d are equal because they have the same magnitude and direction.

6262969699

[II.  Vectors a and ¢ are collinear but not equal. This is because although they are parallel their

directions are not the same.

Question 5

Answer the following as true or false.

(i) @ and - a are collinear.

(ii) Two collinear vectors are always equal in magnitude.
(iii) Two vectors having same magnitude are collinear.
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(iv) Two collinear vectors having the same magnitude are equal.
Solution:

(i) True.

Vectors a and - a are parallel to the same line.

(ii) False.

Collinear vectors are those vectors that are parallel to the same line.

(iii) False.

Two vectors having the same magnitude need not necessarily be parallel to the same line.

(iv) False.

Only if the magnitude and direction of two vectors are the same, regardless of the positions of their initial
points the two vectors are said to be equal.

Exercise 10.2

Question 1

T=t+i+l b s ma o] _ 1 . 1| 1 -~
a=i+j+k;b=21-7j-3k; C=ﬁl+\/_§1_ﬁk
Solution:

F=t+%+ kb a A n _ 1 . 1 . i
a=1+j+k;b=21-7j-3k; C=—31+—3]——3k

lal = Y2+ W%+ (1)2=13
Ib| = V@)% + (=72 + (-3)?

=V4+4+49+9
= /62
2 2 2
(&) + @)+ (- D)
= [3+3+3=1
Question 2

Write two different vectors having same magnitude.
Solution:

Considera=({—2j+ 4k)andb =(2i+ j—4k).
It can be observed that |a@| = /12 + (=2)2+ 42=V1+4 + 6=+21and
b| = 22+ 12+ (—-4)2=V4+1+16 =21
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Thus, @ and b are two different vectors having the same magnitude. Here the vectors are different as they
have different directors.

Question 3

Write two different vectors having same direction
Solution:

Two different vectors having same directors are:
Let us
Consider of P = (i + j+ k) and g (2i + 2 + 2 k).

The directors cosines of P are given by,
1

1 1 1 1 1

= == sll= == —and s —————= —
ViZ+1Z2+1Z2 V3 ViZ+ 12412 V3 VIZr12+1Z2 3
There direction section of g are given by
P = 2 . Ny 2 2 e
T V22¥22422 23 V3 V22422422 243 3
andn = - = 2 =~
T V2222422 243 V3

Question 4

Find the values of x and y so that vectors 2i + 3 jand x i + y j are equal
Solution:

Given vectors 27 + 3 jand x i + y j will be equal only if their corresponding components are equal. Thus,
the required values of x and y are 2 and 3 respectively.

Question 5

Find the scalar and vector components of the vector with initial point (2, 1) and terminal point (-
5, 7).

Solution:

The scalar and vector components are:

The vector with initial point P (2, 1) and terminal point Q (-5, 7) can be shown as,
PQ=(-5-2)i+(7-1)]

PQ=—-7i+ 6f

Thus, the required scalar components are -7 and 6 while the vector components are — 7{ and 6]

Question 6
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Find the some of the vectorsa=i—2j+k, b=-2i+4j+ S5kandc=i—-6j—7k
Solution:

Let us find the sum of the vectors:

The given vectorsarea=i—2j+k, b=-2i+4j+ S5kandc=1-6j—7k
Hence
a+b+c=(1-2+1Di4+(-2+4-6)j+ 1A +5-7Nk
=0.1— 4/ — 1.k
= —4j—k
Question 7

Find the unit vector in the directors of the vector @ = i + j + 2k
Solution:

We Know that
The unit vector @ in the directors of vector @ = i + j + 2k is given by @ =

a

lal

So,

lal = VI2+ 12+ 12=V1+1+4=6
Thus

~ _ G DN . (R
=G5 % ~w tRIEH
Question 8

Find the unit vector in the directors of vectorPQ, Where P and Q are the points (1, 2, 3) and
(4,5,6), respectively

Solution:

Give points are P (1, 2,3) and Q (4, 5, 6)
SoPQ=(4—-1i+ (5-2)] +(6—3)k=3i3j+ 3k
IPQl = V32 + 324+ 32=V9+9+9=+27=3V3
Thus the unit vector in the direction of PQ is

PQ _ 343++3k _ 1. 1. 1=

PQ| 33 \/§l+ 3]+\/§k

Question 9

For given vectors @ =2 i — j+ 2kand b =- i + j — k, find the unit vector in the direction of the
vectora + b
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Solution:

We know that
Givevectorared=2i—j+ZlAcandl_):—i+j—lAc

a 21—]+2k

b=—i+j—k

~a+b2-1i+ (-1+Dj+QR-Dk=1i+0j+1k=1i+k

|a +b|=V12+12= 2

Thus the unit vector in the direction of (c_l + E)is

(@+b) _ i+j 1 1 4

(RS L

Question 10

Find a vector in the director of vector 5 i — j + 2k which has magnitude 8 units

Solution:

a=5i— j+2k

So,

lal = 52+ (-1)2+ 22= V25+1+4 = V30
A 4 5i—j+2k

lal = V30
Thus, the vector in the directors of vector 5i — j+ 2k which has magnitude 8 units is given by,

A ) 5i—j+2k _ﬂ,.__ 16
80=8(55 )= imi— v/ t
N F L

w T wm T wm
Question 11

Show that the vectors 2i —3j+ 4k and-4i+ 6 j— 8k are collinear.
Solution:

Leta=2i{—3j+4kand b — 4i+6j—8k

Itisseenthatb = —4i+6j—-8k =—2(2i1—3j+4k)= —2a
~b= 2a

A= =2

Therefore we can say that the given vectors are collinear.
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Question 12
Find the direction cosines of the vector i — 2 j + 3k

Solution:

Leta =1—2j+ 3k.
The modules is given by,
lal =vV12+ 22+ 32 = V1+4+9

Thus the direction cosines of @ are (

Question 13

V14
12 'i)
V14 V14 Vi

Find the direction cosines of the vector joining the points A (1, 2,-3) and B (- 1, -2, 1) directed
fromAtoB

Solution:

Given points are A (1, 2,-3) and B (-1, -2, 1)

Now,

AB=(-1-1i+ (-2-2)j{1 - (-3)}k

|AB| = 21 — 4 + 4k.

|AB| = /(=2)2 + (—4)2+ 42=1/4+16 + 16 = V/36=6

Therefore the direction cosines of |AB| are (— - i,i) = ( ————— )

Question 14
Show that the vector i + j + k. is equally inclined to the axes OX and OY and 0Z
Solution:

Firstly,
Letai+j+k.
Then,
A =VITF 27 2= 3
11 1

Hence the direction cosines of a are (ﬁ’ Nl ﬁ)'
Now Let a. 5. any ybe the angels formed by a with the positive directors of x, y and z axes.

So, we have cos a = — cosﬁlcos =
’ G BOSY =

Therefore the given vector is equally inclined to axes 0X, OY and OZ.

Question 15
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Find the position vector of a point R which divides the line joining two points P and Q whose

position vector are i + 2j — k. and — i + j + k. respectively in the ratio 2:1
I. internally
II. externally

Solution:
We know that

The position vector of point R dividing the line joining two points
P and Q in the ratio m: n is given by:

L. internally:mb+nd
m+n
Al
I1. externally:m e
m-n

OP=i+2j— kand0Q —j+j+ k

I.  The position vector of point R which divides the joining two point P and Q internally in the ratio
OR = 2(—i+[+K)+1 (=242 [4+2K) _ (=2i+[+K)+1({+2/-K)

- 241 B 3

=== i+ 43R

II.  The position vector of point R which divides the joining two point P and Q internally in the ratio
= 2(-i+f+k)-1(+2/-k) _ Do - [ S
OR = s —( 2L+]+k) (L+2] k)
=—3i+ 3K

Question 16
Find the position vector of the midpoint of the joining the points P (2, 3,4) and Q (4, 1,-,2).
Solution:

The position vector of midpoint R of the vector joining points P (2, 3, 4) and Q (4, 1, -2) is given by
OR = (2043]+4)+(4T+]-2) _ @+)+G+1]+ (¢-2)R

Question 17

Shoe that the points A, B and C with position vectors,a=31—4] — 4K,b=2i— J+ K,c=i-3] - 5K

)

Solution:

We know
Give position vectors of points A,B and C are:
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a=31—4 7— 4K, b=2i— J+K,c=i-3] - 5K,

~ab=b-3=(2-3)i+(-1+4)j+ (1+4)K=-1+3]+5K
ba=¢c-b= (1 -2) i+ (- 3+1)]+( 5+ - 1)K—-L+2]+6K
ca=a-c=(3-1)i+(-4+3)J+(-4+-5)K=2i-J+ K
Now,

|AB|? = (-1)>+ 324+ 52=1+9+25=35

|IBC|* = (—1)?+ (=2)*+ (-6)*=1+4+36=41

ICAI? = 22+ (-1)’+ 12=4+1+1=6

Hence

|AB| +|CA| =35+ 6 =41= |BC|

Hence, proved that the given points from the vertices of a right angled triangle

Question 18

In triangle ABC (Fig 10.18) which of the following is not true:

(A) AB+BC+CA=0

—

(B) AB+BC—-AC=0

(C) AB+BC—-AC =0

A >B
D) AB-CB+CA =0 Fig 10.18

Applying the triangle law of addition in the triangle we get.
AB + BC = AC (D)
AB + BC=—-CA
AB+ BC=+CA=0 . (2)

~The equation given the alternatlve A is true
AB + BC = AC

=>AB+ BC—- AC= 0

~The equation given the alternative B is true.
From equation (2) we have:
AB— CB+ CA =0
~The equation given the alternative D is true.
Now consider the equation given alternative C:
AB+ CB— CA =0

=>AB + CB—CA =0 e (3)
From equation (1) and (3) we get
AC= CA
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AC=-AC
AC+ AC=
2AC =0

AC = 0 Which is not true?
Thus, the equation given in alternative C is incorrect
The correct answer is C.

Question 19

If a and b are two collinear vectors then which of the following are incorrect:

A.b = A3, for some scalar A

B.a=+b

C. the respective components of a and b are proportional

D. the respective the vectors a and b have same direction, but different magnitudes

Solution:

We know

Ifa and b are to collinear vectors, then they are parallel
So we have

b = Xa (For same scalar %)

IfA=+1,thena=+Db

Ifa= ali aF a2j+ a3k and = B bli aF b2j+ bgﬁ then
b=2a

bli + sz"‘ b3i€ =1 (ali + a2j+ a3i€)

bii+ byJ + b3k = (Aay)i + (Ray)j (Ray)k

bl = /1a1,b2 = Aaz,bg = Aag

by by by

W wm

Hence the respective components of 2 and b are proportional.
But vectors a and b can have different directions.

Thus the statement given in D is incorrect

The correct answer is D.

Exercisel0. 3

Question 1

If the angle between two vectors a and b with magnitude V3 and 2, respectively having a, b = /6

Solution:
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lal = V3, |b| =2and a.b = V6
Now we know thata.b = |a| [b| cos®
2vV6 =3 X2 Xcosb

cos O = V6
\1/§><2
cos@zﬁ
=>0="=
4

Thus, the angle between the given vectors a and b is XZ

Question 2
Find the angle between the vectors i — 2j + k. and 3 i — 2j + k.

Solution:

Give vectorsare:ai— 2j+ k. and b 31 — 2] + k.
al = T2+ (22 + 32 =\VIt+4+9= V12
b= 32+ (-2)2+12 =9 +4+ 1= V14
Now,a.b=(i—2j+k. )(3i— 2]+ k.)

=13+ (-2) (-2)+3.1

=3+4+3

=10
Also we know that a.b = |a||b|cosf

~»10=v1414 cos 6
1

0
cos @ =—
14

_ -1(3
8 = cos (7)
Hence the angle between the vectors is cos ™! (5/7)

Question 3

Find the projection of the vector i — j on the vectori + j
Solution:

Firstly -
Let a=i-jandb=1+]. -
Now projection of vector a on b is given by,
1 /= = 1 1
|§| (@h) = == {11+ (-DW}= 5 (1 -1 =0
Thus the projection of vector @ on b is 0.

For more Info Visit - www.KITest.in

10. 11




For Enquiry — 6262969604

Question 4

Find the projection of the vector i + 3j + 7k. on the vector7 i — j + 8k.
Solution:

Firstly

Leta i+ 3f+ 7k.andb 71— j + 8k.

Now projection of vector a on b is given by
1 T 1

Hence the projection is 60 /v/114

7-3+56 60
VA9+1+64 114

Question 5

Show that each of the given three vectors is a unit vector:
1., . [ . S~ \ 1, ., ) ~
~(21+3j+6k)> (31—6]+2k. ) (61+2]- 3k)

Solution:

~ 1/5a o ~ 2, 3, 6=
Letalz ;(21+3]+6k.)3= 7—l6+ ;]2+;k
bzl;(3i—6j+2k)=7—62—72“+;3k
c=-(61—2j—3k)=-i+>j—-k

B
1
P
/N
NN
N——
(]
+
~
SEEY)
—
N
+
~
N o
—
()
|
S
+
Sle
+
-hlw
o |
1
[N

pi=J6) (5 +6) = 5+ 5 s

_ 6\2 . (2)2 3\2 36 4 . 9
= J6)"+ 6+ (59)" = [+ 5+ 51

Hence each of the given three vectors is a unit vector.

_ = 2.3 ,3_(-6), 6_2_ 6 18 12
a.b=2x2+2x(F)+2xi=2-242=0
X7t G ) T I T T w T W

= _ 3.3 (-6\_2,2_(-3)_18 12 6
==X+ (=)x+=x(=)==—-=—— =
b.c 7 7+(7) 7+7 (7) 49 49 49 0
_ 6 _2,2_3,(3\_6_12 6 18

A= -X-+ X+ [(=)Xx ==+ ——==
c.a 7 7+7 7+(7) 7 49+49 49 0

Therefore the given three vectors are mutually perpendicular to each other

Question 6

Find |a| and |b|,if (a + b),(a—b) =8 |a| =8 |b|
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Solution:

Let us consider

(a.b),(a—b) =8

a.a-a.b +b.a— b.b =8

a2 = |B|° =8

(816])'~|b|" =8 [lal = 8|b]]
64|6|" — |b|° = 8

= 8 : . .
|b| = = [Magnitude of a vector is non- negative]
63

Question 7
Evaluate the product (3@— 5b).(2a— 7b)
Solution:

Let us consider the given expression
(3a—5b).(2a—7b)
=3a.2a+3a.7b—5b.2a— 5b.7b
=6a. a+ 2la.b—10a.b—35b.b
-6 |al? + 11a..b — 35 |b|’

Question 8

Find the magnitude of two vectors @ and b having the same magnitude and such that the angle
between then is 600 and their scalar product is V.

Solution:

Firstly, -
Let 8 be the angle between the vectors a and b

it is given that |a| = |b|,@.b =% and 8 =600 ... (1)
We know that a. b = |a||b|cos@
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5= |al|b|cos6 600 [Using (1)]
sl x

2 a 2

lal* =1

lal = |b| =1

Hence the magnitude of two vectors is 1

Question 9
Find|x|, if for a unit vectora (X — a).(X+ a) = 12
Solution:

x— 2)&+ 2) = 12

fi+%.a-ax—aa=12
%I — lal* =12

|%|? —1=12 [|a]] = 1 as a is a unit vector]
|x|> = 13
~ x| = V13

Hence the value is V13

Question 10

—~ —~

~ ~

6262969699

Ifa=2i+2j+ 3kb=—-i+2j+ k, andc=3i+ jaresuchthata + 4 b find the value of A

Solution:

We know that the

Givevectorsarea=2i+2j3kb=—1+2j+ k, andc =31+ j

Now

a+ Ab=(21+2j3k)+ A(-1+2j+ k)=Q-Di+ 2+2D)j+ B+ Dk

If(@a+ Ab).c=0

[Q-Di+ Q+2Dj+B+Dk].@Bi+H=0
-3+ Q2+30D1+B+10)0=0
6—-—31+24+21=0

—1+8=0

A= 8

Question 11

Show that |a|b + |b| @ is perpendicular to |a|b — [b] @ for any two nonzero vectors @ and b

Solution:
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(lalb + [b]a).(lalb— [b]a)

= |a|?b.b — |al |b||b .a|lbllala.b — |b|’a.
= lal?[|’ - [B|’al?

=0

Therefore |a|b + [b] @ and |alb — [b]a are perpendicular to each other.

Ql

Question 12

Ifa.a = 0 and @ b then what can be concluded about the vectorb?
Solution:

We know

Givea.a=0anda.b = 0

Now,

aa=0=la*=0 = |al=0

- ais azero vector.

Thus vector b satisfying @. b = 0 can be any vector

Question 13
If a, b and € are unit vectors such that @ + b + ¢ = 0 find the valueof@.b + b.C +¢ a
Solution:

Consider the given vectors
Givena+b+c =0

So,

a.(a+b+c)=ad

a.a+ab+ac=a.0 [Distributivity of scalar product over addition]
1+ab+ ac=0 e (1) [ Tl cos 07 ]
Next,

b(a+b +¢c)= b0

b.ab.b+ b.c=b.0

b.a+1b.c=0 L. (2) [b.b =1]

And

cla+b+c)=2c0

c.a+ cb+¢c=7¢.0

¢+a+c+ b.+1=0 L. (3)[¢e.¢ =1]

From (1_, (2) and (3),
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(1+ab+ ac)(b.a+1+ b.c)+ (cca+ cb+1)=0+0+0
3+ a.b+ c.a)(a.b+ b.c)+ (c.a+ b.c)=0  [Scalar product is commutative]
3+2(a.b+ b.c+ c.a)=0

Hence the value is 3/2

Question 14

If either vectora = 0 or b,0 then a.b = 0 But the converse need not be true. Justify your answer
with an example

Solution:

Considera@ = 2i + 4j+3kandb =31+ 3j-6k

Then, their dot product is given by.
a.b=23+43+3(-6)=6+12-18=0

Now it’s seen that

@l = V22 + 42+ 37=429

~az0

b| = /32 + 32 + (—6)%2=+/54

~b#0

Therefore the converse of the give statement need not be true.

Question 15

If the vertices A, B, C of a triangle ABC are (1, 2, ﬂ(-l, 0, 0), (0, 1, 2), respectively, then find ZABC
[£ABC is the agle between the vectors BA and B(]

Solution:

We know

The vertices of AABC are givenas A (1, 2,3),B (-1, 0,0),and C (0, 1, 2).
Also given £ABC is the angle between the vectors BA and BC
BA={1-(-1D}i+ 2-1Dj+ 3-0k =20+ 2j+ 3k
BC={0—-(-1D}i+ 1-0)j+ 2-0k=1+ 2]+ 2k
~BABC=(2t+ 2j+3k).({+j+2k)=2x1+2Xx1+3 Xx2=2+6=10
|BA| = V22 + 22+ 32 = V4 +4+9 = V17
IBCl=V1i+1+22=+6

Now we know that

BA.BA = |BA| |BA| cos(2ABC)

210 =17 x /6 cos(£ABC)
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10

COS(LABC) = m
= cos™! (=2
£ABC = cos (\/W)

Hence the angle is cos ™ (10/V102)

Question 16

Show that the point A (1, 2,7) B (2, 6,3) and C (3, 10, - 1) are collinear.

Solution:

AB=(2-1)i+(6-2)j+ (3-7)k=1+4]-4k
BC=(3-1)i+(10-6)j+ (-1-3)k=1+4j- 4k
AC=(3-1)i+(10-6)j+ (-1-3)k=1+4j-4k

Now,

|AB| = J12 + 42+ (—4)2= 1+ 16 + 16 =v/33
IBC|= 12+ 42+ (—4)2= V1 +16 + 16 =33

|AC| = V27 + 8% + 82 = VA + 64 + 64=1132 =233
~ |AC| = |AB| + |BC]|

Therefore, the given points A, B and C are collinear

Question 17

Show that the vectors 2i — j+ k,i— 3j— 5kandi— 4j— 4 kfrom the vertices of a right angled
triangle

Solution:

Let vectors 2 — j + ki— 3] — 5k and 37 — 4j—4 k, be position vectors of points A, B and C
respectively

OA2i— j+ k,OA=1— 3j— 5k AndOA3i—4j—4k
Now vectors AB, BC and AC respect the side ofAABC.
Hence,

AB=(1-2)1+(3+1)j+(-5-1)k=—1-2j-6k
BC=(3-1)i+(-4+3)j+(-4+5) k=21i+-]+k
AC=(2-3)i+(-1+4)j+(1+4)k=1+43-5k

|[AB| = (=12 + (=2)+ (=6)2 = VI + 4 + 36 =41
IBC| = 22+ (-1)?+ 12= V4+1+1=v6

|AC| = J(=1)2+ 32+ 52 = V1+9 + 25=V35
~|BC|*> + |AC|?> = 6 + 35 = 41 = |AB|?

Therefore ABC is a right — angled triangle.
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Question 18

If a is a nonzero vector of magnitude "a’ and A a nonzero scalar, then A a is unit vector.
(A)A=1 (B)A=-1 (Q)A=|4] (D) 1/ |4]

Solution:

Vector A4 is unit vector if [Aa |= 1

Now,
A |=1
|Allal - 1
jal = [ # 0]
1 _
a= = llal = a]

| . . 1
Therefore, vector Aa is a unit vector it a= o

The correct answer is D

Exercisel10. 4

Question 1

Find [a x blifa=i — 7j+ 7Tkandb=3i-2j+ 2k

Solution:
a=1i—7/ + 7k andb=31-2j+ 2k
i j ok
axb=\1 -7 7
3 -2 2
=i(—-14 +14) — j(2 — 21) + k(=2 +21) = 19] + 19k
Therefore,

la x b|=/(19)2+ (19)2 = 2 x (19)2 =192

Question 2

Find a unit vector perpendicular to each of the vector @ + band @ — b, wherea = 3i + 2j + 2k
andb=1i+ 2j— 2k

Solution:
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It given that,

a=31+ 2j+ 2kandb =1+ 2j — 2k.
So we have

a+ b= 4i+4f,a— b=2i+4k

_ o |E Tk A A
(@+ b)x (@a—b)= 14 4 o|=1(16)—j(16)+k (—8) = 16i— 16j — 8k
2 0 4

Thus,

|(@a+ b)| x|(@+ b)| = /162 + (—16)% + (—8)2
= 22 x 82+ 22x 82+ 82
=822 +224+41=8/9=8x3=24

Therefore the unit vector perpendicular to each of the vectors @ + b and @ — b is given by the
_ (@+b)x(@-hb) 16 i— 16 j— 8k

T @+ b)x(@=5b) — 24
_yp20-2j=k 2.2, —-1¢
—i—3 —_3l+3]+3k
Question 3

If a unit vector a makes an angles g with i g with j and an angles 6 withk, then find 6 and hence,
the compounds of a

Solution:

Let unit vector @ have (a;, a;, az)components.

= @ ayi,a,f ,azk

As7a is a unitvictor, |a| = 1

Also given that ‘@ makes angles % with i%withj, and an acute angle 8 with k
Then we have

T_3a1
cos <= 2]
1 _
5= A [la] = 1]
I az
cos—=—
4 al
1 _
><=a llal = 1]
Also cosO = %
= a3= cosfO
Now,
lal =1

JaiZ + a2 + ag? =
G)Z + (%)2 + cos?0 =1
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1,1 20 —
4+2+cos 0=1

3
Z+c0526=1
31
cos’f=1--= -
oo
cosf==-=0=-
2 3
1
2

™ 1 1,1
Thus, 6 = 3 and the components of a are (E 5 E)

. a _COSTT_
sag = ;=

Question 4

(@-B) x (@= b) =2 (ax b)
Solution:

Firstly consider the LHS,

We have,

(a — b) X (a+ b)
= (a — b) Xa+ (a — b) X b [By Distributivity of vector product addition]

=axa— b X a+ a X b— b X b [Again by Distributivity of vector product over addition]

Question 5
Find land pif (2i+ 6j+ 27k)x(i+ 4+ pk)=0
Solution:

It is given that,

Given

(2i+ 67+ 27k)x(i+ Aj+ uk)=0
ij ok A

2 6 27|=0i+ 0j+ Ok

1 X u

t(6u—270)—j@2u—-27)+k(21—6)=0 i+ 0f + Ok
On comparing the corresponding components we have,

6u—271=20
2u—271=0
2u—6A =0
Now

2-6=0=>1=3
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2

~

2u—27=0 > u=
Thus,A =3 and u =

NINY

2

™ |

Question 6

Givethata.b = 0 anda x b = 0 what can you conclude about the vectorsa and b?
Solution:

It is given that,
a.b =0
I. . Either|a| = 0 or |b| = 0,0r @ 1b (in case @ and b are non - zero) @ X b =0
II. Either|a| =0or |b| = 0,ora|| b (in case @ and b are non =zero) But@and b cannot be
perpendicular and parallel simultaneously Therefore, |@| = 0 or b = 0

Question 7

Let the vectors @, b,c giveasa, i+ a, +j+as + kb i+b,+jbs+kci+ ico+jc3+ k
Solution:

It is given that,

aji+ ag+j+ag+ kb i+by+jbstkoc +ictjc;+k
(b‘l‘ CT):(b1+ Cl)i+(b2+ C2)j+(b3+ C3)k

- { j k
NOW, a X (b + CT) aq a; as
b1 + Cq bz + Cy b3 + C3

~

iP5k
a X l_) =|1aq a, as
by by b3
=1[a, by — azby] +J [by a3 — a;bs] + k[a; b, — azby]  (2)
i ]k
axc=|a; a; ag
i € (3

=1[a; b3 — aszc;] +j [as ¢ —ajcs] + klay c; — azeq]

On adding (2) and (3, we get
(5 X l_J) + (C_l X E) = f[az b3 + ap,C3 — a3b2 - a3C2] +j [b1a3 —aszCqy — a1b3 - Cl1C3] +k [albz + a; ¢ —
a2pl—aZcl (4)

~

(3)
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From (1) and (4) we obtain
ax (bxc)=axb+axc
- Hence proved

Question 8

If either
a= 0orb= 0thena xb = 0is the converse true? Justify your answer with an example

Solution:

Take any parallel non-zero vectors to that@ x b= 0
Leta=21i+ 3j+4kb=471+ 6j+8k

Then
|t J ok ~ ~
axb=[2 3 4[=1(24—-24)—-j(16—-16)+k(12—-12)=0i+ 0j+0k =0
4 6 8

Now it's seen that

lal = V22 + 32+ 42 = V29

a0

|b| = V4% + 62 + 82 = V116

~b#0

Thus the converse of the given need not be true.

Question 9
Find the area of the triangle with vertices A (1,1, 2),B (2, 3,5)and C (1, 5, 5)
Solution:

We know

Given A (1,1, 2),B (2, 3,5) and C (1, 5, 5) are the vertices of triangle ABC.
The adjacent sides AB and BC OF AABC are given as

AB=2-1)i+ B-1Dj+ -2)k= i+ 2j+ 3k

BC=(1-2)i+ (5-3)j+ (5-5)k=—1+ 2f

Now

Area ofAABC:% |AB x BC|

|t gk _ )

BxBC=|1 2 3|=i(-6)—j@B)+k(@2+2)= —6i— 3]+ 4k
-1 2 0

~|AB x BC|=/(—=6)*+ (-3)*+ 42 = V36 +9+ 16 = V61

Therefore, the area of AABC is @square units.
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Question 10

Find the area of the parallelogram whose adjacent sides are determined by the vectora = i — j +
3kandvectorb=2i—-7j+k

Solution:

Let area of the parallelogram whose adjacent sides are @ and b is |c_1 x b |
Now the adjacent sides are given as:
a=1i—j+3kAnd b=21-7j+k

_ |t J k _ | —
caxb=[1 -1 3|=i(-142D)—-jA-6)+ k(~=7+2) = 20i +5] — 5k
2 =7 1

|a x b| = V202 + 52 + 52 =/400 + 25 + 25 = 15V2
Therefore the area of given parallelogram is 5v2 square units.

Question 11

Let the vectors @ and b be such that [a| = 3 and |b| = g thena X b is unit vector, if the angle
between @ and b is

Solution:

Given, |@| = 3 and |b| = \/3—7

We know that @ x b = |a||b|sin 67, where # is a unit vector perpendicular to both @ and b and @ is the
angle between @ and b

Now,a X bisaunitvectorif|a x b| =1

la x b|=1

|al|b|Isin 67| = 1

|a||b|Isin6] = 1

3 X \/3—7 X sind =1

sin@ =
6="

4
Thus a X bis a unit vector if the angle between a and b is %

L
V2

So correct answer is B

Question 12
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Area of a rectangle having vertices A, B, C and D with position vector- i + % j+ ak,= i+ % j+ 4k,

=i- %j+4ﬁ,= i—%j+4ﬁandi— %j+ 4k respective is

(A); (B) 1
(€2 (D) 4
Solution:

The position vectors of vertices A, B, C and D of rectangle ABCD are given as:
0A=-1—j+ 4k, 0B =1+ 3 j+ 4k 0C=1— zj+ 4k, 0D =-1— 3 j + 4k,
The adjacent side AB and BC of the given rectangle are given as:

AB=(1+1)1+ (- 3)j+ (4-k =2

—_ n 1 1\ . ~ 2

C=(1-1)i+ (-3 3)j+ @& =Dk =]

__ | ¢ & _

~AB X AB=|2 0 o|l=k(2)= -2k
0 -1 0

= |[AB x BC| =2
We know that the of parallelogram whose adjacent sides are a and b is|a x b|.

Thus, the area of the given rectangle is|AC x BC|= 2 square units.
So the correct answer is C.

Miscellaneous Exercise

Question 1
Write down a unit in XY - plane, making an angle of 300 with the positive direction of x — axis.
Solution:

If 7 is a unit in the XY - plane, then 7 = cos81+ sin@ |
Here, 6 is the angle made by the unit vector with the positive direction of the x - axis

Hence, for 8 = 300 we have:

7= cos3000+ sin30° j=2 14 1

. . V3.1,
Therefore, the required unit vector is g i+ 7

Question 2

Find the scalar components and magnitude of the vector joining the points P (x4,y4,2,) and Q
(x2,¥2,22)
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Solution:

The vector joining the point P

(x1,v1,21) Q (X2, V2, Zy) can be formed out by.

PQ = Position vector of Q - Position vector of P

= (= x))i+ 2 — y)j +

(z, — Z1)’E

PQl = V(2 — x1)% + (y2 —

y1)2+ (23 — 7)?

6262969699

Therefore, the scalar components and the magnitude of the vector joining the given points are
respectively. {(x; — x1, (2 = ¥1), (Z2 — 1) ), }And /(xp — %)% + (v, — y1)? + (2, — 2)?

Question 3

A girl walk 4 km towards west, then she walks 3 km in a direction 30%ast of north and stops.
Determine the girl's displacement from her initial point of departure.

Solution:

It is given that,

Let O and B the initial and final position of the girl respectively
Then the girl's position can be shown as:

North
A

3 km
A\A
300—,

1L 600

P East

West «f -
B A 4km O

Y
South

04 = -4i

|AB| t |AB cos 60° + J |AB] sin 60°

= (- + (C1+227)
= (—4+ 1+

For more Info Visit - www.KITest.in

10. 25




For Enquiry — 6262969604 6262969699

Question 4

Ifa = b+ c thenisittrue that|a| = |b|+ [c|?Justify your answer.

Solution:

B = ¢ (as shown in the following figure).

So by the Triangle law of vector addition we havea = b + ¢.

And we know that|al, l_)| and |c| represent the sides ofAABC.

Also it is know that the sum of the lengths of any two sides of a triangle is greater than the third side.
~lal < |b| + lél

Therefore. it is not true that |a| = |b| + |¢|

Question 5

Find the value of x for which x (i + j+ E) is a unit vector.
Solution:

We know

Given x (i + j+ IE) is a unit vector
So, |x(i+ j+ IE)| =1

Now

Ix(+j+ k)| =1
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Va2 + x2+ x%=1
V3x4=1
V3 x= 1

X = +T

Therefore the requirement value of x is + T
Question 6

Find a vector of magnitude 5 units, and parallel to the resultant of the vectors a = 2i + 3j —
kandb=i- 2j+ k

Solution:

Let us consider the,

Given vectors,

a=2i+3j—kandb=1—2j+ k

Let ¢ be the resultant of @ and b

Then
t=a+b=0Q+1i+ B-2)j+ (-1+Dk=3i+j
Icl = V32 + 12 = /9 + 1=/10

DA c (3z+1)

Therefl(;l"e the\/\lzctor of magnitude 5 unit and parallel to the resultant of vector @ and b is + 5. ¢ = + 5.
r G D=+ 3‘/_011 gj

Question 7

Ifa=i+j+k,b=2i— j+ 3kandc = i—2j+ k,find a unit vector parallel to the vector
2a— b+ 3c

Solution:

Let us consider the given vectors

Given,

a=1i+j+k,b=2i— +31€andc‘—i—2j+fc

2a—b+3c=2(1+] k)—(Zl—]+3k)+ 3(— 2j+ k)
=2{+2j+2k-2i+j—-3k+3i—6/+3k
=31—3j+2k

|2a— b+ 3c|= 32+ (-3)2+ 22=V9+9+4= V22

Therefore the unit vector along 2a - b + 3¢ is
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2a—-b+3c _ 3i-3j+2k _ 3

R R 2 o
2a-brsd | vz vzl \/__] Nl
Question 8

Show that the point A (1, -2, -8),B (5, 0, -2) and C, (11, 3,7) are collinear, and find the ratio in which
B divides AC.

Solution:

Firstly let us consider

Given points are A (1, -2,-8),B (5,0, -2) and C, (11. 3.7)
~AB=(G-1)i+ (0 +2)j+ (—2+8)k =4i + 2j + 6k

B_=(11—5)l+ (3-0)+ (7+2)k =60+ 3j+ 9%k

AC=(11-1i+ B+2)j+ (7+8)k =10i + 57+ 15k

AB| = V42 + 22+ 62=116 + 4 + 36 = V56 = 214

BC| = V62 + 32+ 92=4/36 + 9 + 81 = V126 = 314

|AB| = V10%Z + 52 + 152 =/100 + 25 + 225 = /350 = 514

- |AB|=|BC| + |BC]|

Therefore the given point A, B and C are collinear

Now let point B divide AC in the ratio 4:1 So, we have:

O—B=7&W+m
A+1 a A _ a \ |
52_2]€=z(111+ 3j + 7k) + |t — 2j — 8k|

A+1

(A+1)(5i— 2k)= 114+ 3Aj+ 7Aki— 2j— 8k
5(A+1)i—2A+Dk= 1121+ 1)i+BA-2)j+(721-8)k
On equating the corresponding components we have
5A+1)= 1141 +1
5A4+5=111+1
61=4

4 2

/’{:—:—
6 3

Question 9

Find the position vector of apointR whic_h divides the line joining two points P and Q whose
position vector are (2 @ + b)and(2 @ — b) externally in the ratio 1: 2 Also show that P is the
midpoint of the line segment RQ

Solution:
We know
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Given OP = 2a+ b,0Q = a —3b
Also given that point R divides a line segment joining two points P and Q externally in the Ratio 1: 2 So on

using the section formula we have,
2(2a+b)-(a—-3b) _ 4a+2b—a+3b

OR = o= - 3a+ 5b
Hence the position vector of pointRis3a+ 5b
Now,

0Q+ OR
2

Position vector of the mid-point of=
_ (a-3b)—(3a—5b)

2
=2a+ b
=op
Therefore, P is the mid- point of the line segment RQ.

Question 10

The two adjacent sides of a parallelogram are 2i — 4j + 5kandi— 2j—3k
Find the unit vector parallel to its diagonal also find its area.

Solution:

Firstly let us consider

Adjacent sides of a parallelogram are given as: @ = 2i — 4f + 5kandb=1i— 2j -3k
We know that the diagonal of a parallelogram is given by a@ + b

a+b = QR+1i+(-4-2)j(5-3)k=231— 6]+ 2k

Hence the unit vector parallel to the diagonal is

a+b 31— 6]+ 2k 3—6/+ 2k 3i—-6]+ 2k 3 6A+2E

—— = = = — ] — — —
la+b| 37+ (—6)2+22 V9+36+4 7 7 7177
So, the area of parallelogram ABCD = |a x b |

I L 4 e
axb =12 -4 5

1 -2 -3 N

=1(12410)—j(-6—-5)+ k(-4 + 4)
=221+ 11

=112+ J)

~laxb|=1122 4+ 12 =11V5

Therefore, the area of the parallelogram is 11v/5 square units

Question 11

1
\/§;

1

Show that the direction cosines of a vector equally to the axes 0X, OY and OZ are NS

Gl
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Solution:

Firstly,

Let’s assume a vector to be equally inclined to OX, OY and OZ at angle a.
Then the directors cosines of the vector are cos a, and cos a,

Now we know that

cos’a+ cos>a+cos’a=1

3cosa=1

1
cosa=—
V3

Therefore the direction cosines of the vector which are equally inclined to the axes are
11 1

V3’ V3’3
Hence proved

Question 12

Leta = i+ 4j+ 2k,b =3i— 2j+ 7kand ¢ = 2i - j + 4k.Find a vector d which is
perpendicular to both @ andb, and a.d = 15

Solution:

Assume
Let(z = dli aF dzj A dgl’é
As d is perpendicular to both @ and b we have
da=0
d1+4‘d2+2d3=0 ........ (1)
And
d.b=0
Also, give that
c.d=15
On solving (i), (ii), and (iii) we obtain
d =2,d,= 2 Andd; = Z,
- 160 , 5, 704+ 1 a oa ~
Therefore, the required vector is % (160i — 5f — 70k)

Question 13

The scalar product of the vector i + j + k with a unit vector along the sum of vectors 2i + 4j — 5k
and A i + 2j + 3k is equal to one. Find the value of 1.
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Solution:

Let's consider the

Sum of the given vectors is given by.

(21 + 4] — 5k)+ (Al + 2j + 3k)

=2+ i+6]-2k

Hence, unit vector along (21 + 4f — 5k) + (Af + 2j + 3k) is given as:
Q+N)i+6f—-2k  @4+N)i+6j-2k _ (Q2+r)i+6f -2k

JC+ )2+ 62+ (=2)2  Va+4 1+ 212+ 36+4 VAZ+ 40+44

Scalar product of (i +i+ k ) with this unit vector is 1

Q+Ki+6f—2k _
C+7+ k) =
2+1)i+6j—2 -1
NE T

VA2 + 41+ 44= 1 +6

A2+ 42+44=(1+6)2
A+ 41+ 44=2%+ 121 + 36
81=8

A=1

Therefore, the value of A is 1.

Question 14

Ifab,care mutually perpendicular vectors of equal magnitude, shows that the vectors a + b+c
is equally inclined @, b and ¢

Solution:
Asa,band ¢ mutually perpendicular to vectors, we have
ab=b.c = E a=20
Given that
lal = |b| = el )
Let vector a + b + ¢ be included to a. b and ¢ at angles 84, 8, and 65 respectively
So we have
9. — (@a+b+c)a _ a.a+b.a+ca
COSTL = \atbrenal . latbreallal
__ el S
" la+b+cllal [b.a+ c.a=0]
__ lal
la+b+ ¢l
cos 6 = +b+¢)b _ a.a+b.b+cb
27 Ja+b+cllbl ~ la+b+cllb]
___IbP? =74 AR =
= avb+ Il [a.b+ c.b =0]
___Ib|
|a+b+ c|
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cos 0 b+¢)¢ _ aa+ba+c.c
L™ Jatb+ellal —  la+h+clic]
|c]? - — T -
= a.c+ b.c=0
la+b+ cllal [ ]
_ el
|a+b+ c|
Now as |a| = |b| = |¢|,cos8; = cosB, = cos b
~0; = 0, = 06;

Therefore, the vector ((d +b+ E)) is equally inclined to @, b and &

Hence proved
Question 15

Proved that(@+ b).(a+ b) = |al®>+ |b ? ifand only if @, b are perpendicular, givend # 0,b # 0.

Solution:

(@+ b).(a+ b) = lal* + |B|’

aa+ a.b+b.a+ b.b=|al*+ |15|2 [Distributivity of scalar products over addition]
|a|? + 2a.b + |E|2 =|al? + |E|2 [a.b = b.a (Scalar product is commutative)]
2a.b=0

a.b=0 : i

Therefore, @ and b are perpendicular [@a#0= b # 0 (Given)]

Hence proved

Question 16

If 0 is the angle between two vectors @ and b thena. b => 0 only when
T

(A)0<e<§ (B)0<6< >
(Q0<0<m (D)o<O<m

Solution:

Explanation:
Let's assume 6 to be the angle between two vector @ and b.
Then without loss of generally @ and b are non - zero vectors so that |a| and |l_)| are positive we also
know, @. b = |a| |b| cos®
a.b =0
@l |b| cos® =0
cos0 >0 [la| And |b| are positive]
A

0<6< -
2

For more Info Visit - www.KITest.in

10. 32




For Enquiry — 6262969604 6262969699

Therefore@. b > 0When0<6 < %

The correct answer is B.

Question 17

Let @ and b be two units vectors and 6 is the angle between them. Then @ +b is a unit vector of
(A)6 =7 (B)6 =13

Q6= (D)o ==

NTELA

Solution:

Explanation:

Let @ and b be two unit vectors and @ is the angle between them.
Then, ||l = [b| =1

Now @ +b is a unit vector if [a + b| = 1
la+b|=1

(@a+b) =1

(@+b).(a+b)=1

a.a+ ab+b.a+ b.b=1

al? + 2a.b |b| =1

12 + 2 |al|b| cos8 + 1% =1
1+21.cosf@+1=1

- 1
COoS = )
9_271
3

— = . ) 2
Therefore a + b is a unit vector if @ = ?n

Hence the correct answer is D.

Question 18

Thevaluei (j x k) + j.(i x k) + k(i x j)is

(A)o (B) -1
1 (D)3
Solution:

It is given that,

iGxk)+7(Exk)+kdEx)

=104+ (=) + k.k
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=1-j.j+1
=1-1+1
=1

Hence the correct answer is C.

Question 19

If 0 is the angle between any two vectors @ and b then |@. b|=| @ x b|when 6 is equal to
(A)0 (B)

Q) g (D) =

Solution:

Let 6 be the angle between two vectors a and b

Then without loss of generally @ and b are non - zero vectors so that |@ | and | 15| are positive
|@.b| =|a x b

la| |b| Cos @ =|al |b]| sin @

cos 8 = sin 6 [la| And |b| are positive]

tanf =1
g_n
T4

Thus, |@b| =|a@ X b| when @ is equal to%

So the correct answer is B.
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