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Chapter - 7

Integrals
Exercise 7.1

Question 1

6262969699

Find an anti-derivative (or integral) of the following functions by the method of inspection.

sin 2x

cos 3x

e2x

(ax + b)2

sin 2x - 4e3x

1. Sin 2x
Solution:-

The anti-derivative of sin 2x is a function of x where derivate is sin 2x
We know that,

% (cos 2x) = - 2 sin 2x
We get,
Sin 2x = -%% (cos 2x)
On further calculations of sin 2xis -1/2 cos 2x
Sin2x = % (— % cos ZX)

Hence, the anti derivative of sin 2x is -1/2 cos 2x
2.Cos 3x
Solution:-

The anti-derivative of cos 3x is a function of x whose derivative is cos 3x
We know that,

% (sin 3x) = 3cos3x
We get,
1d, .
Cos3x = T (sin 3x)
On further calculation, we get
d /1 .
Cos3x= ™ (§ sm3x)

Hence, the anti derivative of cos 3xis 1/3 sin 3x
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3. e2x
Solution:-

The anti-derivative of e2x is the function of x whose derivative is e2x
We know that,

i 2XY — 2x

- (e**) =2e

On further calculation, we get
2X li 2x

€ T 2dx (e )

Hence, the anti derivative of e2* is ¥ e?*
4. (ax + b)?
Solution:-

The anti-derivative of (ax + b)? is the function of x whose derivates is (ax + b)?
We Know that.

% (ax + b)3 = 3a (ax + b)?
On Further multiplication, we get
2_1d 3
(ax+b)“ = T (ax + b)
Hence,
2_4d (1 3
(ax+b)“ = - (3a (ax+ b) )
Thus, the anti derivative of (ax + b)? is 1/3a (ax + b)?
5.Sin 2x - 4 e3%
Solution:-

The anti-derivative of (sin 2x - 4e3%) is the function of x whose derivative of (sin 2x - 4e3%)
We know that,

d [/ 1 4 .
— (— = Cc0S2X — —e3x) = sin 2x - 4e3x
ax \ 2 3

Hence, the anti derivative of (sin 2x -433%) is (-1/2 cos2x - 4/3 e3¥)
Find the following integrals in Exercise 6 to 20:

6. [(4e3* + 1)dx

Solution:-

We get,

=4[ e3*dx + [ 1dx
On further calculation, we obtain,

=4(%)+x+c
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Therefore,

4
:§e3x+x+c

7. [x? (1 - xlz)dx
Solution: —

We get,
= [ x%dx — [ 1dx
Hence,
X3
= ? -x+C
8. [(ax? + bx + c)dx
Solution:-
By taking the terms separately, we get,
=a [x?dx+b [xdx+ c [ 1.dx
On Further calculation, we obtain,

(=) rb() s exe
So, we get,

ax3 bx?
= T + T +cx+C
9. [(2x% + €¥) dx
Solution:-

By taking the terms separately, we get,
=2 x%dx + [ e*dx

On further calculation, we get,

=2 (?) reX + C

Therefore,

= §x3 +e*+C

2
10. [ (Vx - ) dx
Solution:-

We get,

1
= f (X + ; - Z)dX
By taking the terms separately, we get,
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= [ xdx + f%dx—Zfl.dx
Hence, we get,

XZ
=S+ log |x|-2x+C

x3+5x% -4

x2

11. | dx

Solution:-

We get,
= [(x 45— 4x2)dx
By taking the terms separately, we get,
= [xdx+ 5[ 1.dx—4 [x%dx
On further calculation, we obtain,
X2 s
= 7+5X - 4(_—1)+C
Hence, we get,

x? 4
—7+5X+)—(+C

x34+3x+4

ﬁdx

12. |

Solution:-

We get,
s 1 _1
=/ (xz + 3x2 + 4x Z)dx
On further calculation, we get,

+ +

N W)

- =
N'\‘l NI
N | =

So
2 7 2 1
:;x2+2x3+8x2+ C
Hence,
2 7 3
= X2+ 2x2+8Vx + C
B—xZ+x-1

13. [Z2 7 gy

x—1
Solution:-

By dividing, we get,
= [(x%* + 1)dx
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By taking the terms separately, we get,
= [ x%dx + [ 1dx
Therefore, we obtain

3
X
=—+x+C
3

14. [(1 — x)V/xdx
Solution:-

We get,

3
=f (\/E — xf)dx
On further calculation, we get,
1 3
= [ x2dx — [ x2dx

So,
3 5
X7 X2
=5 -5 +C
2 2

Hence, we get,
3 5

= 5 XE_E xE+C
15. [/x (3x% + 2x + 3)dx
Solution:-

We get,
il 3 1
=f (3x2 + 2x2 + 3x2)dx
By takmg the terms separately, we get,

—3fx2dx+2fx2dx+3fx2dx
On further calculation, we get

7 5 3
:3<¥> +2 (¥>+ 3(¥> +C
2 2 2

Therefore, we get,
7 5 3

:9x5+ﬁx5+2x5+c

7 5
16. [Vx(3x% + 2x + 3)dx
Solution:-

By taking the terms separately, we get,
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=2 xdx — 3 [ cosxdx + [ e*dx
On further calculation, we get,
= 22i2-3(sin x)+e*+C

Hence, we get,

=x? —3sinx + e*+C

17. [(2x® — 3 sinx + 5vVx) dx

Solution:-

By taking the terms separately, we get,
1

=2 x?dx — 3 [ sinxdx + 5 [ x2dx
On further calculation, we get,

3 3
= 2%—3(-cos X) +5(%>+C
2

Therefore, we get
1

= ;xz + 3005+?x3+(]
18. [ secx(secx + tan x )dx

Solution:-

On Multiplication, we get,

= [(sec® x + secxtanx ) dx
By taking separately, we get,
= [ sec’xdx + [ secx tan xdx
We get,

=tan x + sec x+ C

18. [ Secx (secx + tanx)dx
Solution:-

On multiplication, we get,

= [(sec3x + secx tan x) dx
By taking separately, we get,
= [ sec?xdx + [ secx tan xdx
We Get,

=tanx +secx+C

2
19. [ =X gx

cosec2X
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Solution:-

We get,
1

2
— f cos1 X dx
sin 2%

So,

sin 2x
- fcos 1x dx
We get,
= [ tan? xdx
On further calculation, we get,
=[(sec?x — 1)dx
By taking separately, we get,
= [ sec?xdx - [ 1dx
Therefore, we get,
=tanx-x+C

2—3sinx

dx

20. |

cos2x

Solution:-

By Separating the terms, we get,
_ ( 2 . 3sinx )d
f cos2x  cos?x N
On further calculation, we get,
= [ 2sec? xdx — 3 [ tan x sec xdx

Hence, we obtain,
=2tanx-3secx+C

Choose the correct answer in Exercise 21 and 22

21. The anti-derivation of (\/} + \/i;)dx equals
(1/3)x'/2 + (2)x'/%2 + C

(2/3)x%3+ (1/2) x> + C

(2/3)x3/2 + (2)x'/?2 + C

(3/2)x3/2+(1/2)x/? + C

Solution:-

Given

1
(VE + ) dx
We get,
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3 1
= [ xzdx + [ x zdx
On further calculation, we get,
1 1
xZ x2
=3tTHC
2 2

Therefore, we get,
3 1

- g x2+2x2+C
Here, the correct answer is option (C)

3 .
22.1fd/dx f (x) = 4x3 — — such that f(2) = 0. Then f(x)is

4, 1 129
X"+ —=-—
xlz 1%9
3
gl o —
x14 139
4
X —
" x13 12%
3
x°+=-—
x4 8
Solution:-
Given

3
x4

d/dx f(x) = 4x° —
The anti derivative of 4x3 — % = f(x)
X
Hence,
3
F(x) = [ 4x3 — S dx
By taking separately, we get,
F(x)=4[x3dx =3 [(x*)dx
we get,
x4 x 73
) =4 (5)-3(5)+C
Now we get,
1
F(x)=x*+ =+ @
Also, f(2)=0
By substituting x = 2, we get,

— (04, 1 _
f(2) = (2) ot C=0

16+5+C =0
On further calculation, we get,
1

c=-(16+3)
By taking L.C.M, we get,

-129
C=—-

8
129

_ 4 1
Hence, f(x) = x to- 5
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Therefore, the correct answer is option (A).

Exercise 7.2

Integrate the function is Exercise 1 to 37:

2x 2
1.1+x

Solution:-
Letustake 1 +x2% =t
So, we get,
2x dx =dt
2x
f1+x2 dx
We get,
= %dt
On further calculation, we get,
=log|t| + C
Now, substituting t = 1 + x% we get,
=log |1+ x%|+C
=log (1 + x%) +C

2
2. (log x)x
Solution:-

Let us take,

Log |x| =t

On differentiating, we get,
%m:m

2
f (lOQJXI) dx
We get,
= [ t3dt
On further calculation, we get,
3
= %+ C
By substituting t = log |x| we get,
_ GoglxD? -

1
" (x+xlogx)
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Solution:-

Given
1

x+x log x

This can be written as
1

- x (1+log x)
Let us take,
1+logx=t
We get,
~dx =dt
So,

1
fx(1+10g x) %

We get,

= [+ dt

On calculating further, we get
=log|t| + C

Hence, we get,

=log |1 + logx| + C

4. sin x sin (cos x)
Solution:-

Let us take cos x =t

By differentiating, we get

-sin x dx = dt

Now,

[ sin x — sin(cos x) dx

We obtain,

=-[sintdt

On further calculation, we get
=-[—cost] + C

=cost+C

By substituting t = cos x, we get
=cos (cos x) +C

5. Sin (ax + b) cos (ax + b)

Solution:-
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Given
Sin (ax +b) cos (ax + b)

On integrating the above function, we get
2 sin (ax +b) cos (ax +b)

2

Sin (ax + b) cos (ax + b) =

We obtain,
_ sin 2(ax+b)

2
Let2 (ax+b) =t

We get,
2adx =dt
We get,
sin 2 (ax +b) _1sint dt
f 2 dx = 2 f 2a

On further calculation, we get,
=4_—;c052 (ax+b)+ C

6.Vvax+b

Solution:-

Let us take,
ax+b=t
we get,
adx=dt
Hence,
dx=1/adt
Now,
1

[(ax + b)z dx
We get,

1,1
=—ftzdt
On further calculation, we get

3

=1 <%>+C
a =
2

Hence, we geg,
:i(ax +b)z+C
:3%(ax + b)% +C
7.xVx + 2

Solution:-
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Let us take

(x+2)=t

We get,

dx =dt

Now, [(t — 2)Vtdx

We get,

= [(t —2) tVtdt

On further calculating, we get

3 1

=[ (ti - ZtE) dt

By taking separately, we get
3 1

= [tzdt-2 [ tzdt

So,

5 3
2 2

By further calculation, we get
5 3
i fasc
5 3

2 5 4 3
=§(x+2)2—§(x+2)2+C

8.xV1 + 2x?
Solution:-

= Let us take,
1+2x%2 =t

We get,

4x dx = dt

[ xV1+ 2x%dx

We obtain,
Vtdt

4
So,

1 1
=5 [ tzdt

On further calculation, we get

3
1( t2
= - ——--+C
4(%)

1 3
==(1+ 2x*)z+C
9.(4x+2)VxZ +x+1
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Solution:-

Let us take

x2+x+1=t

We get,

(2x+ 1) dx=dt

[(4x +2)Vx2 + x + 1 dx
We obtain,

= [ 2+/tdx

=2 [tdt

On further calculation, we get
3
(i)
2
4, 9 g
=§(X +x+1)2+C

1
T (x—/x)

10

Solution:-

Given
1

(x—Vx)

This can be written as
2

~Va(a-1)
Let us take
(Vx—1)=t
We get,
% dx = dt

1 2
fm dx = ft dt
On further calculation, we get
= 2log|t| + C
Hence, we obtain,
=2log|Vx —1|+C

x
11.W,x >0

Solution:-

Let us take,
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X+4=t
We get,
dx =dt

dx= [ dt

X
| 7
So,
4
= [ (Ve - )at
On further calculation, we get

3 1
:%—4($>+C
2 2

2 1 1
=3 (t)2-8(t)2 +C

2 A 1
=3 t.t2-8t2+C

1
:gtf(t— 12)+C
By substituting t = x + 4, we obtain
1

=2+ 47 (x+4-12)+C

= VX +4(x-8)+C

12.(x3 = 1) /3 x5
Solution:-

Let us take,
x3 - -y
We get,
3x2 dx = dt
1

[(x® —1)3 x°dx
We get,

1
= [(x3 = 1)3x3.x% dx
We get,

1
= [(x3 —1)3x3 x?dx
By putting x3 — 1 = t, we obtain

1
=[e(t+ D5
1 4 1
= 5 f(tB + t3)
On further calculation, we get
7 4

e

3 3

1
3

For more Info Visit - www.KlITest.in

6262969699

7.14




For Enquiry — 6262969604

11372 3 4%
=3 e +in)e

1 7 1 4
:;(x3—1)3 +Z(x3—1)3 +C

XZ
" (2+3x3)°

Solution:-

Let us take,
2+3x3=t
We get,
9x?% dx = dt
XZ
f(2+3x3)3 dx
So,
1~ dt
=5 @
On further calculation, we get
1 [t=2

:51[_—21 +C
=5 (2)c

T 18(2+3x3)2

1
" x (log x)m

x>0,m=#1

Solution:-

Let us take,
Logx=t
We get,
Ldx=dt
¥ 1
fx(log x)m
We obtain,

:f_ﬂ;
(t)ﬂl

On further calculation, we get
t7m+1

B ( 1-m ) T C

_ (log )™ . C

(1-m)
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X

15. o _ax?)

Solution:-

Let us take,
9-4x2 =t
We get,

-8x dx = dt
Now take,

X

f9—4x2 dx
So,

-1 1

= ? lOg f? dt
By further calculating, we obtain
= %logltl +C

:%log|9— 4x%| +C

16. er+3
Solution:

Let us take
2x+3 =t
We get,

2dx = dt
Now obtain,
— f er+3 dx
We obtain,
:%fe‘dt
On further calculation, we get
=2 (e")+C

_ % ex+3) 4

17. 5

ex
Solution:-

Let us take
x?=t

We get,

2x dx =dt
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f;z dx

So,

e

:%fe_ldt

On further calculation, we get

()

tan"1x

18.

1+x2

Solution:-

Let us take
tan lx=t
We get,

L dx=dt

1+x2

fetlan Zx dX

+x

We obtain,

= [eldt

By further calculation, we get
el +C

=e "x+C

e?*—1
T e2xt1

Solution:-

By dividing numerator and denominator by e*, we find

(1)
ox _e¥—e™™

(e2X+1) T gxqex

Let us assume,
ef+e* =t

So,

(e* —e™)dx=dt
e?x—q eX—e X

f62x+1 dX - f eX+4e—X dX

We get,
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_dt

t
By calculating further, we get

=log|t| + C
=log |e* + e7*|+C

er_e—Zx

20

" e2xe—2x
Solution:-

Let us assume,
e*+e P =¢
We get,
(2e%* = 2e ?) dx = dt
2 (e —e?)dx=dt
Now

er_ e*ZX
[ () dx
We get,
_rdt
] 1 ;1
=7 f?dt
On calculating further, we get
= %log|t|+C

=%log|ezx + e 2% |+C
:%log|t|+c

:%log le?* + e=2%|+C

21. tan?(2x — 3)
Solution:-

tan® (2x - 3)sec?(2x-3) -1
Let us take,

2x-3=t

We get,

2dx =dt

Now,

[sec?(2x —3)dx = [[(sec?(2x — 3))]dx

By Separating, we obtain
:% [(sec?t)dt- [ 1dx
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:%fseczt dx — [1dx
On further calculation, we get
= %tan t—x+C

:%tan(ZX—3) —x+C

22. Sec?*(7 — 4X)
Solution:-

Let us take,

7-4x=t

We get,

-4dx = dt

Hence,

[ sec?(7 — 4x)dx = _Tl [ sec*tdt
On calculating further, we get

= _Tl (tant) + C

= _Tltan(7 —4x)+C

Sin 71X

2=

Solution:-

Let us take,

sin“lx=t

1
ﬁdX—dt

By substituting t = sin™!

— 2
:(Sln 1X) +C

X, we get

2C0SX—-3sinx

24, ——
6COS X+4 Sinx

Solution:-

2 cos x—3sin x

6 cos x+4sin x
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This can be written as
3cosx+2sinx=t
(-3sinx+ 2 cosx) dx =dt

f2cos x—3sin x _ d_l:

6 cos x+4sin x - 2t

On further calculation, we get
1,01

=—[=dt
% ¢

=3 log|t| C

Therefore, we get
:%loglz sinx 4+ 3cosx |+C

1
" Cos?X(1—tan x)?2

Solution:-

1 _ sec?x
cos2x(1—tan x )2 (1—tanx )2
Let as assume,
(1-tanx) =t
-sec?xdx = dt

f sec%x Y = f —dt
(1—tan x )2 - t2
We get,
=- [t72dt
:+%+C
Therefore, we get
1
- (1—tan x)

cos\x

26. e

Solution:-

Let us take,
V=1

1
ﬁdX—dt

fcosﬁdx:chostdt

X
By further calculation, we get

=2sint+C
=2sinvVx +C
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27.vsin2x Cos 2x

Solution:-

Let us take,
Sin2x=t
2 cos 2x dx =dt
= [ +/sin2x cos 2x dx = % [tadt

On further calculation, we get

3
1/( t2
= - -5 +C
2Q5>
:lt5+c
3

BY substituting t = sin 2x, we get

Cos x

28. V1+sinx

Solution:-

Let us take,

1+sinx=t

Cos x dx =dt
CoS X S = fd_t

f\/1+sin x X NG

By further calculation, we get
i

= g + C

2
=2Vt +C
=2Vv1+sinx +C
29. cotxlog sin x
Solution:-

Take
Logsinx=t
By differentiation we get

1
——. cosxdx=dt
Sin x

So we get
Cotxdx =dt
Integrating both sides
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[ cotx logsinxdx = [tdt
We get
tZ
= ? + C
Substituting the value of t
= % (log sinx)? +C

Sin x

"1+cosx

Solution:-

Take 1 +cosx=t

By differentiation

-sin x dx = dt

By integrating both side

f sin x dx = [ — d_;
14cos x t

So, we get

=-log |t| + C

Substituting the value of t
=-log |1 + cosx| + C

sinx
" (1+cos x )2

31

Solution:-

Take 1+ cosx =t

By Differentiation

-sinx dx = dt

Integrating both sides
sin x dt

f(1+cos x)2 X = f

We get

=-[t72dt

[t can be written as

=24C
t

1
" 1+cotx

Solution:-

It is given that
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1
I= f 1+cot x dx

We can write it as

—fl_’_cosxdX

sin X

Multlply and divide by 2 in numerator and denominator

_1 f 2 sin x
sin x+cos x
It can be written as
1 f (sinx +cos x )+(sin x—cos x )d

(sin x+cos x )
On further Calculation

sin X—cos X
__fld t3 fsmx+cosxdx
We get

:_(g)_l_ J-smx COSXdX

sin x+cos x
Take sin x +cosx=t

By Differentiation

(cosx -sinx) dx = dt

We get
_X, 1 p=@

[=5+ zf

By Integration

=2 %log|t|+C

Substituting the value of t

X 1 .
=7 —Elog|51nx+ cosx | +C

1
1-tanx

33.

Solution:-

Itis given that
1
I= f 1—tan x
We can write itas

_f smx

Cos X

By taklng LCM

f CoSs X

cos X—sin X
Multiply and divide by 2 in numerator and denominator
lf (cos x—sin x )+(cos x+sin x)dx

(cos x—sin x)
On further calculation

:—fld + fCOSX+SlnXdX
COS X—SIn X
We get
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X 1 ( cos x+sin x
S ALY
2 2 f cos x—sin x

Take cosx-sinx=t
By differentiation
(-sinx-cosx ) dx =dt
We get
x 1, r—(dt)

[=3+31——
By integration
=X _Loglr| +C

2 2

Substituting the value of t

X 1

:E—Eloglcosx+sinX|+C

Vtan x

sin x cos x

Solution:-

It is given that

I — f .\/tan X dX
SIn X COS X
By multiplying cos x to both numerator and denominator
Jtan X Xcos x
o [ YnX xeosx g
SIn X COS X XCOS X
On further calculation
_ f vtan X dX

tan x cos 2 X
So we get
_ [ sec 2x dx
=J Vian x
Taketanx =t

We get sec? x dx = dt
=&

S Ve
By integration we get

=2vt+ C
Substituting the value of t

=2+tanx + C

2
35, (1+logx)

Solution:-

Consider
l1+logx=t
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So we get

~dx =dt

Integrating both sides
[Urlosx) 4y = [ ¢2at

X

Substituting the value of t
3
_ (1+103g x) +C

(x+1)( x+logx )?
1 x

36

Solution:-

It is given that
_ (x+1)(x+log x)? _ ((x+1)) it 1ng)2

X X
We can write it as

= (1 + i) (x + log x)?
Considerx + logx =t
By differentiation

= (1+3)dx=dt
Integrating both sides
f(l + i) (x + logx)? dx = [ t2dt
So we get
t3
= ? + C
Substituting the value of t
= % (x +logx)3+C

x3 sin(tan_1x4)
1+x8

37.

Solution:-

It is given that
x3 sin (tan *1x4)
1+x8
Consider x* =t
We get 4x3dx = dt
3 ain ifian — ; -1
fxgsma!(tanS Ix#) dx = lf sin (tan2 t)dt
14+x 4 1+t
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Similarly take tan~! t = u

By differentiation we get
1

— dt =du

1+t

Using equation (1) we get

3o ian — Ly 4
x°sinfftan ~'x*) 1 .

————==-]sinudu
f 1+x8 4f

By integration

= i (—cosu) +C
Substituting the value of u

= _Tl cos (tan"1t) + C

No substituting the value of t
= _Tl cos (tan"1x*) + C

Choose the correct answer in Exercises 38 and 39.

10x°+10*loge10dx
21041072

38. [ equal s
a) 10 —x'% +C

b) 10* +x'° +C

) (10* —x'9)~+C

d) log(10* + x')+C

Take x10+10x =1
Differentiating both sides
(10x° + 10%log,10)dx = dt
Integrating both sides we get
10x”+10%log10dx _ [ dt

2104107 N fT
So we get
=logt+C
Substituting the value of t
=log (10x + x10) + C
Therefore, D is the correct answer.

dx

sin2cosZx

39. [

equals

a) tanx+cotx+C
b) tanx + cotx + C
c) tanx cotx +C

d) tanx-cot2x+C
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Solution:-

Itis given that
dx
I= fsinzcoszx
We can write it as
= [——dx
sin 2cos 2x
Here we get

_ f sin 2x+cos 4x

sin 2xcos 2x
By separating the terms
2

_f sin%x dX+f cos “x
sin 2cos 2x sin 2xcos 2x

We get

= [ sectxdx + [ cosec’xdx

By integration

=tanx-cotx + C

Therefore, B is the correct answer.

Exercise 7.3

1.sin*(2x + 5)
Solution:-

We have,

By standard trigonometric identify, sin?x = (1-cos4x)/2
Sin2 (ZX + 5) _ 1—cos 22 (2x+5) _ 1—cos (24X+10)

Taking integration on both sides, we get,

= [ sin?(2x + 5)dx = [ @H0 gy

Splitting the integrals,

:%fl.dx— %fwdx

Splitting the integrals,

=~ [ 1.dx — 3 cos(4x + 10)dx
:% X — % [ cos(4x + 10)dx

On integrating, we get,
=% X — % cos(4x + 10)dx

On integrating, we get,

1 1 (sin (4x+10
=2 x— ;(FE) . c
2 2 4
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=~ X — = Sin (4x +10) +C

2. sin 3x cos 4x
Solution:-

By standard trigonometric identify Sin A Cos B = %2 (Sin (A+B) + cos (A - B)}

[ sin3x cos4x dx = %fsin(BX + 4x) + sin(3x — 4x)} dx
On simplifying,

= % [{sin 7x + sin(—x)} dx

= % [{sin 7x — sin x} dx

Splitting the integrals, we have,

=%fsin7xdx— %(—cosx) +C

_ Zcos7x |, cosx

=~ t g tC

3. cos 2x cos 4x cos 6x
Solution:-

By standard trigonometric identify cos A cos B = % {cos (A + B) + cos (A - B)
[ cos2xcos4xcosbxdx = [ cos 2x E {cos(4x + 6x) + cos(4x — 6x)}] dx

= % [{cos2xcos10x + cos2xcos(—2x)}dx
We know that, cos (-x) = cos x,
= % [{cos 2x cos 10 + cos?2x}dx

Again, by standard trigonometric identify cosA cosB = % {cos(A+B) + cos(A-B)} and cos?2x = (1 +
cos4x)/2

1 1 1+cos 4
= 5”{5 cos(2x + 10x) + cos(2x — 10x)}+(¥)] dx
On simplifying, we get,
:ifc0512x+ cos 8x + 1 + cos 4x) dx

By integrating,
1 [sin 12x sin 8x sin 4x
T4 [ 2 T TXT ]+C

4.sin3 (2x + 1)
Solution:-
Given, sin®(2x + 1)
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By splitting,
= [ sin3(2x + 1)dx = [ sin?(2x + 1).sin(2x + 1)dx
We know that, sin?x =1 - cos? x
= [(1 = cos?(2x +1)) sin(2x + 1). Sin (2x + 1) dx
Let us assume cos(2x+1) =t
Then,

= -2sin(2x + 1)dx =dt

= Sin(2x+1)dx ==
Sin3(2x+ 1) == [(1 — t2)dt
-1 t3
=5 {t-3)
Now substitute the value ‘t’ in equation,

S cos 3 (2x+1)
= T{COS(ZX +1) — —}

3
—cos (2x+1) . cos3(2x+1)
= > : +cC

5. sin3xcos3x
Solution:-

Given, [ sin®xcos®x. dx
By splitting the given function,
= [ cos3x. sin®x. sinx. dx
We know that, sin? x = 1 - cos? x
= [ cos3x(1 — cos?x)sinx. dx
So, let us assume cosx =t
Then,
= -sinxdx=dt
Sin3x cos3x = - [ t3(1 — t?)dt
=- [(3 = t°)dt
On integrating we get,

-5

Now substitute the value ‘t’ in equation,

4 6
_ {cos X cos X}+C
4 6

cos 6X Ccos 4X

__+C
6 4

6. sin x sin 2x sin 3x

Solution:-
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By standard trigonometric identify sinA sinB = -1/2 {Cos (A+B) - Cos (A-B)}
[ sinxsin2xin3xdx = fsinx.% [{(2x — 3x) — cos(2x + 3x}]dx

On simplifying, we get,

=% [{sinxcos(—x) — sinxcos5x}dx

We know that, cos (-x) = cos X,

= % [{sinxcosx — sinxcos5x}dx

:%fsm 2% dx - % [ sinxcos5xdx
=1 [M] - % f{% Sin (x + 5x) + sin(x — 5x)} dx
_ —Cos2x
Computing and simplifying, we get,
8 4l 3 4

Splitting the integrals, by using sin 2x = 2sinx cosx, we get,

2

On integrating the first tem, and substituting sin A cos B - %2 {sin (A+B) + sin (A-B)}
4| w2 y

= — f(sin 6x + sin(—4x))dx

_-cos2x 1 [—cos 6X  cos 4X]+C

_ —cos 2X . 1 [—co; 6X coz4x] +C

8 8
1 [cos 6x cos 4x

= o[22 2B cos2y]

7. sin 4x sin 8x
Solution:-

By standard trigonometric identify sinA sinB = -1/2 (cos (4x - 8x) — cos (A - B)}
Then,

[sin4xsin8xdx = | {% cos(4x — 8x) — cos(4x + 8X)} dx
= % [ (cos(—4x)) — cos 2x dx

We know that, cos(-x) = cos x,
= % [{cos4x — cos 12 x }dx

On integrating we get,
_ l [sin 4x  sin 12x]+c
2l 4 12

1-COS X
" 1+COS X

Solution:-

By standard trigonometric identify, we have,
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. X
1—cos z 2sin 25

14cos X  2cos 2%

We know that, (sin x/cos x) = tan x
=2 tan?=

2
Also, we know that, tan 1x = secx

= (sec2 % — 1)

Integrating both the sides, we get,

R e f(seczg— 1)dx

1+4+cosx

tan%
= T — X +C
2

:Ztang—x+c

COSX

" 14cosx

Solution:-

By standard trigonometric identify, we have,

2X_ i 2X
cos 1 _ Cos“5—sin“y

1+cosz 2cos 2%

We know that, (sin x /cos x)= tan x and takeout %2 as common, we get
1

== [1 — tan® 5]
2 2

Integrating both the sides, we get,

cosX 1 X
i dx = [ [1 — tan? E]dx

1+cosx

Using standard trigonometric identify tan’x + 1 = sec?(x)
1

== [2 — sec? i]dx
2 2

On integrating we get,
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_ l [ZX _ tanzl+c
2

1

2
=X - tan % +C
10. sin*x
Solution:-

By splitting the given function, we get,

4 2 2

sin®“x = sin“xsin“x

By standard trigonometric identify, we have, sin?x= (1 - cos2x) /2

_ (1—cos ZX) (l—cos ZX)
- 2 2

= % (1 — cos2x)?

By using the formula (a — b)%= a? — 2ab + b?, we get,

= % [1 + cos?2x — 2c0s2x]

From the standard trigonometric identify, cos'2x = (1 + cos4x)/2

_1 + (1+COS4X) = 2COSZX]

_1 aF % aF %cos4x = ZCOSZX]

simplifying, we get,

§+ %cos 4x — 2 cos ZX]

Integrating on both the sides,

[ sin*xdx = %f B + %cos4x — 2cos ZX]dX
1]3 1 (sin 4x 2sin 2x

=ipx 3 () - 2

By simplifying,

=< [3x+ (352) - 2sin2x|+C

3x 1 . 1 .
=— —-sin2x+ —sin4x+c
8 4 T 32 T

@)

N e R N N N

11. cos*2x
Solution:-

By splitting the given function,
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cos*2x = (cos?2x)?
By standard trigonometric identify, we have, cos?2x = (1 + cos4x)/2
_ (1+cos 4x)2
2
On Simplifying, we get,
= % [1+ cos*4x — 2 cos 4x]

By standard trigonometric identify, we have, cos?2x = (1 + cos4x)/2
1+ (HCOS SX) + 2 cos 4X]

:1 +%+%cos8x + 2cos4x]
simplifying,

2— = %cos 8x + 2cos4x]
Integrating both side,

[ cos® 2xdx = f[% + %COSSX + %cos 4x]dx

ws)
DIRr< &R, &R

3x 1 . 1 .
=—+4+ —sin8x + —sin 4x
8+64$ 8 +8s +c

sin?x

" 1+cosx

Solution:-

By standard trigonometric identify, we have,

2
X X
sin 2x (2 sin> cos 5)

1+cosx 2cis 2%

o, 2 g S
_4sm 7C0s 5
2%
2cos 5

On simplifying, we get,
= ZSinzg

From the standard trigonometric identify, we have, 1 - cos x = 2sin? %
= 1-cosx
On integrating both the sides, we get,
in 2
[=———dx=[(1 - cosx)dx

14cosx

=x-sin+C

COS 2X—-COS 2a
COSX-COS a

13.

Solution:-

By using the trigonometric identify i.e,
. A+B . A-B
CosA-cosB=-2sin — - sin—
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So, we have,
. 2x+2a ian—Za

€0S 2X—Cos 2a _ —2sin——s 2
cos x—cosa —1sinsin %sinsin ?
By simplifying we get,

_ sin (x+a)sini{k—a)

B sm( er )sm (X;a)
Then,

From the identify sin 2x = 2 sin X cos X, we have
_ [2sin (552) cos (55)|[25in (557) cos (55|
sm( _2'— )sm (Xza)

On simplifying, we get,

= 4cos( ; )cos (Xza)
By using the trigonometry identify 2 cos A cos B = cos (A+B) + cos (A - B), we have
=2 [cos(w+—) i cos%—xz—a]
= 2[cos(x) + cos a]
= 2c0SX + 2cosa

Then,
Integrating on both the sides,

f.'.wdx:f(2cosx+2cosa) dx

COSX —CoSs a

We have,
=2 [sinx + 2 cosal+ C

Cos x—sinx
1+4sin 2x

14.

Solution:-

cos x—sin x
1+sin 2x
By using the standard trigonometric identify, (1 + sin 2x) = sin?x + cos?x + 2sinxcosx.

Then,

(sin 2x+cos Xx)+2sinxcosx

Given =

COSX —sinx

_ Cos x—sinx

"~ (sin x+cos x )2

Now,

Let us assume that sinx +cosx =t

Ans also, (cos x - sin x) = dt

lntegrating on both the sides and substitute the value of (cos x - sin x) dx and (sin x + cos x) we get,

f cos x—sinx _ f cosx —sin x
1-+sin 2x (sinx +cos x)?2
_pdt
~Je
=—t714+C
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= 4C
t
_ -1

sin x+4cos X

15. tan32x sec 2x
Solution:-

By splitting the given function, we have,

tan?2x sec 2x = tan®2x tan 2x sec 2xX

From the standard trigonometric identify, tan?2x = sec?2x — 1,
= (sec?2x — 1)tan2xsec2x

By multiplying, we get,
= (sec?2x X tan2xsec 2x) - (tan2xsec2x)

Integrating both sides,

[ tan32xsec2xdx = [ sec?2xtan2xsec2xdx — [ tan2xsec2xdx

2
= [ sec?2xtan2xsec2xdx - Secz ~+C

Then,

Let us assume sec2x = t

And also assume 2sec2x tan 2x dx = dt
1 2

J tan®2xsec2xdx = = [ tédt — % &.C

On simplifying we get,

t2  sec2x

=% 23 +C

_ (Sec 2x) _ sec2x

=3 5 +C

16. tan*x

Solution:-

By splitting the given function, we have,

tan*x = tan®x X tan?x

Then,

From trigonometric identify, tan? x = sin®x — 1

= (sec?x — 1)tan’x
By multiplying we get,
= sec®xtan®x — tan®x
Again by using trigonometric identify, tan® x = sec? x — 1
= sec®xtan®x- (sec®x + 1)
= sec’xtan’x — sec®x + 1
Now, integrating on both sides we get,
[tan*xdx = [ sec®xtan’dx — [ sec? xdx — [ 1.dx
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= [ sec’xtan®xdx — tanx + x + C
Then let us assume tanx =t

And also assume sec?xdx = dt
3 3
[ sec?xtan? xdx = [ t?dt = — =~
3 3

11
J tan*xdx = -=—tan’x - tanx + x + ¢

3

SH3X+COS X

17.

sin2xcos?x
Solution:-

By splitting up the given function,

sin 3x +cos 3x _ sin °x cos 3x
sin 2xcos 2x sin2xcos?x  sin2xcos?2x
By simplifying, we get,

sinx CcOSx

Ttk | i
We know that, (sinx/cosx) = tanx and (1/cosx) =secx
Again, we have (cosx/sinx)) = cotx and (1/sinx) = cosecx
= tanx secx + cotx cosecx

Integrating on the both sides, we get

3 8

sin °x+cos °x

————dx = [(tanxsecx + cotxcosecx)dx
SIn “XCos X

= Secx — cosecx + cC

cos 2x+2sin*x
18. ———

cos2x

Solution:-

By using the standard trigonometric identify, 2sin?x = (1 - cos2x)
cos 2x+2sin*x _ cos 2x+ (1—cos 2x)

cos 2x by cos 2x
By simplification, we get,
1

COoS 2X
We know that, (1/cos?x) = sec?x
= sec?x
Integration on both sides, we get,

cos 2x+2sin¥x
[—————dx = [ sec’xdx

cos 2x
=tanx + C

1

sinx cos3x

19
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Solution:-

For further simplification, the given function can be written as,
1 sinx 1

sin x cos3x  cos3x  sinxcosx
Divide both numerator and denominator by cos?x

2
X + =08 Zx

sinxcosx

= tanxsec?

On simplification, we get,
2 sec 2X
X+
tan x
By applying the integrals we get,

1 2

[ ————-dx = [ tanxsec?xdx + [ ——dx
Sinx cos °X tanx

Let the assume that, tanx = t,

Then, sec*x dx = dt

By substituting above values we get,
1 1
fsinx cos3xdX . ftdt + f?dt
On integrating,
2
= t;+ log|t| + C
Now, by substituting the value of ‘t" we get,

= %tanzx + log|tanx| + C

= tanxsec

cos 2x
" (cosx+sinx )2

Solution:-

We know that, (cosx +sinx)? = cos?x + sin®x + 2sinxcosx
cos 2x cos 2x

(cos x+sin x )2 " cos 2x+sin 2x+2sinxcosx
Ans also we know that, cos?x + sin?x = 1 and 2sinx cosx = sin 2x,
Then,

_ cos 2x
B 1+sin 2x
By applying the integrals, we get,
cos 2x dx = f cos 2X dx
f(cosx +sinx ) 1+sin 2x
Let us assume that, 1 + sin2x =t
So, 2cos2x dx = dt

By substituting that, 1+ sin2x =t
[ cos 2x dX:lf%dt

(cosx +sinx )2 2
On integrating,
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% log |t] + C
Now, by substituting the value of ‘t’ we get,
= %logll + sin2x|+C

=%10g |(cosx + sinx )?|+C
=log|sinx + cosx | + C

21.sin"1(cos x)
Solution:-

Given, sin~!(cosx)

Letus assume cosx=t ... [equation (i)]
Then, substitute ‘t" in place of cosx

= sin~* (t)

Sinx = V1 — t2

So, now differentiating both sides of (i), we get,
(-sinx) dx = dt
-3
- sinx
—dt

= 7eg
By applying the integrals, we get,
[ sin™!(cosx)dx = fsin‘lt( =l )

11—t2
sin” 't
=, —dt
Let us assume that, sin"! t=v
A v
Vi—tz
[ sin~!(cosx)dx = - [ vdv

On integrating,

= - V; + C
Now, by substituting the value of 'V’ andt’, we get,

1,2
__(sm2 t) +C

(Sin -1(cosx ))2 . .
=- fﬂj ..... [equation (ii)]

As we know that,
Sin-1x+cos-1x = 2

1

" cos(x—a)cosifx—b)

Solution:-
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Multlplylng and d1v1d1ng by sin (a-b) to given function, we get,
[ sinifa—b) ]
cos (X—a)cos iftk—b) sm;.(a—b) cos (x—a) cos (x—b)
For further simplification, the given function can be written as,
_ 1 [sin [(x—b)— (x—a)] ]
"~ sin ffa—Db) Lcos (x—a)cosifx—b)
Using sin (A - B) = sin A cos B - cos A sin B formula, we get,
_ [sin (x—b) cos (x—a)—cos (x—b)sin i?@x—a)]
" sin ffa—b) cos (x—a)cos ifk—b)
We know that, sinx/cosx = tanx by applying this formula we get,

[tan(x —b) — tan(x — a)]

~ sinifa—b)
Taking integrals,

! it T
f cos (x—a)cos x—b) dx = sinffa—b) f[tan(x 4 b) N tanl'GX a)]dX

On integrating.

= sniapy L 1ogleos(x — b) [+ log| cos(x — )]
We know that, log (a/b) = log a - log b, using in above equation, we get,

cos (x—a) ] +C

cos (x—b)
Choose the correct answer in Exercise 23 and 24.

- sin (a—b) [ 08

sm X COS X
23. fW dx is equal to
a) Tanx+cotx+C b) Tanx + cosecx + C
c) -tanx+cotx+C d) Tanx+secx+C
Solution:-

(@) tanx + cotx + C

By splitting the denominators of given equations,
2

Slan Cos *X sin X COoSs °X
JRco gy = f 7 cos ) A%

sin XCOS X sin XCOS X sin #x cos “x

On simplifying we get,

= [(sec®x — cosec?x)dx
As we know that,

[ sec’x dx = tanx + ¢

[ cosec’xdx = —cotx+ ¢
= tanx + cotx + C

e*(1+X)
24. [ — o dx equals
a) -cot(ex*)+C b) tan (xe*) +C
c) tan (e*) +C d) cot(e*)+C
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Solution:-

(b) tan (xe*) + C
Let us assume that, (xe*) =t
Differentiating both sides we get,
((eX X x)+ (e*+ 1)) dx =dt
e* (x+1)=dt
Applying integrals,

e*(1+x) dt
fcosz(exx) - fcoszt
We know that, (1/cos?t)=sec?t
= [ sec?t.dt
=tant+C
Substituting the value of ‘t,
=tan (e*x) + C

Exercise 7.4

Integrate the function in Exercise 1 to 23.

3x?%
" x64+1

Solution:-

Let us assume that x> =t

Then, 3x%dx = dt

By applying integrals, we get,

f 3x2 dx = f dt
x6+1 t2+1

On integrating,

=tan 't +C

No, substitute integrals, we get,

=tan"1(x3) + C

1

z. J1+4x?

Solution:-

Take 2x =t
We get 2x dx = dt
Integrating both sides
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I—TiaZ dt= log|x + ml
We get

:%[log|t+ VizZ + 1]+ C
Substituting the value of t

:%log|2x+ VaxZ + 1|+ C

1

3. J(2=x)2+1
Solution:-

Take2 -x=t
We get - dx = dt
Integrating both sides

1 1
| e i 4t
Using the formula

1 1
=

Using the formula

fﬁdt=log |x + Vx% + a?|
We get
=-log [t+ V2 + 1|+ C

Substituting the value of t
:-logIZ—X+ (2—X)2+1| +C

- lOg |(2—X)+ \/X2—4X+5|+ ¢

1

4,
V9— 25x2

Solution:-

Take 5x =t
We get 5dx =dt
Integrating both sides

1
fv‘a—st dx = fvfa t2
We get
_1 f L dt

57 V32—t2

On further calculation
1, _

=—sin~! (5) +C
5 3
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Substituting the value of t
|
=z sin ( )+ C

2x
" 1+2x4

5

Solution:-

Take V2 x? =t
We get 2v/2 xdx =dt
Integrating both sides

3x
f1+2x4d 2\/—fl+t2
On Further calculation

zxf [tan~1t]+C

Substltutmg the value of t

——tan 1W2x2) + C

XZ

6.
1-X6

Solution:-

Take x3 =t
We get 3x? dx = dt
Integratmg both sides

leG __fltz

On further calculation

=5 [zlog | ]+ C

Substltutmg the value of t
14 x3
= —l og | +C

X-1

7.
VX2-1

Solution:-

By separating the terms

[F=dx=fm=dx-fom=dx (1)

Take
| = dx
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Ifx? — 1 =tweget2xdx = dt
[——dx == [<
Vx2-1 274t
It can be written as
1 . 1L
==t zdt
2
By integration

-1[o]

- Vi
Substituting the value of t
x? — 1

Using equation (1) we get

x—1 X
| rrmix= J x-S vxz—
From formula

fﬁdt:log Ix + Vx% —a?|
We get

=vVx2 —1-log|x+Vx2—1|+C

XZ

\V x6+ab

8.

Solution:-

Take x3 = ¢t
We get 3 x* dx = dt
Integrating both sides

On further calculatlon
:%10g |t + V2 +ab| +C
Substituting the value of t

:%log|x3 + \/m|+ C

SECZX

9, —
vtan? x+4
Solution:-

Taketanx =t
We get sec? x dx = dt
Integrating both sides

§eC2X

[=ex _f_JE_
VeanZx+4 Y ViZ422
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On further calculation
=log|t+ VtZ + 4|+ C
Substituting the value of t

=log|tanx + VtanZx + x4| + C

1

10. VX2 +2X+2

Solution:-

It is given that
1

1 —
f\/x2+2x+2 B f,/(x+1)2+(1)2 dx
Takex+1=t
We getdx = dt

Integrating both sides
1

1
| fri AR Ot
On further calculation

=log|t + Vt2 + 1|+ C

Substituting the value of t

= log|(x+ D+ J(x+1)2+ 1|+C

So we get

=log|(x+ 1) + Vx2 + 2x + 2| +C

1

11. ———
9X21+6X+5

Solution:-

Itis given that
1 1
f9x2+6x+5 dx = ft2+22 dx
On further calculation
11 1
== = [— tan~1 (—)]+C
3 12 2

Substituting the value of t
1 3x+1

=—tan™! (i)+C
6 2

1

12. J7-6x-x2

Solution:-

It is given that
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1
We can write it as
7-6x-x>=7-(x*4+9-09)

By further calculation

=10-(x*> +6x—9)

We get write it as
7-6x-x>=7-(x*+6x+9-9)
By further calculation
=16- (x> +6x—9)

We get

=16 - (x + 3)?

= 42 —a(xet3)?

Here

1 dx = 1
| == s
Considerx+3 =t

We getdx = dt

Integrating both sides

1 1
| e &
We get

— cin—1(2L

=sin (4)+C

Substituting the value of t
=1 x+3
= sin (—4 )+C

1

13. ——
VE-1D(X-2)

Solution:-

Itis given that
1

J-DX—2

We can write as
(x-1)(x-2)=x*>—-3x+2
By further calculation
=x?—3x+9/4-9/4+2
We get
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[———dx = [ ————dx
e 626
Considerx-3/2=1
We get dx = dt
Integrating both sides

f'———f—%r———g'dx = f'———l——gdt
V=) ) =)
We get

Substituting the value of t

:log|(x—§) +\/m|

+C

= log

1

14. Vv 8+3x—x2

Solution:-

It is given that

1
V8+3x—x?2
We can write it as
8+3x-x2=8- (x? = 3x +=—9/4)
By further calculation

41 3\ 2

22 (-
Here

1 1
N Al Pray =)
Considerx-3/2 =t

We get dx = dt
Integrating both sides

We get
= sin — |+C

Substituting the value of t

3
X—=

=sin" 1| =2 |+C
41

2
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On further calculation

=sin~! (2\)/(4;13) +C

1

15. J&x—a)(X-b)

Solution:-

It is given that
1
V(x—a)(X-b)

We can write it as
(x-a)(x-b)=x® — (a+b)x+ab
By further calculation

2 2,
=x*— (a+b)x+ (azb) - (at}b) +ab
Here
Y Y G R
=+ ) -5

Integrating both sides

1

Imdx= f\/{x_(ﬂ)}Z_(g)z

2

Consider

X-(57)=t

We get dx = dt

f 12 sz . Zdt
S E e 5y

[t can be written as

Substituting the value of t
=log|x — {2} + /x—a)(x = b)| + C

=log +C

4X+1

16. —
V2X24+X-3
Solution:-

Consider
4x+1=Ad/dx(2x2+x-3)+B
So we get
4x+1=A(4x+1)+B

On further calculation
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4x+1=4Ax+A+B

By equating the coefficients of x and constant term on both sides
4A =4

A=1

A+B=1

B=0

Take 2x2 +x-3 =t

By differentiation

(4x+1)dx =dt

Integrating both sides

4X+1 1
Vot X = fﬁdt
We get
=2\t+C

Substituting the value of t
=2V2x? +x-3+C

xX+2

17.
Vx2-1

Solution:-

Consider

X#2=AS(® -1 +B .. (1)

It can be written as

x+2=A(2x)+B

Now equating the coefficients of x and constant term on both sides

2A=1
A=Y
B=2

Using equation (1) we get
(x+2) =§(2x) + 2
Integrating both sides
1
x+2 _ E(ZX)-}-Z
T dx= [ L=dx
Separating the terms

1, 2x 2
= 5 Nove) dx = fﬁ dx ... (2)
Take

1 2x
- E x2—1 dx
Ifx? —1 =tweget2xdx = dt
So we get

Jlp2x g Lode
_ZI\/XZ—ldX_ Zf\/E
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By Integration

In
[Z\f |

Nlr—\'“<

<\I

Su bstltuting the value of t
X% — 2
We can write it as
f%dX= 2fﬁdX= 2 log |X + VX2 - 1|
Using equation (2) we get

f X+2 —dx =Vx® —1+2log |x + VxZ —1|+C

5x—2
1+2x+3x2

18.

Solution:-

Consider

5x-2=A~(1+2x+3x%) +B

It can be written as

5x-2=A(2+6x)+B

Now equating the coefficient of x and constant term on both sides
5=6A

A=5/6
2A+B=-2
B=-11/2

Using equation (1) we get

5x-2=2(2+6x) + (- %)

Integrating both sides
2(2+6x)—=

5x—2
J x= [
142x+2x2 14+2x+3c?
Squaring the terms
-f (2+6x) 1 1 «
- 1+2x+3c 3 J 12x+3x2
We know that
246x 1
11 _5 f21+2x+3X25dX anilz - f 142x+3x2
‘—
f 142x42x2 dX— g Il =- ? IZ ...... (1)
Take
2+6x
L= 1+2x+3x2
If 1 +2x + 3x? = t we get (2+ 6x dx = dt
So we get

dt

11: "
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By integration

I; =log|t|

Substituting the value of t

I, =log|1 + 2x +3x%| ... (2)
Take

1
hy = log | 17 mm &X
1+2x+3x% =1+ 3 (x2+2/3x)

By addition and subtraction of 1/9

=1+3(X2+§X+%—1)

9
We get
2 q

=1+ 3(x+§) =3

On further calculation
2 1\2
=3 +3(X aF 5)

Here

R
=3[(x #3) +(5) |

By integration
1 1

[, == | /————5dx

73! G2’ +(5)

So we get

1

_1]1 —il {{ Xy
—3{Qtan (ﬂ)
3 3 -

By taking LCM
A3 g (3x+1)]
=; Iz (5F)
On further calculation

1 g (3x+1

= ﬁtan ( 7 ) ....... (3)

Now substituting the equations (2) and (3) in equation (1)
5x—2 5 11 _1 (3x+1
f1+2)>(<+3x2 dx == [log|1 + 2x + 3x?]] - Y [\/—Etan ! ( i(/; )]+C

We get

= Z log|1 + 2x + 3x?|- % [% tan™ (3$1)]+C

19 6x+7
" G5 (x—4)
Solution:-

It is given that
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6x+7 _ 6x+7
JGa=5)(x—4)  Vx2—9x+20
Consider

6x+7 :A%(xz —9X +20) +B

[t can be written as
6x+7=A(2x-9)+B

Now equating the coefficient of x and constant term on both sides

2A=6

A=3

9A+B=7

B=34

Using equation (1) we get

6x+7=3(2x-9) + 34

Integrating both sides
6x+7 32x=9)+34 |

=2y

2_9x420 Vx? —9x+20
Separating the terms

2x—9 1
=3 fxz 9x +20d x + 34 J‘x2—9x+20 dx

We know that
L :fﬂdxandb =

xz 9x
J 7 = 30 + 341,

Take

f 25e=5)

Vx2—9x+20

Ifx -9x + 20 = t we get (2x-9)dx = dt
So we get

dt
Ilzﬁ

By integration

I =2t

Substituting the value of t
I =2Vx? —9x + 20
Take

1
——ax
x2—9x+20

1
lz= fx2—9x+20 X
By addition and subtraction of 81/4

x? —9x + 20 = x? —9x+20+——%

NZ [1)?
=(x-3) - ()
By integration
b=f——
(=) -G

So we get
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12—10g|(x——) Vx? —9x + 20 | ...... (3)
Now substituting the equations (2) and (3) in equation (1)

f%(ﬁ:B[ZM]+3410g[(x—§)_m]+c

We get
6M+3410g[(x—§)—M]+C

x+2

20. —

Solution:-

Consider
X+2=A=(4x + x?) +B
It can be written as
X+2=A(4-2x)+B
Now equating the coefficient of X and constant term in both sides
-2A=1
A=-1/2
4A+B=2
B=4
Using equation (1) we get
(X+2)=-%(4—2X) + 4
Integrating both sides

X442 2(4 2x)+4
f\/ll-x—x f Vax—x2
Separating the terms

=5 oo e 4 g e
We know that
4+2x 1
{2 1nd 12 fﬁdX
X
fmd =-—512+412 ...... (1)
Take

I f 4-2x
L= \/4x —x?
If 4x - x? —tweget(4—2x)dx:dt

So we get
4-2x

Il—fm
If 4x - x% = t we get (4 - 2x) dx = dt
So we get
d
Il:f\/_tizz\/f

Substituting the value of t
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=2V4x — X% ....... (2)

Take

b= | o

4x -x* = —(—4x+ x?)

By addition and subtraction of 4
4x-x% = (—4x+ x2+4—4)
It can be written as

=4-(x — 2)?

By integration

L= | e
So we get

= sin™ ! (Xzz) (3)

Now substituting the equations (2) and (3) in equation (1)

f\/%dx =-%(2\/4X— x2) +4sin~? (%) + C

We get
=V4x x% + 4 sin” ! (XZ;Z)+C

(X+2)

" J/X2+2¢+3

Solution:-

Itis given that
f (X+2)
Vx2+2x+3
By multlplymg and dividing by 2
_ f 2(x+2)
B m

Multlplymg the terms
f 2x+4

«m
Separatlng the terms

_1 2x+2 1
- fx ans X 2f

We get

1 2x+2 2
== dx ———dx

2 fxz+2x+3 + fxz+2x+3
We know that

2X+2 1

= [———dx+ [, = [ ——dx

1 fx2+2x+3 2 fx2+2x+3

5 dx
X4+2x4+3

f;dlel +1
VXZ+2X+3 21772

Take

2x+2
I, = | ——
1 fx2+2x+3
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Herex? +2x+3 =t
We get (2x+ 2) dx = dt
dt
L=/ 7= 24/t
Substituting the value of t

=2vx*?+2x+3 L. (2)
Take

1
L = | frms X
We can write it as
X2 +2x+3=x*4+2x+1+2

= (x+ 12+ (v2)

By integration

=log [x+ D +Vx2+2x+3| L. (3)
By using equations (2) and (3) in (1) we get

[ s k=5 (237 T 24 3) + log | (x + 1) + V57 + Zx 13| C

So we get

=Vx? +2x+3+log|(x+ 1)+VX2+2x+3|+C

x+3
x2-2x-5

22.

Solution:-

Consider
(x+3)=A—(x* = 2x—=5)+B
It can be written as
X+3=A(2x-2)+B
Now equating the coefficients of x and constant term on both sides
2A=1
A=
-2A+B=3
B=4
Using equation (1) we get
(x+3) =5 (2x-2) + 4
Integrating both sides
x+3 H(2x-2)+4
J.XZ—ZX 5 f x2—-2x-5 dx

Separatlng the terms

1
__fx2 2x +4fx2—2 —SdX
We know that

2x—2
S dxandl, = f22x - dx

Il_
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[o—dx=cl+4, L (1)

x2—-2x-5

Take

2x—2
Ii= fXZ—ZX—S dx

Ifx? —2x—5=tweget(2x—2)dx =d

So we get

I = [ < = loglt]

Substituting the value of t

=log [x* —2x-5] L. (2)
Take

1
IZ - fxz—Zx—S dx

We can write it as
1

I =/ (x2—2x+1)—6 b

By separating the terms

f x—1)2- (\/_)

By integration

1 x—1—/6
= mlog (m) ...... (3)
Now substituting the equation (2) and (3) in equation (1)

x+3 _1 2 L4 |x=1-V6
fXZ—ZX—S dx = ElOng - 5| 2V6 8 X—1+\/€|+C
We get

x—1—/6
x—14+/6

_1 2O S B
—Zloglx 2x 5|+\/€log |+C

5x+3

23. ——
3 Vx24+4x+10

Solution:-

Consider

5x+ 3 =A£ (x% + 4x + 10)+ B
It can be written as
5x+3=A(2x+4)+B

Now equating the coefficients of x and constant term on both sides
2A=5

A=5/2

4A+B=3

B=-7

Using equation (1) we get

5x+ 3 :25(2x+4)—7
Integrating both sides
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f 5x+3 f (ZX 4’) 7d
m VxZ+4x+10
Separating the terms
5 2x+4 1
_f\/X2+4x+10 dx-7J e &

We know that

2x+4 1
fﬁdxandlz—fmdx

5x+3 5
f ——dx =L -7, (1)
Take
f 2x+4

o avreaT i
lfx +4x + 10 —tweget(2x+4)dxzdt

Soweget
L =[—==2Vt

Substltutmg the value of t

¥d N Y VY . (2)
Take

[ = [ dx
Vx2+4x+10
We can write it as

- - f\/(xz+4x+4)+6 dx

By separating the terms

== e
By integration

=log|x+2+Vx2+4x+10| .. (3)

Now substituting the equation (2) and (3) in equation (1)

f5x_+3dx=§[zm]-7log|(x+2)+M|+C

Vx2+4x+10
We get

=5vVx% + 4x + 10 - 7log|(x + 2) + Vx% + 4x + 10| + ¢

Choose the correct answer in Exercise 24 and 25.

dx
243J";;;E;IE(H]uals

a) xtan~!(x+1) +C b) tan~!(x+1)+C
c) (x+1)tan"'x+C d) tan"'x+C
Solution:-

It is given that
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f dx _f dx
x24+2x+2 Y (x2+2x+1)+1

By Separating the terms
1

= | et

By integrating we get

= [tan™(x + 1)]+c

Therefore, B is the correct answer.

dx

25.mequals
1 . _q(9x—8 1 . _q(8x—9
a) ?sm (988)+C b) %sm (998)+C
o —1 X— o —1 X—
c) 3sin (8)+C d) > sin (8) C
Solution:-

It is given that
f dx
" Vox—4x2
We can write it as
[ 1
)

By further calculation we get
1

=[ dx
9x 81 81

~4(2 =)
Separating the terms we get

:fj—4[<x—z>2—<z>2]dx

On further simplification

1A

2 2

SN

Using the formula
J ady =sin”™! 2+C

Taking LCM
_l . 1 (8X-9
= sin (—9 )+C

Therefore, B is the correct answer.

Exercise 7.5
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Integrate the rational functions in Exercise 1 to 21.

__*
" (x+1)(X+2)

Solution: —

Consider
X A B
G+DE+2)  (x+1)  (X+2)
We get
X=A(x+2) + B (X+1)
Now by equating the coefficient of x and constant term, we get
A+B=1
2A+B=0
By solving the equations we get
A=-land B=2
Substituting the values of A and B
X —1 2
X+D(X+2) (X+1)  (X+2)
By integrating both sides w.r.t.x
X F1 2
/ (X+1)(X+2) dx= [ (X+1) T (X+2)
So we get
=-log|x+1|+2log|x+ 2| +C
We can write it as
=log (x + 2)?-log |x + 2| + C
_ (x+2)2
- (x+1)

dx

1
" (X+3)(Xx-3)

Solution:-

1 A B
(x+3)(x-3)  (x+3) = (x—3)

We get

1=A(x-3) +B(x+3)

Now by equating the coefficient of x and constant term, we get
A+B-=1

-3A+3B=0

By solving the equations we get

A=-1/6and B=1/6

Substituting the value of A and B
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1 s
(x+3)(x—3)  6(x+3)  6(x—3)
By integrating both sides w.r.t.x

1 -1 1
J (x2-9) dx = f (6(x+3) + 6(x—3))dX
So we get
=-%log |X + 3| +%log|X— 3[+C
We can write it as

(x—3)
(x+3) +C

1
=glog

3X-1
"X-1)(X-2)(X-3)

Solution:-

Consider
3x—1 A B C

G-Dx-2)x-3) K-1) (X-2) (X-3)

We get

3x-1=A(x-2)(x-3)+B(x-1)(x-3)+C(x-1) (x-2) ....(1)
By substituting the value of x in equation (1), we get
A=1,B=-5andC=4

Substituting the values of A, B and C
3X-1 1 5 4

X-DXDE=3) K- (X-2) ' (X-3)
By integrating both sides w.r.t.x

3x—1 1 5 4
J (x—1)(x=2)(x=3) dx = f{(x—l) T x-2) ax (x—3)} dx
So we get
=log |[x — 1]-5log |x — 2|+ 4 log |x — 3|+ C

X
4. X-1)(X-2)(x—3)

Solution:-

Consider
X A B C

G-DE-DX-3)  G-D ' K2  &-3)

We get
X=A(x-2)(x-3)+Bx-1)(x-3)+C(x-1)(x-2)....(1)
By substituting the value of x in equation (1), we get
A=1/2,B=-2and C=3/2

Substituting the value of A, B and C
X 1 2 3

G-DX-2D(X-3) -1 | (X-2) ' (x-3)
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By integrating both sides w.r.t.x

X 1 2 2
J x—1)(X—2)(X—3) dx = f {2(x—1) T (x-2) + 2(x—3)}dx
So we get
=1 log |x — 1]-2 log |x — 2|+ 3/2log |[x — 3|+C

2x
" x24+3x+2

Solution:-

Consider
2x A B

x2+3x+2 - X+1)  (X+2)

We get

2x = A (x+2)+ B (X+1) ....... (D

By substituting the value of x in equation (1), we get
A=-2andB=4

Substituting the value of A and B
2x =2 4

GrD(+2) | K+ | (X+2)
By integrating both sides w.r.t.x.

2x 4 2
f(x+1)(x+2) i = f{(x—Z) | (x+1)}dX
So we get

=4log|x+ 2|-2log |x+ 1| + C

1-Xx2
" X(1-2X)

Solution:-

Consider
1-X2 _1 1( 2—X )
X(1-2X) 2 2 \x(1-2x)
We know that
2—x A B
x(1-2x) _ x | (1-2x%)
We get
(2-x)=A(1-2x) + Bx ......(1)
By substituting the value of x in equation (1), we get
A=2andB=3
Substituting the values of A and B
2—x 2 3
x(1-2x) X | 1-2x
We get
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SR - T
X(1-2x) 2 2 ' (1-2x)
By integrals both sides w.r.t.x
1-X2 1,12 3
fX(l—ZX)dX = {E t3 (Z + 1_2X)}dx
By further calculation

3
Ty log |1 —2x|+C

= % + log|x|+
So we get
= % + 1og|x|-210g|1 —2x| +c

X
7. (x241)(x-1)

Solution:-
We know that
X _ Ax+B C

x2+1)(x=1) x2+1)  (x—1)

It can be written as
x=(Ax+B)(x-1)+C(x*+1)
By multiplying the terms

X= Ax?-Ax + Bx-B + Cx2+C

Now by equating the coefficient of x?, x and constant terms we get
A+C=0

-A+B=1

-B+C=0

By solving the equations

A=1/,B=%andC=%

Using Equations (1)
SENC -

x2+1)(x—1)  x2+1 (x—1)

By integrating both sides w.r.t.x

X 1 X 1 1 1 1
| wmyemn = 2 andx t 3 x5 odx

We get

S lon1x4l _
= 4fX2+1dx+2tan x+-loglx — 1| +C

Here

2x
fX2+1 dx,let (x> +1) =t
We get

2x dx =dt

Substituting the values
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2x dt
fX2+1 dx = t
By integrating w.r.t.x
= log]t|
Substituting the value of t
=log |x? + 1|
So we get

_x 1 2 1. 1,1 B
f(X2+1)(x—1)_ 4IOgIX +1|+2tan x+210g|x 1]+ C

We can write it as
1 1 1
=-log|x — 1|-; log |x? + 1|+ Etan_1 x+C

X
8. (x—1)2(x+2)

Solution:-

We know that
X A B C

G-D2(:42) (K=1) '« =1) ' (X+2)

It can be written as

x=A (x-1)(x+2)+B (x+2)+ C((x — 1)?
Taking x - 1 we get

B=1/3

Now by equating the coefficient of x?and constant terms we get
A+C=0
-2A+2B+c=0

By solving the equations
A=2/9andC=-2/9

We get
X 2 it 2

(x—1)2(x+2) 9(X-1) = 3(x—1)2 L 9(X+2)
By integrating both sides w.r.t.x
X 2,0 1 1 1 2 1
L oramn =5 ot +3) x5 o I
Here,

2 1(-1) 2
= glog |X — 1|+§ (;)-a log |X + 2|+C
By further calculation
2 x-1| 1

9 x+2| 3(x-1)

3x+5
Tx3—xZ—x+1
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Solution:-

Itis given that
3x+5 _ 3x+5
x3—x2-x+1  (x—1)2(x+1)
We know that
3x+45 A B C
x-12(x+1)  (x-1) -1  (x+1)
[t can be written as

3x+5=A(x— 1)(x+1)+B(x+1)+C (x—1)?

We get

3x+5=A*-1D+B(x+1)+C(x*+1-2x) ... (1)
By substituting the value of x = 1 in equation (1)

B=4

Now by equating the coefficient of x* and x we get

A+C=0

B-2C=3

By solving the equation
A=%andC=%
We get
3x+5 -1 4 1

x-D2((x+1)) 2(x-1) g (x-1)2 © (x+1)
By integrating both sides w.r.t.x

3x+5 1 1 1 1
oty =3 | ke o s I X
Here

1 4
= ->log |x — 1|_H+C

2X-3

10. (X2-1)(2X+3)

Solution:-

It is given that

2X-3 B 2x—3
(X2-1)(2X+3)  (x+1)(x—1)(2x+3)
We know that

2x—3 _ A B C

x+Dx-1)(2x+3)  (x+1)  (X—-1)  (2x+3)

It can be written as

(2x-3) =A(x- 1)(2x+3)+B(x +1) (2x +3)+C(x +1)(x -1)

(2x-3)=A(2x* +x—-3)+B(2x? +5x+3)+C(x* = 1)

We get

(2x-3)=(2A+2B+C)x2+ (A+5B)x+(-3A+3B-C) ... (D
Now by equating the coefficient of x?and x we get

B=-1/10,A=5/2and C=-24/5
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We get
2x—3 5 1 24

x+1)(x-1)(2x+3) - 2(x+1)  10(X-1) + 5(2x+43)
By integrating both sides w.r.t.x

2x—3 5 1 1 1 24 1
(x2+1)(2x+3) dx =3 (x+1) dx- 35 J vl Sy J Zx43) %
Here

5 1 24
= Eloglx + 1| — Eloglx —-1| - ﬁlogIZX + 3]
By further calculation
= ;loglx + 1| — %loglx —-1| - %1og|2x + 3]

5x

11. x+1)(x2-4)

Solution:-

It is given that

5x _ 5x
+DE2=4)  +DE+2)(x—=2)
We know that
5x _ A B C

G+DE+2)E-2) x+1)  X+2)  (x-2)

It can be written as

S5x=AX+2)(x-2)+tB(X+1) (x-2)+C(X+1) (x+2)
By substituting x = -1, -2 and 2 in equation (1)
A=5/3,B=-5/2and C=5/6

We get
5x 5 5 5

ADGA2)(-2)  36+D) T 2(X42) | 6(x-2)

By integrating both sides w.r.t.x
[—2  _dx=2f—1 dx—%f - dx+5fx+dx

(x+1)(x2—4) 3Y x+1) (x+2) 6
By further calculation

:gloglx + 1] —gloglx + 2| +§1og|x— 2|+ C

x3+x+1
x2-1

12.

Solution:-

It is given that
x3+x+1 2x+1
x2-1 x2-1

We know that
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2x+1 A B
xX2—1 (x+1)  (X-1)
It can be written as
2x+1=A(x-1)+B (x+1) ....(1)
By substituting x = 1 and -1 in equation (1)
A=%andB=3/2
We get
xX3+x+1 _ 1 3
21 X 2(x+1) + 2(X—1)
By integrating both sides w.r.t.x

x34x+1 1 1 3 1
f—xz_l dx = fxdx+5f—(x+1) dx+5f—(x_1)dx

By further calculation
X2
:7+%log|x+ 1] + %loglx —CRIEENG

2
13. (1-x)(1+ x2)

Solution:-

We know that
2 A Bx +C

(1—x)(1+x2) - (1—x)  (1+x2)
It can be written as
2=A(1+x?)+(Bx+C)(1-x)

2=A+Ax2+Bx-Bx*+C-Cx ..

Now by equating the coefficient of x%, x and constant terms
A-B=0
B-C=0
A+C=2

Solving the equations
A=1,B=1andC=1
We get

2 1 x+1
(1—x)(1+x2) T1-x | 1+x2
By integrating both sides w.r.t.x
dx = fﬁ dx + [ —

1+x2

dx

2 X
| e R leee

Multiplying and dividing by 2 in the second term
2X 1

1 1
= Sdxes i dxe g dx

By further calculation

=-log|lx — 1| + %logll + x?| +tan"'x + C
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3x—-1
" (x+2)2

Solution:-

We know that

3x—=1 _ A B

(x+2)2 ~ (x+2) = (X+2)2

It can be written as

3x-1=A(x+2)+B...(1)

Now by equating the coefficient of x and constant terms

A=3

2A+B=-1

Solving the equations
B=-7

We get

3x—1 3 7

(x+2)2 i x+2)  (X+2)2

By integrating both sides w.r.t.x

3x—1 1 X
f(x+2)2 dx =3 f(x+2) dx=7 f(x+2)2 dx
So we get
=310g|x+2|-7( £ )+C

((x+2))
By further calculation

7
=3log|x + 2| + T +C
1

15- m
Solution:-
It is given that

1 1 _ 1
(4 —1) ~ (2-1D(x2+1) G+ (x—1)(1+x2)
We know that

1 A B Cx+D
(c+D(-1)(1+x2) ~ X+1)  X-1) (x2+1)
So we get

1=A(x-1)(x* +1) + BX +1)(x? + 1) + (cx + D)(x%-1)

By multiplying the terms

1=A(x3+x— x> —1)+B(x® +x +x? + 1)+Cx3+ Dx?- Cx-D

It can be written as

1=(A+B+C)x3+(-A+B+D)x?+(A+ B —C)x+(-A+B-D) ..... (1D
Now by equating the coefficient of x3, x2, x and constant terms
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A+B+C=0

-A+B+D=0

A+B-C=0

-A+B-D=1

Solving the equations

A=-1/4,B=%,C=0and D=-1/2

We get
1 —4 1 1

= + +

(x4-1) " 4(X+1)  4(X-1) 2(x2+1)

By integrating both sides w. r t.x

_1 1 T -1

f(4 1)dx 1og|x+1| loglx 1]-- tan™" x+C
So we get

1 ze=1l
—Zlog — tan lx+c

1

" x(x"+1)

Solution:-

By Multiplying both numerator and denominator by x" !

1 Xn—l Xn—l

x(x"+1) I xn—Ix(xn+1) b X0 (x"+1)
Here x" = t we get

nx"~! dx = dt

So we get

1 xn=L 1 i\
fx(x“+1) dx = fx“ (x"+1) dx = nft(t+1) dt

We know that
1 A B
= -4 —
tt+1)  t  (t+1)
[t can be written as

1=A(1+t) + Bt .... (1)

By substituting t = 0, in equation (1)

A=1andB=-1
We get
1 11
= -4 —
tt+1)  t o (t+1)
By integrating both sides w.r.t.x.
1
fx(x“+1) - _f {_ N (t+1)}dX
So we get

=~ [loglt| —log|1 +t[] + C
Substituting the value of t
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=- % [log|x™|]-log |x™ + 1|+ c
[t can be written as
= llog - | +C

n x1+1

Cos x

" (1-sinx )(2—sinx)
Solution:-

It is given that

Cos x
(1-sinx )(2—sinx)
Consider
Sinx=t
By Differentiating w.r.t.x
Cosxdx=dt
Integrating w.r.t.x

cos x dt
I &= | e

(1—sinx)(2—sinx)

Here we can write it as
1 A B

1-0e—0 (-0 @1

We get

1=AR2-t)+B(1-¢t)...(1)

By substituting t= 2 and t = 1 in equation (1)

A=1landB=-1
1 1 1

1-0z-0 (-0 @D
Integrating w.r.t.x
cos x 1 1

f (1—sinx)(2—sinx) dx = f{: N (2—t)}dt
So we get
=-log |1 —t|+log|2 —¢t|+C
It can be written as

2—t
= log|: +C
Substituting the value of t

2—sinx
=log |

1—sinx

(X2+1)(x2+2)

18. m

Solution:-

We know that
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(X2+1)(x2+2) _ (4x2+10)
(X243)(X2+4)  — (x2+3)(x2+4)
It can be written as

(4x2+10) _ Ax+B Cx+D
(x24+3)(x2+4)  (X243) = (X2+4)
So we get
4x% +10 = (Ax + B)(x* + 4) + (Cx + D) (x® + 3)
Multiplying the terms
4x% +10 = Ax3 + 4Ax + Bx? + 4B + Cx3 + 3Cx + Dx2 + 3D
Grouping the terms
4x? +10 = (A+C) x3+ (B+D) x? + (4A + 3C) x + (4B + 3D)
Now by equating the coefficient ofx3, x, x and constant terms
A+C=0
B+D=4
4A+3C=0
4B+3D =10
By solving these equations
A=0,B=-2,C=0and D=6
Substituting the values

(4x2+10) __2 .6
(x2+3)(x2+4) (x%243) (x2+4)
We can write it as
(x%+1)(x%+2) —1- (—_2 6 )
(x24+3)(x2+4) (x2+3) (x2+4)
Integrating both sides w.r.t.x

f(x2+1)(x2+2) dx=f{1+ -2 6 }dx

(x2+3)(x2+4) (x243)  (x2+4)
So we get
-2 6
) fil T x2+22}
Here
— Lon1X) 6(lian-1%
=X+2 (ﬁtan \/§) 6 (2 tan 2) +C

By further calculation
2
:X+—3tan_1i- 3tan_1§+ C

V3 V3
2x
19. (x2+41)(x%+3)
Solution:-

It is given that
2x

(x2+1)(x%2+3)
Consider x2 =t
So we get
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2x dx =dt
Integrating both sides

2x d
/ (x241)(x2+3) dx = f (t+1)(t+3)
We can write it as
1 1 2
(t+1)(¢+3)  2(t+1)  2(t+3)
Integrating w.r.tt

2x 1 2
f(x2+1)(x2+3) dx=J {2(t+1) N 2(t+3)}dt
So we get
=log|(t + 1)| - ;log|t + 3| + C

[t can be written as

:—l E +C

Substltutmg the value of t

1 x2+1
:—l |+
2 08 x2+3 C

1

20. 5

Solution:-

It is given that
1

x(x%-1)
By Multiplying both numerator and denominator by x>
1 x3

x(x4-1) ~ xt(xt-1)
Integration both sides

1 x3
fx(x4—1) dx = fx4(x4—1)dX
Consider x* =t
So we get 4x3 dx = dt
We can write it as

1
fx(x4 1) "3 ft(t 1)

1=A (t- 1)+Bt ....... (1)

Now by substituting t = 0 in equation (1)
A=-landB=1

Substituting the values
1 -1 1

tE+l) ¢ =
lntegrating w.r.t.t

fx(x4 7 dx =_f{ +_}d

So we get

For more Info Visit - www.KlITest.in

7.70




For Enquiry — 6262969604 6262969699

:i [-log|t| + log|t — 1]]+C
It can be written as
=1 lo |L|+ C

2983
Substituting the value of t
=110 |x4—_1|+ C
T4 g x4

1
1. oD

Solution:-

It is given that
1

(ex—1)
Consider e* = t
So we get e*dx = dt
We can write it as
1 1 dt 1
Jomdx=fomgxT=l it

So we get
1 A, B
(-1 t @ =1
1=A(t-1)+Bt...... (1)
Now by substituting t = 1 and t = 0 in equations (1)
A=-landB=1

Substituting the values
1 —j—

tt-1) t @ t-1
Integrating w.r.t.t

dt =log |—|+ C

f t(t—1)
Substituting the value of t

= log|exe—;1| +C

Choose the correct answer in each of the Exercises 22 and 23.

2. f W Equals
(x—1)?

a) Log|
b) Log

2
c) Log|( ) +C
d) Log|(x—1)(x—2)|+C

(x 2)
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Solution:-

We know that
X A B

G-D&-2)  @-1) | @-2)

It can be written as

x=A(x-2)+B((x-1) ... (D

Now by substituting x = 1 and 2 in equations (1)
A=-landB=2

Substituting the value of A and B
X 1 2

G DGE2). . GD. 52)
Integrating both sides w.r.t.x

X 1 2
f (x—1)(x—2) dx = f{(x—l) + (X—Z)}dx
We get
=-log[x—1|+2log |x — 2| + ¢
We can write it as
_2)2
=2 C

Therefore, B is the correct answer.

= log

x—1

3. f% equals

a) Log|x| — %log(x2 +'1)+C
b) Log |x| + %log(x2 + 1)+C
c) -Log|x|+ %log(x2 + 1)+C

d) ZlLog |x| +log(x? + 1)+C

Solution:-
We know that
1 A Bx+c

x(x2+1) =; x2+4+1

It can be written as

1=A(x?+ 1)+ (Bx+C)X.... (1)

Now by equating then coefficient of x?, x and constant terms

A+B=0
C=0
A=1

By solving the equations we get
A=1,B=-1andC=0
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Substituting the value of A and B
1 1, —-X

x(x2+1) =; x2+1

Integrating both sides w.r.t.x
1 1, -X

fx(x2+1) dx = f { x + xz+1}dX

We get

=log le-%loglx2 +1]|+c

Therefore, A is the correct Answer.

Exercise 7.6

Integrate the functions in Exercise 1 to 22.
1. x sinx

Solution:-

It is given that

[= [ xsinx dx

Here by taking x as first function and sin x as second function
Now integrating by parts we get

[=x [sinxdx- f{(%x)fsinxdx}dx
So we get

=x (-cos x) - [ 1. (= cos x)dx

[t can be written as
=-xcosx+sinx+C

2.xsin x 3x
Solution:-

Itis given that

[= [ xsin3x dx

Here by taking x as first function and 3x as second function
Now integrating by parts we get

I:xfxsinSXdX-f{(%x)fsinSxdx}
So we get

- cos 3x - cos 3x
_X( 3 )_fl'( 3 )dx
By multiplying the terms
= —xc§s3x +§fcos 3x dx
[t can be written as
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-xcos3x 1 .
= +651n3x+C

3. x%eX
Solution:-

It is given that

[= [ x%e¥dx

Here by taking x? as first function and e*as second function
Now integrating by parts we get
[=x2 [ e dx-f{(%xz)fexdx}dx
So we get

=x%e* — [ 2x.e*dx

It can be written as

=x%e¥ — 2 [ x.e*dx

Now integrating by parts we get
=x%eX = 2 [x.fexdx - f{(%x)}dx]
On further calculation

= x%e* — 2[xe* — [ e¥dx]

So we get

= x%e* — 2[xe* — e*]

By multiplying the terms

=x%eX — 2xe* + 2eX +C

Taking the common terms

=eX(x? —2x+2)+C

4.xlogx
Solution:-

It is given that

[= [ xlogxdx

Here by taking x as first function and x as second function
Now integrating by parts we get

[=logx [xdx— f{((%(logx)fxdx}dx
So we get
x2 1 x?
= lOgX.;- f;;dX
By multiplying the terms

2
x“log x rX
- _dX
2 f2
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[t can be written as
_ x%logx x?

=Xlogx X, ¢
2 4

5.xlog 2x
Solution:-

It is given that

Xlog 2x

Here by taking 2x as first function and x as second function
Now integrating by parts we get

I=log2x [ xdx — f{(%ZlogZx)fxdx}dx
So we get
x2 2 x?
=log2x.5 - [ =5 dx
By multiplying the terms
_ x%log 2x x>

-—+C
2 4

6.x%logx
Solution:-

It is given tha
I=[x?logx dx-f{(%logx) fxzdx}dx
So we get
x3 1 %3
= lOgX (?) - f&?dX
By multiplying the terms

_ x3logx  x3

= -—+C
3 9

7.xsin"1x

Solution:-

It is given that

[=xsin"1x

Here by taking sin™"x as first function and x as second function
Now integrating by parts we get

[=sin"!x [xdx — f{(;ix sin_lx) [x dx}dx
So we get

1
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-1 x2 1 x2
= sin~ x{G ) [y T de
By multiplying the terms

XZSII’I f

Addition and subtraction of 1 in the numerator
-

x?sinT1x 1 1—x
T2 +§f{x/1—x2 Vi—x2 }dx
On further simplificatlon

xsm x f{ 1 —x2 — \/%}dX

lntegrating the terms
xsm x f{ 1 — x2dx —

Soweget

Zsin7lx 1 1 . -
=XSH21—X+E{§V1—XZ dx + 5 sin~'x — sin 1X}+C
By further calculation
_xzsin‘lx X 7 X )
=——+ V1 -x?+ V1 -x2+C

=%

8.xtan x
Solution:-

We know that

[=[xtan ! xdx

Consider tan™! x as the first function and x as the second function
Here integrating by parts we get

I= tan1x [x dx — f{(% tan_lx) [x dx} dx

By further calculation

_ x2 1 x2
< x(5) e L
Multiplying the terms

71X

_ xztan 2 f
T2 27 1442
Again integrating by parts

_x Ztan~ x2+1 1
ST (e LY i
1+x 1+x

So we get

2 -1
x“tan""x 1 1
= - 1 —_— )
2 zf( 1+x2 dx

On further simplification

2 -1 1
== ta;l X-E(x-tan_lx) +C
We get

:—tan x——+ tan Ix+cC
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-1

9.x cOosS™ X

Solution:-
We know that

I=[xcos !xdx
Consider cos~1x as the first function and x as the second function
Here integrating by parts we get

[=cos™Ix [ xdx — f{(i cos‘lx) fxdx}dx

By further calculation

= oS~ X f\/__x
By addmg and subtractlng 1 to the numerator
xzcos Ix J- 1—x —1

V1—x2

[t can be wrltten as
2

RS S Y A A WS
Separatlng the terms

:xzcos X__fmdx__f( -1 )dx

V1—x2
We get
2 -1
== COZS X-Ell —%cos_lx ..... (1)
We know that
I, = [V1—x%dx

Integrating by parts we get
[; =xV1 —x2 f —V1—x? [ xdx

On further calculatlon

I; =xV1 —x?2 f Lxdx
So, we get
[; =xV1 —x2 f\/_

Addition and subtractlon of 1 to numerator
I, =xV1 —x2 - 7= X1y

By separating the terms

I; =xV1 —x2 —{f\/
We get

I, = xV1 — x% - {I; 4 cos~1x}
On further calculation

21; =xV1 — x% —cos ™ !x

=
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We can write it as
1
I = %\/1 —x%- cos !x
Now by substituting the value n equation (1)

-1
cos ‘x 1 1 1 _
[ = x? -—( V1 —x%2 —=cos” 1x)-—cos 1x
2 2 \2 2 2
We get

(2x2—1) -1 X 5
=~——2C0S X=Z\/1—X +C

4

10. (sin~1x)?
Solution:-

We know that

[=f(sin"1x)%. 1 dx

Consider (sin~'x)? as the first function and 1 as the second function
Here integrating by parts we get

I=(sin"'x)? [ 1dx — f{% (sin"'x)2. [ 1.dx}dx
By further calculation

= (sin"'x)%.x = f251n x dx
Multiplying the terms
= x(sin™*x)? + [sin~!x. (%)dx

Again integrating by parts

= x(sin™1x)* + [sm Xf d — f{(dism X) \/_dx} dx]
So we get

=x(sin"'x)? + [sm x.2V1—x2 — [
On further simplification

= x(sin"'x)? +2vV1 —x2 sin"!x - [ 2 dx
We get

= =x(sin"'x)? +2V1 — xZ sin"'x - 2x +C

1 — x2dx

\/_

XCos~1x

s dx

11. [

Solution:-

[= fxcos 1X

V1—x2
By multlplylng and dividing by -2
1 =2 1
I=- 7= C0S xdx
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—2x

V1—x2

1

Consider cos™ " x as the first function and ( ) as the second function

Here integrating by parts we get

-1 _ -2 d _ -2
l=7[cos 1Xf\/1__zzdx—f{(&cos 1X)f\/%dx}dx]
By further calculation

1 1 -1

—7[cos x.2V1 — x2 _fﬁ 2V1 —dex]
Multiplying the terms

= _71 [2V1 —x%cos™Ix + [ 2dx]

So we get

=_71[2 1—x%cos™x+2x | +C

On further Simplification
=-[V1=xZcos 'x + x| + C

12. x sec?x
Solution:-

It is given that

[ = [ x sec’xdx

Consider x as the first function and sec?x as the second function
Integrating by parts we get

[=x [ sec’xdx- f{{dixx}fseczx dx} dx

By further calculation

=x tan x - [ 1.tan xdx
So we get

=x tan x + log |cos x|+ C

13. tan 1x
Solution:-

It is given that

= [.tan txdx

Consider tan! x as the first function and 1 as the second function
Integrating by parts we get

[=tan tx [ 1dx f{(% tanlx)fl.dx} dx

By further calculation

1

=tan"lx.x — [ x dx

1+x2°

Multiplying and dividing by 2
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- -1, 1 2x
=xtan~'x-- [
We get

1
:Xtan_lx-510g|1+x2|+C

=xtan"'x- % log (14 x?)+C

14.x (log x)?
Solution:-

It is given that
I = [ x(logx)? as the first function and x as the second function
Integrating by parts we get

I=(logx)? [xdx— [ l{(i (1ogx)2)} [x dXJ dx

By further calculation

2 2
X? (logx)? - [fZlogxé.X?dx]
It can be written as

2
= X? (logx)? - [ xlogx dx
Now integration by parts

2 d

I= X? (logx)? - [logx [ xdx — f{(d—xlogx) fxdx} dx]
So we get

2 2 1 2
= X? (logx)? - [}%logx — f;.%dx]
On further simplification

2 2
=X7(1ogx)2 —X?logx +%fxdx
We get

_ X2 2 X2 X2

= 7(1ogx) —7logx+:+ C
15. (x2 + 1) log x

Solution:-

Consider

I=[ (x* +1)logxdx

It can be written as

= [x*logxdx + [logxdx
We know that

I, = [ x*logx dx and I,= [ logx dx
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Take

I = [ x?logx dx

Consider log x as the first function and x? as the second function
Now integrating by parts

I, =logx [x?dx — [ {(ilogx) i dex} dx
On further calculation
logx —- f— < dx
It can be ertten as
X2
:?logx-é(fx3dx)
So we get
X2 X3
=3—logx-;+ Cq . (0
Take
I, = [logx dx
Consider log x as the first function and 1 as the second function
Now integrating by parts

l,b=logx [1.dx — f{(%logx) [1. dx}
On further calculation
1

=logx.x - [ =.xdx
It can be written as
=xlogx- [ 1dx
So we get
=X log U . . (3)
By usmg equatlons (2) and (3) in (1) we get
I——logx——+xlogx -x+ (C; +Cy)
We get

X3 X3
:(?+x) logx-?-x+c

16. e* (sin x + cos x)

Solution:-

Consider

[=[e*(sinx + cosx)dx
We know that

F(x) =sinx

So we get

F (x) = cosx

Here

I=[e*{f(x) + f (x)}dx
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[t can be written as
[eX{f(x) + f (x)}dx=e*f(x) +C
[=e*sinx+C

xeX
7. ((1+x)2

Solution:-
It is given that
xeX
= G
We can write it as

=Je {(1:x)2}dx

By addition and subtraction of 1 to the numerator
_ x (1+x—1

=Je {(1+x)2}dx

Separating the forms we get

—fex (L 1

=Je {1+x (1+x)2}dX

Consider

1
F(X) = m

By differentiation
e~
FR) = (1+x)2
So we get
2 !
[=—dx=[e*{f(x) +f (x)} dx

(1+x)?2
We know that
[e*{f(x) + f (x)dx = e*f(x) + c}
We get

xe 2 eX
/ (1+x)2 dx=27+6

18, e* (1)

1+cosx

Solution:-

It is given that
X (1+sinx )
1+cosx
We can write it as

in 2% 2% ocinXcos X
_ ox (sm 5 cos 2+251n2cosz)

2%
2cos 3

Using the formula we can write it as
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2
x(sin X i)
e (smz+cos2
2%
2cos 5

By further simplification

1 sin=+cos = 2
=X, ( 2 - 2)
2 cos3
So we get
~LerftanZ+ 1]
=-e" |tang 2
— l b'e ( i)
=-e 1+ tan 5
By expanding using formula
_1 x[ 2X ﬂ
=-e 1 + tan 2+2tan2
We know that

_1 x[ 2% q
=-e" |sec 2+2tan2

So we get
eX(1+sin x)dx 1 2 X X
(1+cos x) - € [2 S5 2 7 1] 2]
Consider tan x/2 = f (x)
By differentiation
(%) =
F(x) = S sec” s
Here
[eX{f(x) + f x)dx = e*f(x) + c}
Using equation (1) we get

e*(1+sin x) _ x X
f—(1+cos ” dx = e*tanz + C

19.e* |- - 5
Solution:-

Itis given that

[=[eX E—Xiz]dx

Here if f(x) = 1/X we get

F(x) =-1/m?

We know that

[e*{f(x) + f (x)dx = e*f(x) + c}
So we get

[= % +c
(x—3)e*
20. 1)

. (1)
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Solution:-

Itis given that

x [ x-3 _ x (x—1-2
Je {(x—1)3} dx=Je {(x—1)3}dx
By separating the terms

=Je {(x—ll)z B ﬁ}dx

We know that
1

F(x)= T
By differentiation
, 2
F(x) = ey
Here
[eX{f(x) + f (X)dx = e*f(x) + ¢}
We get

(x=3) _ @&
f e’ {(X—l)z} dx = (x—1)2 +C

21. e®*sinx

Solution:-

It is given that
= [e**sinx
Now integrating by parts we get
I=sinx [eX*dx— [ {(% sinx ) eZXdX} dx
So we get

. e2x e2x
[=sinx.— - [ cosx.—dx

We can write it as

_ eXXsinx 1 2x
[=——--[ e cosxdx
Here again integrating by parts we get
er

()

[= 'zsmx -%[cosx [e?* dx — f{(icosx)fezxdx} dx]

e

So we get
eXsinx 1 2x . elx
[=——-= - —f(—smx)de]

On further simplification

2X i 2x 2
e“*sinx 1 |[e“*cosx 1 pesX |
I= —“ +2/3 smxdx]l

[COS X.

2 2 2

By using equation (1) we get

2% gj _eZXcosx 1I
4

2 4
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[t can be written as

1 e?*sinx  e2X cos x
[+-1= -

4 2 4
We get
5 [= e?*sinx e cos x
477 2 4

By cross multiplication
2x

4 [e“Xsinx e2X cos x
1=z - |+c
5 2 4

So we get
2x

I:%[Zsinx—cosx]+C

- 2x
22.sin (1+x2)
Solution:-

Take x = tan O we get dx = sec?6 dO

sin_l ( 2x ) _ Sil’l_l ( 2tan 0 )
1+x2 1+tan 20

So we get

= sin~!(sin 20) = 20

By integrating both sides w.r.t.x

. (2
[ sin™ () dx = [ 26.sec? 0.d0
We get
=2 [ 0.sec?0 dO
Now integrating by parts we get

d
Z[G.fsecz 0d0 — f{d—ee}fsecz E)de}]
On further calculation
=2[0.tan® — [ tan0do]
By integrating of second term
=2[0tan® + log|cosO|] +C
Now by substituting the value of 6
=2 [x tan~! ] +C
We get

1

=2xtan " 'x+2log(1+x%)"2+C
It can be written as
=2xtan"1x + 2[—%10g(1 + xz)]+ C
By further calculation
=2xtan"'x-log (1 +x%) + C

1
x+log |

Choose the correct answer in Exercise 23 and 24.
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23. [ x2e*’ dx equal to

a) %exz + C
b) e’ + C
c) %exz + C
d) ¥’ + C

Solution:-

It is given that

I= [x%e* dx

Take x° = t we get
3x% dx = dt

Here

[= % [ etdt

By integrating w.r.t.x

1 3
=-e* +C
3

Therefore, A is the correct Answer.

24. [ e*secx (1 + tanx)dx equals

a) e*cosx+C
c) e*sinx+C

Solution:-

Itis given that

= [e¥secx (1 + tanx) dx
Multiplying the terms we get
= [ e*secx + secx tanx) dx
Take sec x = f (X)

So we getsecxtanx =f (x)
We know that

[eX{f(x) + f (x)dx = e*f(x) + ¢}

Here
[=e*secx+ C

Therefore, B is the correct answer.

For more Info Visit - www.KlITest.in

b) e*secx+C
d) e*tanx+ C

Exercise 7.7

6262969699

7. 86




For Enquiry — 6262969604

Integrate the functions in exercise 1 to 9
1.V4 — x2
Solution:-

Given:

Va— x2

Upon integration we get,

[V4 —x%dx=[(2)% — (x)? dx

By using the formula,

[VaZ TR dx =2 7L sin v c
So,

SV =% dx=7 4-—x2%sin_1§+ C
:£m+25in_1§+ C

N

2.V1 — 4x?

Solution:-

Given

V1 —4x2

Upon integration we get,
V1—4x2dx=[/(1)2 — (2x)2 dx
Let2x=t

So,

2dx = dt

dx =dt/2

Then,

=2 /(D7 = (D2t
By using the formula,
2
Va2 —x2dx=-va2 —x2Zsin" 12+ C
f 2 2 a
So,

I lBx/l—tz + % sin—lt] +C

2

=SVi—¢ + % sin"lt+C

4
:% 1—4x2+% sin"! 2x+ C

:§V1—4x2 +% sin"! 2x + C
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3.Vx2+4x+6

Solution:-

Given:

VX2 +4x+6

Upon integration we get,
[=[Vx2+4x+ 6 dx
= [Vx% +4x+ 4+ 2 dx

=f\/(x+2)2+(\/2_)2dx

By using the formula,
f\/mdx=§\/xz+a2+§loglx+m|+c

So,

1= 2T H A F 6 +2log|(x+2) + VxZ + 4x+ 6]+ C
=#m +log|(x+2) + VxZ +4x+ 6| +C

4.Vx2+4x+1

Solution:-

Given:

Vx?+4x+1

Upon integration we get,

[=[Vx? +4x+ 1dx
= [(Jx% + 4x +4) — 3 dx
:f\/(x+2)2—(\/§)2dx
By using the formula,
2
= (x+2)2—\/§2dx=£\/x2+a2—a—log x+vVx? —a?|+C
2 2
So

I=(szz)\/x2+4x+1 —%log |(x+2) + Vx2 +4x + 1]+ C

5.V1—4x —x2

Solution:-

For more Info Visit - www.KlITest.in

7.88




For Enquiry — 6262969604 6262969699

Given:

V1 —4x — x?

Upon integration we get,
[=[V1—4x—x?dx

= [J1—(x%2+4x+ 4 —4) dx
=[J1+4— (x+2)%dx

2
=\/(\/§) — (X +2)%dx
By using the formula
X 2 X
JVa? —x? dx =3 Va? —x? +a?sin_1;+ C
So,

_ A2 a2 S a1 (X2
[= s 1—4x X% + = sin (\/§)+C

6.Vx2+4X—-5
Solution:-

Given
Vx? +4X -5
Upon integration we get,
[=vVx%+4x —5dx
= [Jx2+4x+4) — 9 dx
= [J(x+2)2—(3)? dx
By using the formula,
[Vx% —a? dx=§\/x2 —a? —%log |x + Vx% —aZ|+ C
So,

IZ(X%Z)VXZ+4X—5-§]0g|(X+2)+VX2+4X—5|+C

7.V1+ 3x — x2

Solution:-

Given:

V1+3x— x2

Upon integration we get,

[=[V1+3x—x?dx
9 9
=f\/1—(X2—3X+Z—Z)dX

For more Info Visit - www.KlITest.in

7.89




For Enquiry — 6262969604

719 (=)o
()Y

By using the formula,
2
[Va? —xZ dx == +a? — x2 +a7sin_1§+ C

2
So,

3
I:XZ_Z\/1+3x—x2+£sin_1<X >+C

4x2
= —2X4_3 V1+3x—x2+ % sin~! (2 ) +C

N | w

NE
(o8]

>
w

5

8.Vx2 + 3x

Solution:-

Given:

Vx2 + 3x

Upon integration we get,

[=[Vx%®+3x +dx

_ 2 J_ A

—f\/x +3x+7— 2 dx
3\2  [3)\?

= (x+3) - () ax

By using the formula

X az
[Vx% —a?xdx==vVx2 —a? -710g|x+\/x2 —a2| +C

2
So,

1= T g (4 2) 4 VR ] 4

2

:@m-glog|(x+g)+ M|+C

X2
9. /1+?

Solution:-

Given:

X2
1+%

Upon Integration we get,
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[=f [1+%dx

:éfmdx

=[BT +x7 dx

By using the formula.

[T dx =iV T a2 + S log |x? + a2 + C
So,

l:§[§m+§log|x+m”+c
\/m+§10g|x+\/m|+c

o | =<

10. [V1 + x% dx is equal to

a) % /1 + x2 +%log|(x+\/1+x2)|+c

3
b) (A +x2)2+C
3
0) gx(l +x%)z2+C

d) %(\/1 + x2 +%x2log|x + V1 + x2|+C
Solution:-

Given

V14 x2 dx

By using the formula,

fVa? + x%dx =§\/a2 + x2 +az—210g|x+\/m| +C
So,

fmdx=;—cm+%log|x+v1+x2|+c

Hence the correct option is A.

11. [ Vx? — 8x + 7 dx is equal to

a) %(X—4)m+9log|x—4+m|+C
b) 5 (x+4)VxZ —8x + 7 +9log|x — 4 + VxZ — Bx + 7|+ C
Q) 2 (x— VX = Bx+ 7 + 3v2log|x — 4 +VxZ = 8x + 7|+ C
d) 5 (x—4)VxZ—8x+ 7 +loglx — 4+ VxZ — 8x + 7|+ C

Solution:-
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Given:-

[Vx? —8x+ 7 dx

Upon integration we get,

[=[Vx?—8x+7dx
= [J(x2 —8x + 16) — 9 dx
=[J(x—4)?% - (3)? dx

By using the formula,

2
fVXZ—aZdX:§VX2—a2 -a?log|x+\/xz—a2|+c
So,

& T a7 2 vx2
I_T X —8x+7-510g|(x—4_+ X —8x+7|+C

Hence the correct option is D.

Exercise 7.8
Evaluate the following definite integrals as limit of sums
1. fab x dx
Solution:-

Given
fab x dx
We know that f(x) is continuous in [a, b]
Then we have,
[ f(x)dx = =" h%0=d f(a + rh), whereh = ==
By substituting the value of h in the above expression we get
P22 () sezpo(o + )
Since, f(a) =a
()5 ()
By expanding the summation we get,
_ lim (b;a) ((b—a)(n—l)(n) + a(n _ 1))

n—oo n 2n
Upon simplification we get,
_ lim (b-a (b—a)(nz—n)+2an2—2an
" hoow (T) ' 2n
lim (b-a (b+a)n?—(b+a)n
n—o0 (T) 2n

_ lim (b+a)(b—a)n?—(b+a)(b—a)n

n—oo 2n2

On computing we get,
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lim ((b+a)(b—a) . (b+a)(b—a))

n—oo 2 n
_ (b+a)(b—a)
B n

b%—a?

2
2. [P(x + 1)dx
0
Solution:-

Given:-

[ (x4 1) dx
We know that f(x) is continuous in [a, b] i.e., [0, 5]
Then we have,

[P fC0dx =limy e, h E2=4 f(a + rh), where h = 22

n
Substituting the value of h in the above expression we get,

5 : 5 1 ¢(5
Jo &+ Ddx =limy,, (;) P f(f)
Since, f(a) =a
: 5 _1(5
i, ()2 (%) +1
By expanding the summation we get,

i () (D )

Upon simplification we get,

. 5 5n2-5n4+2n%—2n

=lim, o= . ———————
n 2n

BT 5 7n%—7n
= llmn_m E Ee—

3 2
3. [, x* dx
Solution:-

Given:
f23 x? dx
We know that f(x) is continuous in [a, b] i.e., [2, 3]
Then we have,

fab f(x)dx =lim, ., h ¥4 f(a + rh), where h = b-a

n
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Substituting the value of h in the above expression we get.

J ) dx = lim, oo (2) 05 f<2 +(5 ))

Since, f(a) = a

i, (3 zd (24 (1)

By expanding the summation We get,

=lim, ., (+) r0( +4+5)

Upon simplification we get,
T 1 /(n—=1)(n)(2n—-1)
= llI’ﬂn_>Oo H(T + 4n +

2_ _
=limn_,m%(—(n n@n-D L 40 “))

6n2
2n3-2n2-n®+n) 2(n —n)

> + 4n +

6n

(2n3-3n2+4n)+(24n3)+(12n3 —12n2))
6n2

~ lim 1 (38n3—15n2+n)
- = ) 6n?2

38n3—15n2+n)
6n?

4(n— 1)(n))

1
= lim, 0 = !

= lim, 0 — o (

= limy, 00 (

On computing we get,
. 5

-timy . (2)() + ()

6
_ 19

E}
4. [ *(x2 — x)dx
1
Solution:-

Given:

f14 (x? — x)dx
We know that f(x) is continuous in [a, b] i.e. [1, 4]
Then we have,

[ £60dx = lim, o0 £253 f(a + rh), where h = =2
Substituting the value of h in the above expression we get,

ff(xz —x)dx =lim,_, o (g) g f((l + 3n—r)>

Since, f(a) =a

=lim,,_., (2) 2153 ((1 +2) - (14 5%))

By expanding the summation we get,
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Y 3 1 9r2  6r 3r
=timy (3) 23 (1455 + 5 -1-3)
Y 3 _1(9r% | 3r
= limy o (7) 222 (5 + )

n
Upon simplification we get,

=limn—>oo_(9(n 1)(n)(2n O 3n(2nn—1))
= lim, o (9(n —1)(2n 1) 3n(2nn—1))

~ lim, ., S(9(2n —Zn —n?+n) n 3n(2n2—1))
_ hmn_mg((wn —27n +9n)+(9n —9n ))

-1 3 /27n3—-36n2 +9n
= 1mn_)°°H 6n?

On computing we get,

=lim (W)
= AN 3
i (%) - (22) 4.(2)
=27/2
5. f_ll e* dx
Solution:-
Given:-
f_ll e* dx

We know that f(x) is continuous in [a, b] i.e., [—1, 1]
Then we have,

f f(xX)dx =lim,,_, , h ¥"=3 f(a +rh), Whereh—T
Then we have,
ff fO)dx = lim,,_, o, Y723 f(a + rh),where h = bn;a
Substituting the value of h in the above expression we get,
[y =limhyrdf(-1+%)
n— oo n

Since, F(a) =a

2 n— T
=10gn5 (;) Zrz(} er’-
By expanding the summation we get,

=10g, o (é) (e®+elt +e?h+ vt ™)

hde2h s, +e

Sumof=e? +e
Whose sum is:
_ eh(l—enh)
- 1—eh
Upon simplification we get,
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- tim, ., (77) (Z55)
=lim, ., (%) el(i—em)

1—el
h
1—eh
h

limh -0
=-1

i () (257)

e(2)( 1= @)
=lim, o, (é) M

n

[Since, h = 2 /n]

4 2
6. [, (x + e*)dx
Solution:-

Given:
f:(x + e?¥) dx
h(x) = f; x. dx

g(x)= f: e?*.dx
So, f(x) = h(x) + g(x)
Now let us solve for h (x)
We know that h (x) is continuous in [0, 4]
Then we have,
b—a

fab f(x)dx = lim,_, o, h ¥"-}f(a + rh), where h = —

n
Substituting the value of h in the above expression we get,

Jo Gdx =lim, ., (7) £253£(T)
Sincef(a) =a

-t (9 24 (2)
By expanding the summation we get,

ERT 4 2(n—1)(n)
= lim (3) (557
Upon simplification we get,

.4 2n%-2n
= lim -.———
n—oo N n
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. 4 2n®-2n

= lim -

n—oo n n
8n2—8n

= lim —;
n—-oo n

: 8
= lim 8- (7)
Now let us solve for g(x)

We know that g(x) is continuous in [0,4]
Then we have,
b—a

[P f(Odx = lim Y223 f(a + rh), where h = =
n—oo

n
Substituting the value of h in the above expression we get,

f04(X)dX =lim, _, o G) yn-d f(%)
Since, f(a) = a
= lim,o, () 2253 £ ()

By expanding the summation we get,

. 4
= lim, 00 (;) (el+ el + e + ...l i+ et)
Sumof=e? + el + e 4 ... . ... ... 4e™
Whose sum is:
_ eh(l—e“h)
T 1—eh

Upon simplification we get,

= tim, s (5) (555
= lim, s (%) et(1—e™)

1—eh h

ctm . () (25

[Since, limy, % =-1]
o (G 6)
==limp e (H) =&+
[Since, h =4/n]
=(ef - 1)

On comparing we get,

F(x)=h(x) +g(x)
=8+ed -1

Exercise 7.9

Evaluate the definite integrals in Exercise 1 to 20.
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1. f_ll(x + 1)dx
Solution:-

Let]= f_ll(x + 1)dx

So,

[=[1 (x+Ddx

On splitting the integrals, we have
I:f_llxdx+f_111 X dx

Applying the limits after integration,

T,
1= [~ E2 ]+ 1 - (-1)]

2 2

1 1
_[5_5]+[1+1]_0+2
=2

Therefore, f_ll(x +1)dx =2
31

2. f2 ; dX

Solution:-

f; i dx

Letl=2
31

[= fZ ; dx
Applying the limits after integration,
[=[log|x|]3
[ =1log|3| —log|2|
[=log 3/2
Therefore,

31 3
fZ ; dx = lOg E

3. flz(élx3 — 5x%% + 6x +9) dx
Solution:-

f12(4x3 —5x% + 6x +9) dx
Splitting the integrals, we have

[f XndX _ Xn+l]

n+1

[fidx = logx]
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I:flz 4)(3dx-f12 5x2dx+f12 6de+f12 9dx
I= 4f12X3dx- Sflzxzdx+ 6f12de+ 9f12 dx

Performing integration separately, we get
2 2 2

2
X3+1 X2+1 X1+1 X0+1
= ax 5] s x5l o x i)+ o <[5
3+1 14 2+1 11 1+1 14 0+114
[IXH dX— Xn+1]

n+1

Applying the limits after integration,
2 2

1:4x[§]j-5x[2—3]1+6x[§]1+9X[X]%

S o R

:16—1—5[§]+3(3)+9

35
= 33 - ?
_90-35 __ 64

3 3
Therefore, f12(4x3 — 5x%+ 6x + 9)dx = 64/3

4. [#sin 2x dx

Solution:-

[= [ sin2x dx

Applying limits after integration, we have

e

[[ sinx dx = — cos x]
[=-(cos2xm/4-cos0)/2
[=-(cos2 m/2-cos0)/2=-(0-1)/2
=1,

J§ sin 2x dx
Therefore, =15

5. 2 cos 2x dx

Solution:-

Let 1= [2cos 2x dx

[ = [Zcos2xdx
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Integrating cos 2x and applying limits, we have

sin 2x m/2
I_[ 2 ]0
[[ cosxdx = sinx + (]

I:l(sinZ X = — sin 2 XO)
2 2

I:E(sinn—sinO)

=% x(0-0)=0

Therefore, foE cos 2x dx = 0,

6 fsexdx

"Ja

Solution:-

LetI= f45 e*dx

= f45 e*dx

Applying the limits after integration, we get
[=[eX]3=e> —e* [[eXdx = e* + (]
I=e*(e—1)

Therefore, f45 e*dx=e* (e — 1)

7. [ftanx dx

Solution:-

Let = [#tanx dx

[= [} tanx dx [Using [tanxdx = —log|cosx| + (]

I = [—log|cosx|]T/*
Applying limits after integrating, we have
[= —(log |cos%| — log|cos 0|)

Therefore, 1= (log |%| — loglll) =-log (2)_% +0

T[

8. [ cosec x dx
6

Solution:-
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s

Let 1= [ cosec x dx

6
u

[= [ cosec x dx
6
Performing integration, we have
/4
I = [log|cosecx — COtXl]ﬂ/6
[using [ cosec xdx = log|cosecx — cotx| + C]
Applying limits after integration, we get
[=log |C0$€C% — cot%| - log |cosec% — cot%|
I:log|\/§—1|—log|2—\/§|
[ = 1geaeal
V2-1
Therefore, | m)

ENEIE!

cosecx = log (

1 dx
e

Solution;-

1 dx
Letl= fo —

Performing integration,

I= fol% [Using faf_xxz = sin_1§+ C]
Applying limits after integration, we have

I=[sin™x]}
I=sin"1(1)-sin"1(0) =m/2- 0
[=m/2

Therefore, [ (1)

dx
=F T A2

1 dx

10. fO T

Solution:-

1 dx

LetI:foﬁ

_ 1 dx
I‘foﬁ

We know that,
d 1
[ =-tan"!'Z+¢
a‘+x a a
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Hence, on integrating we get
I=[tan"'x]}

Applying limits, we have
[=tan"!(1) -tan~! (0) = % -0

I = Z 1
dx T[
Therefore, [ 0o
Solution:-
Letl= [} ==
On integrating, we have
l—f3d—x [Wktf—zilo g+c]
2 x2-1 232 2a gX+a

Applying limlts after integration, we get

l_[ log §+1] (og|3+1|—l |2+1)
=5 (log 3] ~ log [5[) = 7 log 7%
[=1 log 3/2

Si1=1/zlog 3/2

12. [2 cos®x dx

Solution:-

Let = [? cos®x dx
We know that,

Cos 21 = 2cos?x — 1
2 1+cos 2x
So, cos“T = 5

Putting the value cos?x in I and splitting the integrals, we have
I_fT[/Z 1+4-cos 2xd __fﬂ/Zd 4+ 1 f /2 cos 2x dx

[[ cosxdx = sinx + c]
Applying limits after integration. We get

I=%[X]g/2+%[¥]z/2=%(5—0) (st ><——51r12 XO)

1=3+2(0-0)
=mn/4
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Therefore, fg cos’x dx = /4

3 xdx
13. [, x2+1

Solution:-

Let’s assumex? + 1 =t

So,

d(x?> + 1) =dt

2x dx =dt

X dx =dt/2

Whenx=2;t=22+1=5
Whenx=2;t=3+1=10

Substituting (x* + 1) and x dx in I, we have

1= [0& =20 [W.k.t fidx=logx]

5 2t 276 ¢
Applying limits after integration, we get

I= % [log t]i® = % (log 10 -log 5) = %log%
[=%1log2

3 xdx
Therefore, fz ek log 2

1 2x+3
14. fo 5x2+1

dx

Solution:-

I 2x+3
Letl= [ P,

Multiplying by 5 in numerator and denominator:
[= lfl (2x+3) 1 _ 1 (110x+15
=2 Jy =

5x2+1 X 570 5x2+1 >
Splitting the fraction into two fractions, we have

1 01 10x I 1
570 5x2+1 d 3f0 5x2+1
NOW, [= Il + Iz

1 I 10x
Where, Il = Efo m

Letustake 5x%> + 1=t ....... (1

d(5x? + 1) =dt

10mdx =dt ....... (2)
Whenx=0:t=5x0%2+1=1
Whenx=1;t=5x12+1=6
Substituting (1) and (2) inl;, we have

For more Info Visit - www.KlITest.in

6262969699

7.103




For Enquiry — 6262969604

I = ‘f6 < = [108|t|] [W. k.t fi dx = logx]

571
Applying 11m1ts to integrals, we get

1 1
I; = - (log|6] —log|1]) = - (log6 — 0)

1,1 10x log 6
I, == X=—
570 5x2+1 5
Next,
1 1 3,01 1 1 X
=3) ——dx==) —Fdx [wkt =—tan‘1—+c]
2 fO 5x2+1 5 fo XZJ% f 2+Xz a 3

Applying limits to integrals, we get
1 1

I, = (log|6] — log|1]) = (log 6 - 0)

1 fl 10x _log6

11_5 0 5x2+1 X" s

Next,

N 3,11 L S—
12—3f05X2+1dX—5f0X2+%dx [wktfz_l_xz—atan a-I-C]
I, = 3 % % [tan_1 5x 1_3 x /5 (tan_lx/g — tan_lo)

5 NG 0 5
3
I, = \/gtan 5
3 1_3 - L)
[ =2 % [tan XO:EX\/E(tan 1Y5 — tan"10)
=
I, = > tan"15

V5
Hence, [=1; + I,
I=1/5Log 6 +3+/5 tan~!5
Therefore, fol %dx =1/5log 6+ 3v/5tan "

15. folx eX dx

Solution:-
) 01 x e dx
LetI=0

On taking x? =t = 2x dx = dt
Whenx=0;t=0
Whenx=1;t=1
Substituting t and dtin]|,

fledt 1 f
[[eXdx = ¥ + ]

[=;[eTh=5(—eD=5(~1)

N

Therefore, fol xeX dx =% (e-1)
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16 f2 5X2
"J1 x244x+3

Solution:-

5x2
LetI= fl x2+4x+3

On dividing 5x? by x? + 4x + 3 we get 5 as quotient and - (20x + 15) as remainder
So I—fZ(S—M)dX

N x2+4x+3
Splitting the integrals, we have

[= IZ 5dx — f2 20x+15 -5 [X]% ) IZ 20x+16

1 2)422464)(:—136 1 x2+4x43
X
[= S f x2+4x+3
[=5-1
Now,
2 20x+16
11 - fl x24+4x+3
Adding and subtracting 25 in the numerator, we get
L = fz 20x+15+25-25 | fz 20x+40 i fz 25
1= X2 +4x+3 1 x244x+3 1 x24+4x+3
2 2x+4
;=10 fl xLdx+3 - G f 2+4 +3 e
Let us assume x% + 4x + 3 =t
Then, (2x+4) dx = dt
So,
1
11=10f 25_{de 1010gt+25fmdx
11—1010gt ZSIWdX [Wktf; dX—lOgX]
x+2—1 dx 1 X—a

11 —1010gt—25 [El g(x+2+1)] [W.k.t.fm— Z]Og;ﬂ'C]
Applying limits after integration, we get

- 2 2 25100 ()]
I; = 10[log(x* + 4x + 3)]1 -5 [log (X+3)]1

I; = 10[log(5 x 3) — log(4 x 2)] - 22—5[log3 —log5 —log2 + log 4]
11=1Olog5+1010g3—1010g4—1Olog2—§log3+§log5+§log2—élog4
L = (10 +2)log5- (10 +22) log 4+ (10 + =) log3 + (—10 + 2 )log 2
11=42—510g5—42—510g4—§log3+§log2=%log%—§log%
ASIZS'Il
On substituting I;in [ we get,

45, 5 5. 3
l=5——log———log§

Therefore, f 2+4X+3 5—42—510g%— glogg
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17. fOZ(ZSec2 x+ x3+2)dx

Solution:-

Letl= [#(2sec’ x + x° + 2) dx

Splitting the Given integral, we have
_ (% 2 3 — 9 (% cpr 7
[=[r(2sec’ x+ x* +2) dx =2 [#sec’xdx + [*dx
Now, integration separately and applying limits, we get
T 4T /4
I =2[tanx]j + [X:]O +2[x], [w.k.t [ sec?xdx = tanx + c]
=2 (tan§ — tan0) + % (n/9)*-0) + 2(3 - 0)
4
ZX1+1><(E) +2x=
4 \4 4

Expanding the exponents, we have

4
[=2+2 4+ —
2 1024 )
x/4 2 3 ¥ T T
Therefore, fo (2sec’x+ x> +2)dx=2+ >+ T

18. [ (sin2 2 — cos? E) dx
Solution:-

Letl= [ (sin2 % — cos? g) dx
We know that,
Cos X = sin? % - cos? %

So, substituting cos x = sin?

X 2X.
5~ cos“—in [ we have
Applying the limits after integration, we get
T .
[ =, cosxdx=[sinx]j
[W.k.tf cosxdx = sinx + c]
[=sint-sin0=0-0=0

Therefore, fon (sin2 2 — cos? g) dx =0

2 6x+3
19. [ 5

dx

Solution:-
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2 6X+3
Js dx
0 X3+4
22x+1 _ 2 2x
f 2+4_ f
Now, we have | = 11 + Iz

3f2 2x

2+4
When [;=
Let x%+4=t
2x dx = dt
Whenx=0;t=4
Whenx=2;t=2%2+4=8
Substituting t and dtin I;
11—3fsﬁ—3log|t|] [W.k.tfidleogx]
I, =3 [log|8| log|4|] = 3 log 8/4
Iy =310g1/z -310g2

And IZ

Letl=

2 1
X +3 fO mdx

e ]
4 3f0 2+22 [w.k.t s o

[,=3x= [tan ] [tan =~ —tan" %] = % [tan='1— tan—10]

12 :EXZ:3 /8
Now=I=1; + 1,
1:3log1/2+3—“

Therefore, f d =3log ¥ + 31/8
20. fol (x e* + sin ?) dx
Solution:-

LetI:f0 (xe + sin )dx

Splitting the 1ntegrals, we have
1 1 . mx

I= [, xe*dx + [ sin-- dx

[=0

NOW, [= Il + Iz

I = fol xe*dx [Using u — v integral form: u = xand v = e*]
d

x[ ede—f{(d—XX)fede} dx

I; =xe* — [ e¥dx [w.k.t [eXdx = e¥+ (]

Now integration the reduced form and applying the limits, we get
I, = [xeX—e*]j=[(1xel —el)— (0 xe?—e?)]
[[, =e-e-0+1
I =1
Next, taking I,
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I, = fol sin%dx
Applying the limits after integration, we get

COSB !
— 4 —
4

0

[w.k.t [sinxdx = — cosx]

4 i b1 4 b1
-—[COS—X1—COS—XO]:-—[COS——COSO]
T 4 4 T 4

_4 1\ _4_2V2
L=2(1-3)=0-%
As, I=11+1,
Hencel—1+i-£

TT TT

Therefore, fo (Xe + sin )dx 1+ &

T

21f

a) g

b) 2?“

c) %

T

d) T
Solution:-
Letl= [\ &

1 x2+41

On integrating using standard form and applying limits, we get

[ = [tan"1x]} \/_ [tan_lx/— —tan™! 1] = —%

1
[wktf 2+2=;tan_

4m-3m _
12 12
V3 dx

I =

Therefore [, =1/12
Hence, option (D) is correct

2
z dx
22. [¢— 5 equals

T T T
Solution:-
2
dx
Letl =] ror

6262969699

13+c]
a

d)

1A
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2

_ g dx
~J0 449x2
Now, taking 9 common from Denominator in I, we have
1 z dx 1 z dx dx 1 b
[== (3 =— (3 [W.k.t —:—tan_1—+c]
9“0 449x2 9f 2 fa2+x2 a a

o
3
Using the standard form for integrating and applying the limits, we get
2

= 2

3 =

3 1 x 1 3 _13x]3
X =|tan™1 :—x—[tan 1—]

9 2 2 1p

— tan_lo] = -[tan™'1 — tan™10]

1
6
Hence, option (c) is correct.

Exercise 7.10

Evaluate the integrals in Exercise 1 to 8 by substitutions.
1 x
1. fO mdx

Solution:-

|l 1
Given integral: [, X;ﬁdx

Let's take x*+1 =t
Then 2x dx = dt
xdx =% dt
Whenx=0,t=1and whenx=1,t=2
Now,
1 x 2 dt
o =i %
1 2dt
_% o
:E[logltl]‘g

= % [log2 —log 1]

:%logz

2. [2/sin O cos® ®dO

Solution:-
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Given integrals [?+/sin @ cos® dd®
Let’s consider 1= [?+/sin ® cos®>®dd = [2+sin ® cos*® dO

= fogm (cos?®)? cos® dO = fog\/m (1 —sin?®)? cos® do
Also, letsin ® =t=» cos® d® = dt
Sowhen, ® =0, t =0 and when ¢ =§,t= 1
Hence,
= fol V(1 —t?)? dt
Expanding and splitting the integrals, we have
= f01 t% (1+t*—2t?) dt
q ' 5
=/, (tz +tz — 2tz)dt

Integrating the terms individually by standard form, we get

3 w7
t2 t2 2t2
=lT+@+—7—l
0

2 2 2
2 2

311 7
_ 154+24-132 _ 64
B 231 T 231

Therefore, [2Vsin®cos>® d® = 64/231

4

3. fol sin™! (li;)dx

Solution:-

Given integral: fol sin™! (Xzzil)dx
Let us take x =tan 0 = dx = sec’0d 0
So,whenx=0,0=0and whenx=1,06 = /4

_ 1rs -1 2x
Let I= [, sin (X2+1)dx
Now, by substitution I becomes
[=[sin™! (ﬂ) sec?0do

Transformingr‘é;e;tlrigonometric ratio into its simple form, we have
I= fo% sin!(sin 20) sec’0d@

Applying the inverse trigonometric ratio, we get

= fo%zesec2 0de

=2 fo% Bsec’ 6d0

Now, by applying product rule as:
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fu.vdx =u. [ vdx — fj—z.{fvdx}dx

T

1=2[6 [ sec®0d0 — == 6.{f seCZGdG}E
=2[0tan® — [ 1.tan Gdﬁ]g

=2[0tan 6 — log | sec 6]%

= ZEtan% — log |sec%| — 0 + log sec 0]
=2 E —log(V/2) + log 1)]

=2[; - ;los(2)]

=~ +log (2)

. - 2x
Therefore, f; sin™" (

x2+1

)dx = g +log (2)

4. fOZXVX+ 2 (Putx+2=t?)

Solution:-

Given integral: foz X + Vx + 2dx
Let's takex + 2 = t2 = dx = 2t dt
And, x=t% — 2
So when,x=0, t=+/2 and whenx=2, t=2
Hence, after substitution the given integral can be written as:
foz X +Vx + 2dx = f\zﬁ(t2 — 2) V12 2tdt
Taking the square root we have,
2
=2 fﬁ(t2 — 2)t.tdt
2
=2 fﬁ(t2 —2) t%dt
2
=2 fﬁ(t4 — 2t¥)dt
On integrating the terms separately, we get
5 21372
Y EL
5 3l
Applying the limits after integration, we have

5 3 5 312
=@ 2@ 2
S N

_y[32_16 45 42
- [5 3 5 + 3]
B [96—80—12\/7+20\/§]
B 15

[16+8ﬁ]

15

[Taking L. C. M fOR addition]

For more Info Visit - www.KlITest.in

6262969699

7.111




For Enquiry — 6262969604

B [16?; \E] [After takking common terms ]
- 15
Therefore, f VX + 2dx = %;/—“)

sinx

2z _SInX
5. fO 1+ cos?x
Solution:-

sin x

Given integral: fz =
Ccos X

Letcosx=t

On differentiating

-sin xdx = dt

Sin xdx = -dt

So, wherex=0, t= 1andwhenx=E t=0

Hence the given 1ntegrat10n upon substltutlon will change as

o sin x o sin x
2— = 2

X —
0 1+coslx 0 1+cos?x
Given integral:

Letcosx=t

On differentiating,

-sin xdx = dt

Sin xdx = -dt

So,whenx=0,t= 1andwhenx=%,t= 0

Hence the given integration upon substitution will change as

% sin x _ f0 dt
0 1+cosix — J1 14¢2
On integration, we have
24 1
-J 2 g [ .tan” 1t] [Aswktf :—.tan_1§+c]
1+t2 x2+a? a a
- [tan™10 — tan™1'1]
=-[o-4]
_ E[ ]
. T oa
Therefore, [2 X gx= T
0 1+coslx 4
dx
6. fO xX+4—x2
Solution:-
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dx
x+4—x2

Given integral: f
2 dx (2 dx

fO x+4—x2  J0 —(x2—x—4)

The given integral can be written as,

2 d
f _(Xz_ X1 1

xty=3—4)

[By completing its square method]

2 dx
:fo 1\2 17

(G

2 2

_ j-Z dx
-]
Now, taking suitable substitution
Letx-%:t:> dx =dt

Sowhenx=0, t:-%andwhenx:Z t=

m le

After substitution, the mtegral changes as

f“(?) (e _fz[( 7)o

1
ASWktf()Z—(X)Z]: Zlog

a+x

+c|

On integrating, we have
8

N
ol
=+
/—
N | =)
~
+
-+
—
)

Applying limits,

[ \/_ 3 V17 1
L[ (e
BV A R v

2 2 2 2
1 [og O o (T71)
“V7 %8 s T %8 T
1 (T743) (VT4
V17 log 73 log \/ﬁ+1]

[Using logarithmic properties]

_ L [1og (07T )
R A (O =)
—Ll [17+3+4\/ﬁ]
=7 08 |17ty
—Ll [20+4\/ﬁ
=7 %8 l20-avi7
1 [5+\/ﬁ
V7 08 s
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1 [ (5+V17)(5+V17)
717 08 [(5-vi7) (5+v17)

L jog [T +10vT7)

1 [(42+10V17) 1 @145J17)

_mlog s ] \/_log[ 4 ]
1 dx

-f_lm

Solution:-

Given integral: f—ll X2+d;x+5

_ fl dX
T ) (x1+2x+1)+4

- f 1 (x+1)2+(2)1

[Rationalising the surd]

[By completing the square]

Taking substitutions, x + 1=t

So, dx =dt

Whenx=-1,t=0and whenx=1, t=2
Hence, the given integral is now changed as

fl dx N fz dt
-1 (x+1)24@2)2 70 (©)2+(2)2

d 1
[ASW.k.t fﬁ: g.tan_

T

Therefore f 1m 3
X

8.7 (- 1) e?dx
Solution:-

Given integral: flz G - ﬁ) e?dx
Taking substitute, 2x =t = 2 dx = dt
So,whenx=1,t=2and whenx=2,t=4
Hence, the given integral will change as:

5 () = (- W) e (%)

LA (2 _2) .t
_2f2(t tz)edt

2
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41 1 1\
=)y 5(2) (?—t—z)e dt
[Taking common and simplification]
= f4 (l — l) etdt
2 \t 2
Further, Let 1/t = f(t)
Then we have, f (t) =-1/t>

Converting the integral into the required form,
401 1 4 '
=/, (?—t—z) etdt= ['(F(t) + £ (1) etdt

[As,w.k.t [f(x) + F (x)) e*dx = e*f(x) + C]
Up to Integration, we get

LE® + £ () etdt = [ef(D)]3
4

Y
_ef=2e?  e2(e?-2)
rF ¥
2 (1 1 e“(e~—2
Therefore, [ (- — — )e®*dx = e -2)
1 \x 2x2 4

Choose the correct answer in Exercise 9 and 10.

1
(=)
x4

9. The value of the integral ff dx is
3

a) 6
b) 0
c) 3
d) 4

Solution:-

1
_3)3
Given integral: [’ <(X x) )dx
3 X

1
1 x—x3)3
LetI:f% <( X4) )dX
Now, taking x =sin 6 =» dx=cos 6 d 0

So, when x = %,9 =sin~! (%) and whenx=1,0 = 1/2

Hence, after substituting the given integral will become:

1
> sin B—sin30\3
I= szinfl(%) <( sin 40 ) )COS 6do
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“ i

sin40

1
{(Sin e)é(l—smw)g}cosede

1 1
. 5 2n)3
f‘z {—(Sm e)é(ios 0) }cosede
sin — (—) sin*0
( )3( )é
2 sin 0 3 cos 0)3

- fsm %){ sze Slnze } Osede

<((.Ob 6)3 > de

& 9) sin 20
<(cos 0)3

2
a fsm
5_> cosec’0d@

U'I

1
sin (sin 6)3

= f;nil(%) ((cot 9)5). cosec?0d@

Now, let cot 6 =t => - cosec?0d0

[Taking common]

[Simplifying by using trigonometric identify]

[Simplifying by using exponents properties]|

T

So, when, 8 =sin~! G) t=2vV2andwhen6==,t=0

After substitution, (i) becomes:

0 s
= zﬁ—(t)3 dt

2

On integrating and applying limits, we have

r &
(t)§+1
5
| §+1

Lx/ﬁ

r 8
()3

N

3 lz\/f
- 5[16]

r
OOI(AJ

=6

Therefore, the correct option is (A).

10.If f(x) = [, t sint dt, then ' (x) is

a) Cosx + x sinx
c) Xcosx

Solution:-

b) Xsinx
d) Sinx+ x cos x
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Given integral function f (x) = f; tsin tdt
Applying product rule, we have
. du
Juvdx =u. [vdx- [ —. {vdx}dx
So,
X . X d . % X

F(X) =tf, sintdt— [ {(Et) . [ sin tdt}dt dt = [t (= cosO)]§ - [ (— cost)dt
Applying the limits, we get
= [—t (cost) + sint]§
=-xcosx+sinx-0
Thus, f(x) = -x cos X + sin x
On differentiating, we have
F(x)=- [x.%cosx + cosx.% X+ % sinx]
F(x) =-[{x (-sinx)} + cosx] + cos X

=XSIn X - COS X + COS X

=X sin X
Therefore, the correct option is (B).

Exercise 7.11

By using the properties of definite integrals, evaluate the integrals in Exercise 1 to 19.
7

1. [? cos®*x dx

Solution:-

Given [?2 cos*x dx

Let, I = 2 cos®x dx ..... (1)

We know that, {foa f(x)dx = foa (a—x)dx}

By using above formula, the given question can be written as

(T2 (T

= I=[2cos (E—X) dx

From the standard integration formulae we have
= 1= [2sin*(x)dx ...... (2)

Adding (1) and (2), we get

21 = [2[sin® (x) + cos® (x)] dx

By using standard identities the above equation can be written as
= 2l= fg[l]dx

Now by applying the limits we get
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= 21=(X)?
= 21=2-0
=2 21=1<
2

= [=Z
4

I Vsinx
2. |2————dx

0 +/sinx++/cosx

Solution:-

Vsinx d
Vsinx 4/ cosx X
z Vsinx
Let, fOZ m dX .oovvreeeen (1)
As we know that, {foa f(x)dx = foa f(a — x)dx}

By using the above formula we get
sin (g—x)
sin (%—X)-l—\/COS (TZ—[—X)

By substituting the standard identities we get
_ z VCOS X
> B 02 vcosx +v/sinx dx (2)
Adding (1) and (2), we get
2 Vsin X++/cos x
2] = 2= dX
Vsinx +v/cos x

= 2I=[x]]

-0

n
Given: [2

= szg
"

T

2
s
2

w

T P
3 2 sin2 x dx
) fo 3 3
sin2 x+ cos2x

Solution:-

T sin% x dx
Given f()z ﬁdx
sin2 x+ cos 2x
« 3
— sin2 xdx
Let, = [7 —5—"dx .... (1)

sin2 x+ cos 2x
As we know that
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([ feodx = [f(a—x)dx}

By substituting the above formula we get

3
sin 7(g—x)+cos 7(%—)()

Again by substituting the standard identities we get
3

3
= 1:[05 . sin2(7x)

I cos 2x
P 1= ff——dx(2)
cos 2x+sin 2x

Adding (1) and (2), we get
3 3

m . = =
2] = Esm2x+c052x
_f 3 3
sin 2x+cos 2x

The above equation can be written as
= 21= [2[1]dx
Integrating and applying the limit we get

= 21=[x]3

= 21=2-0
= 20==

2
= ==

4

T
2 cosSxdx

" JO sin®x+ cos®x

Solution:-
n 5
. —  cos °xdx
iven: [2 —————
Give fO sin5x+cos5xd
T 5
—  cos xdx
Let, 1= [2—X gy (1)

0 sinSx+ cosSx
As we know that

([ fdx = [ f(a—x)dx]}

By substituting the above formula we get

B T cos 5(%—X)
= 1= foz sin5(g—x)+cos 5(%—X) dx

The above equation can be written as

z sin °x
= I= 02 mdx (2)
Adding (1) and (2), we get
z sin °x
2l=|2—dx

0 cosSx+sinSx
The above equation becomes
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= 21= [2[1]dx
Now by integrating and applying the limits we get
= 21=[x]?
= 2[=2-0
= 2=
= [ =2
4

N Aan

5
5. [ Ix + 2|dx
Solution:-

Given:- f_55|x + 2|dx
As we can see that (x+2) < 0on [-5,-2] and (x + 2) = 0 on [-2, 5]
As we know that
{ [P feodx = [SGOdx+ [7f(X)dx }
Now by substituting the formula we get
= I= f__sz —(x+ 2)dx + f_sz(x + 2)dx
Integrating and applying the limits we get

X2 3 X2 5
= I= -[7+ Zx]_5 + [7 + ZX]_2
On simplifying
-2 2 _E 2 5 2 —2 5
> 1=-[ 1 2(-2) - L - 2(-5)| + [L+2(5) - ZL-2(-2)]

> I=-[2-4-2+10+[2+10-2+4|
On Computing we get

> 1=-2+4+2-10+2+10-2+4

= [=29

6. [, |x — 5|dx
Solution:

Given f28|x — 5|dx
As we can see that (x-5) < 0on [2,5] and (x + 2) = 0 on [5, 8]
As we Know that

{fab f(x)dx = fac f(x)dx + fcb f(X)dx}

By applying the above formula we get
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= I:fzs—(x— 5)dx + f58(x— 5)dx

Now by integrating the above equation
8

X2 > X2
@ 1= [7 -5+ [7 - 5,
Now by applying the limits we get
_[©)? @)? (®? (5)°
> 1=-|Z-56) - Z+ 5@+ [ - 5@ - +50)
On computing
25 64 25
= 1_;5[7—25 —2+ 102]5+ |40 -2+ 25]
= I=7+17+32—15-7
On simplifying we get
= 1 =34-25
= 1=9

1
7. [, x(1 = x)" dx
Solution:-

Given: fol x(1 —x)" dx
Let, fol x(1 —x)" dx
As we know that
{foa f(x)dx = foa f(a — x)dx}
By using the above formula we get
> 1= [/(1=%)(1 - (1-x)" dx
The above equation can be written as
> 1= [(1-x)" dx
By multiplying we get
> 1= [;(0" - (0™ dx
On integrating

N I= '(X)n+1 (X)n+2]1
| n+1 n+2 1l
Now by applying the limits we get
[ 1 1
2 [=|—— —
[n+1 n+2
> = (n+2)—(n+1)]
[ (n+1)(n+2)
On simplification
= = ;]
| (n+1)(n+2)

8. [+log(1 + tanx)dx
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Solution:-

Given: [*log(1 + tanx)dx

Let, 1= f(? log(1 + tanx)dx ....... (D
As we know that
an f(x)dx = foa f(a — x)dx}
By using the above formula we get

= I:fOZlog[l +tan(g—x)] dx
Again we know the standard formula

. _ _tan (A)—tan (B)
{tan(A B) 1+tan (A) tam (B)}

By substituting the above formula we get
T tan (& )—t
1+tan (Z) tan (x)
Applying the values we get
_ L [ 1—tan (x)
= I= f04 IOg _1 t 1+ tan (x)] dx
On simplification the above equation can be written as

[ 2
= I= f04 lOg H—TH(X)] dx
Now by applying log formula we get

s 2
> f04 IOg | 1+tan (x)] dx
Now by applying log formula we get
= = [#log[2]dx — [#log[1 + tan (x)] dx
From equation (1) we can write as
= = [+log[2]dx — 1
On integration

= 2I=[xlog Z]g
Now by applying the limits we get
= 2I= % log2-0

T
= I—glogZ

9. fozx\/\/Z —x dx

Solution:-

Given: foz xVV2 — x dx
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Let, 1= foz xVV2 —xdx ...... (1)

As we know that

([ fedx = [ f(a — x)dx)

By using the above formula we get
> 1= [1(2 - %2 - 2 - xdx
On simplification the above equation can be written as
> 1= [(2 -y dx
On multiplication we get
2 1 3
= 1= [ (ZXZ —XZ) dx

On integration

i 3 S
2 4
:>I=2<XT>—XTI
L\ 2 7 1o

(4 3 2/ 32
= 1=[30e) =5(x)),
Now by applying the limits the above equation can be written as
[4 g A
> 1-[i(@) - o]
By Computing
= I=§x2\/§-§x4\/§

o [oBVZ 85
3 5
On simplification
. 1240\/7—24«5
15
o = 16V2

10. [2(2 log sinx — log sin 2x) dx
Solution:-

Let I =?(2 logsinx — log sin 2x) dx
Now by applying sin 2x formula we get
= I= [2{2logsinx — log (2sin x cos x)} dx
Applying log formula we can write above equation as
= 1= J2(2logsinx —log(2) — log(sinx) — log(cos x)}dx
On simplification
= I= [2{logsinx —log2 —logcosx} dx ...... (1)

As we know that
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{foa f(x)dx = foa f(a — x)dx}
By using the formula we get
2 = fg{logsin G — X) —log 2 — log cos (g - X)}
Using allied angles formulae, the above equation becomes
= I=1= [?{logcosx —log2 —logsinx } dx ...... (1)
Adding (1) and (2), we get
21= [2(—log2 —log2)dx
By taking common
21=-2log?2 fg(l)dx
On integration we get
= 2I=-2log 2[x]g
Now by applying the limits
T
= 21=-2log2|Z- 0|
= 2i==-2log 2 (5)
On simplification we get

= 1=2(-log2)
h1¥ 1
= 1=7(log3)

11. [Z sin?x dx
2

Solution:-
2

As we can see f(x) = sin?x and f(-x) = sin?(-x) = (sin (—x))? = (—sinx)? = sin’x.

That is f(x) = f(-x)

So, sin?x is an even function.

It is also known that if f(x) is an even function then, we have
{f_aa f(x)dx = 2 foa f(x)dx}

Now by using this formula the given question can be written as
= 1= 2. [2(sin*x)dx

Now by substituting sin?x formula we get

o 1=, [ gy

= = [2(1 - cos2x)dx
On integrating we get

> = [X— sin ZX]E

2 o
Now by applying the limits
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—sinmt-0+ sin0

m xdx

12. [

0 1+sinx

Solution:-

x dx

. T
Given: fU 1+sinx

m xdx

Let, 1= [

0 1+sinx
As we know that

{7 f)dx = [ fa— x)dx}

By using above formula we get
_m (m—x)
i fO 1+sin (t—x) dx

Now by multiplying and simplifying the equation we get

_m (m—x)
= 1= [ T — (2)
Adding (1) and (2), we get
_ o (@—x)+x
21= foﬂ 1-11-Tsinx X
21= fo 1+sinx
Now by multiplying and dividing the above equation by (1 - sinx) we get
o = 1 s (1—sinx)

0 (1+sinx )(1—sinx)
On simplification we get
_ T (1—sinx )
2l=m fO cos 2x
By splitting the numerator we get
b1 1 sin x
2l=m fO {coszx [ coszx} dx
The above equation can be written as

2l=T fon{seczx — tanx sec x} dx

= 2l =m(tanx — secx)j
= 21 =m[2]
> I=7

13. [Z sin”x dx
2

Solution:-
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s
Given: [%(sin’x )dx
2

Let, I = [%(sin”x )dx
2

As we can see f(x) = sin’x and f (-x) = sin’ (-x) = (sin(—x))” = (sin(—x)” = -sin

That is f (x) = -f(-x)
So, sin?x is an odd function.
It is also known that if f(x) is an odd function then,

{f_aa f (x)dx = 0}

= [= f_gz(sin7x)dx =0
2

14. f02n cos® x dx

Solution:-

Let, I = fozn cos® x dx
As we see, f(x) = cos®x and f(2m — X) = cos® (21 — x) = cos’x = f(X)
Because, [ f()dx = 2. [ f()dx, if {(2a — x) = £(x)
and foza f(x)dx = 0,iff (2a —x) = —f(x)
= 1= Z.fOT[(COSSX)dX

Now {cos® (T — X) = —cos’x}
= 1=0

A .
5 SIn X—COS X
15. [2 St gy

1+ sin x cos x

Solution:-

m .
. = sin x—cos x
Given: [2 ————dx
0 1+ sin x cos x

— sin x—cos x
Let, I = [2———dx

0 1+ sin x cos x
As we know that

{foaf(x)dx = foaf(a — x)dx}
By using the above formula in given equation it can be written as

o = % sin (g—x)—cos (g—x)

0 1+sin (g—x) cos (%—x)

Now by applying allied angle formula we get]|

o | [Pl g 2)

0 1+cos x sinx

Adding (1) and (2), we get
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mo. .
= sin x—cos x+cos x—sin x
21= 2 dx

1+sin x cos x

= 2= (27—

0 1—sin x cos x
= [=0

16. f;‘log(l + Cos x)dx
Solution:-

Given:- [ log(1 + Cos x)dx
Let, 1= f; log(1 + cosx) dx ...... (1)
As we know that
a a
Uo f(x)dx = fo f(a — x)dx}
Now by using the above formula we get
= I= fOT[ log(1 + cos( — x) dx
Here by allied angle formula we get
= I= fOT[ log(1 — cosx) dx......(2)
Adding (1) and (2), we get
21 = f;{log(l + cosx) + log(1 — cosx)} dx
The above equation can be written as
2] = f; log(1 — cos?x)dx
By using trigonometric identities we get
- (& )
21 = qu log(sin?x)dx
21= || ZH. log(sinx)dx
21 = i.fo log(sinx)dx
=], log(szln X) dX ..... (3)
Because, [, f(x) dx = 2. [/ f(x)dx, if f (2a - x) = f ()
Here, if f (x) = log (sin x) and f (1t — x) =log (sin (m — x))=log (sin x) = f(x)
= [=2.[2logsinxdx ........ (4)
= [=2. [Zlogsin (5 - X) dx
By using trigonometric equation we get
= 1=2. [?logcosx dX ....... (5)
Adding (1) and (2), we get
= 2I=2. [?(logsinx + log cos x)dx
Now by adding and subtracting log 2 we get
= 1= J2(logsinx + log cos x + log 2 — log 2) dx
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The above equation can be written as
= I= [2(log(2sinxcosx) - log 2)dx
Now by splitting the integral we get

= = [?(log(sin 2x) dx — [Zlog 2dx
Let 2x =t =» 2dx =dt
Whenx=0,t= 0andwhenx=§,t=n

> 1=|; [; Qog((sint)dt | - (Slog2)

o 1] s
= [=- GlogZ)
= [=-(mlog?2)

a X
17. J, T dx

Solution:-

Ld
Vit vax X

Let, I = foaﬁ dx ...... (1)

As we know that
{foa f(x)dx = foa f(a— x)dx}
By using the above formula we get
_ a va—x
= I_IOM+\/§dX ...... (2)
Adding (1) and (2), we get
2] = fA VX+va—x
~Jo = o
The Above equation becomes,
= 2I= [ [1]dx
On integrating we get
= 21=[x]j
Now by applying the limits
= 2l=a-0
= 2l=a
D [=2

Given: foa

2
4
18. fo |x — 1]|dx

Solution:-
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Given: f04|x —1|dx

As we can see that (x-1)< Owhen0<x<1land (x-1)>0whenl1<x <4

As we know that

{ [fGodx = [T dx+ [ f(X) dx}
By substituting the above formula we get

= I=f01—(x—1)dx+ f14(x—1)dx

On integration
1 4

X2 X2
> 1=-|7-x] +[5-x
Now by applying the limit we get

> 1=-[%—1—$+0]+[%—4—%+1]

> I=-3-1|+[8-4-2+1]
=
=

6262969699

19. Show that f; f(x)g(x)dx = 2 foo f(x)dx, if fand g are defined as f(x) = f(a -x) and g (x) + g (a -x)

=4
Solution:-

Given:- foa f(x)g(x)dx

Let, 1= foa f(x)gx)dx ... ... (1)
As we know that

{foa f(x)dx = foa f(a—x)dx}
By using the above formula we get
= 1= [ f(a—x)g(a—x)dx

= [Jf(g(a—xdx.....(2)
Adding (1) and (2), we get
2= [[{f () g () + f(®g(a—x}dx
= 2= foaf(x){g )+ gla—x)}dx
= 2I= f(? f(x){4}dx as,{g (x) + g(a—x) = 4}
= I=%foaf(x) X 4 dx
= [=2. foaf(x)dx

Choose the correct answer in Exercise 20 and 21.
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20. The value of fé(x3 +cosx + tan®x + 1) dx is
2

a) 0
b) 2
) m
d 1

Solution:-

(Orm

Explanation:-

Given:- fg_ﬂ(x3 + cosx + tan’x + 1) dx s
2

LetI=1= fg,z(x3 + cosx + tan’x + 1) dx is
Now by sphttlng the 1ntegrals we get
= I—f (x3) dx+f2 (x cosx)dx+f (tan?x)dx +f (Ddx

Itis also known that if f(x) is an even functlon then,

{[° fodx =2 [ f(x)dx}

It is also known that if f (x) is an off function then,
= 1=0+0+0+2.[2(Ddx {[° f()dx = 0}

T
2

= 1=2.[x]§
2> [-2.2

2
2 I=nr

Correct answer is C

21. The value of [2log (::33 ::Si)dx is
a) 2

b) %
c) 0
d) -2

Solution:-

(90

Explanation:-

Given: - foz log (4+2 o ) X

4+3 cos X
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= 4+3sin x
= (2
Let,I fO log (4+3 cos x)

As we know that
{foa f(x)dx = foa f (a — x)dx}
By using the above formula we get
T 443 sin (E—x)
= = (2 —\2 J
: fo 1Og <4+3 cos (g—x)> dx
By applying allied angles formulae we get

I 4+3 cos X
= [=]2
1 fo 1Og( 4+43sin )

Adding (1) and (2), we get
> 4+3isn x 443 cos x
2l 5 fOZ {lOg (ﬁ+3 cos X) = ( 4+3 sin )}dX
= 21= [?log1dx
Substituting log 1 = 0 we get
= 21= [20.dx

= [=0
Correct answer is (c)

MISCELLANEOUS EXERCISE

Integrate the functions in Exercises 1 to 24.

1

" x—x3

Solution:-

Given:-

Letl =

—x3
1 1 1

x—x3 - x(1—x2) - x(14+x)(1—x)

Using partial differentiation
1 A B C

Letx(1+x)(1—x) Tx 1+x + 1-—x (1)
By taking LCM we get
1 _A0+x)(1—x)+Bx)(1-x)+C(x)(1+X)
x(14x)(1-x) X(14+X)(1-X)
1 _ A(l—x2)+Bx(1—x)+cx(1+x)
x(1+x)(1—x) B x(14+x)(1—x)

= 1=A-Ax?+Bx-Bx%+ Cx + Cx?

= 1=A+(B+C)x+(-A-B+(C)x?
Equating the coefficient of x, x? and constant value. We get;
(aJA=1
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(b)B+C=0=">B=-C
(c)-A-B+C=0
2> -1-(-c)+c=0
22C=12C=%
So,B=-1/2
Put these values in equation (1)
1 1
L, 0,0
x(14+x)(1—x) x  14x 1—x
1 1 1,1 1,01
* Jamam =l dx = g o det [

On integrating we get

=log |X| -%log |1+ X|+%10g|1 —X|
By using logarithmic formula the above equation can be written as

1 1
= log|x| — log |(1 + x)z| + log l(l —X)2

= log [——F——| + C
(1+x)2(1—x)2
On simplification we get
1
2)2
=log 1= T
(1+x)(1—x)2
1
(x*)2

)(1-x2)

=log (1i2)

= I:%logl

+C

=log +C

| =

N = DN

+C

<2
1—x2

+C

1

z. VX+A+VX+B

Solution:-

: 1

Given: m

VX+A+VX+B

Multiply and divide by, vVx + a-vVx+b

> = 1 % Vx+a—Vx+b

VX+A+VX+B * Vx+a—vVx+b

_ Vxta—Vx+b
(viFa) - (D)’

On simplification we get

_ Jx+a—Vx+b

a (x+a)—(x+b)

Letl =
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:\/x+a—\/x+b
a—b
Applying integration
Vx+a—Vx+b
f\/ﬁ+\/’>? dx = f a—b dx

— —f(\/x+a—\/x+b)dx
= ((X+a)2— (x+b))

a— b
On integrating we get
_ 1 l(x+a)% (x+b)%l
=— —

3

2 2
=

[(x+a)z— (x+b)]

3(a b)

1 g _a
3. w/axB [Hlnt. Putx = t]

Solution:-

1
Given:
xVax —x?2

1

Letl= o=
Putx:a-)dx:-idt

= fxv—ax XdX fjr

By taking a common we get
-1 1
Y e S
at 1 1)2
?_(T)
Now by multiplying t we get
Sl LA
a tZ t 2
=0
The above equation becomes
=-1[ -t

:-; [(t— 1)Edt
On integrating we get
1 I_«H) l L C

1
2

zl / é—1)l+cbecause,t:i
A X X
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1
4, ——
xZ(x*+1)*
Solution:-
Given:- 3
x2(x*+1)%
1
Let I = 3
x2(x4+1)%4
Multiply and divide by x°, we get
3
x~3 _ X73.(X4+1)71
3T yx24-3
x2.x73(x*+1)%
3
(x*+1)*
=—8
XS.X_3XZ

On simplification the above equation can be written as
3

_L (14 A
=5 (1453)

1 _ —4 1 dt
Let,X—4=t=(X) 4-)x_5dX=dt-)x_5d3X=_Z

1 1 1\z
2 | ———=.dx=|=.(14+—=) .dx
fxz.(x4+1)% fxs ( X4)
Substituting the above values we get

3 dt
= [(1+ D" (3— 2
=-2f@+ . dt
On integrating
1
= _l l(lttﬂl +C
4 4

Now by substituting the value of t we get
1

1\7
1+
=2 Gl e
7
1
1\2
=- (1 + X_4) +C
1 i 1 1
5.4 Hint: — = —|, putx=t9]
X2+X3 X2+X3 x§(1+x€>
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Solution:-

. 1
Given T T
X2+X3

Given question can be written as,
1 1

T I-71 T
X2+X3 x7(1+x6

Letx =t® = dx = 6t°dt
1 6t°
& [t dx= [ =2 dt
x%<1+ x%> t2(1+t)
On computing we get

t3
=6.f (1+t)'dt

After division we get,

1 1
—— =6. [[t2—t+1]-
x%+x§ f[ * ] (1+t)

Now by splitting the integrals and computing
_ PR _ L
—6.{ft Jdt— [tdt+ [1.dt f[(m)].dt}
On integrating

r/+3 2
=6[(5)= (5)+ t—log1 + )|

Now by substituting the value of t we get
1

_6 Q - Q +(x%)_1og<1+(xé)) e

. dt

:[(2x§)—(3 x§)+6.x§— 6.log (1 + x%)]+c
=2\/§—3x%+ 6x%—6log(1+ X%)+C

5X
" (X+1)(X2+9)
Solution:-
. 5X
leen.m
5X
LetI= (X+1)(X2+9)
Using partial fraction
" 5X A Bx+C 1
€ X+1)(X2+9)  (x+1) = (x2+49) - (1)
5X _ A(x249)+(Bx +c) (x+1)
(X+1)(X249) (x+1)(x249)
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= 5x=A(x?+9) + (Bx +c)(x +1)

= 5x=Ax?+9A +Bx? +Bx+Cx+C

= 5x=9A+C+ (B +C)x+ (A+B) x?
Equating the coefficient of x, x?and constant value, we get
(2QJ9A+C=0=>C=-9A
(b)) B+C=5=>B=5-C=2B=5-(-9A) =2 B=5+9A
(J)A+B=02>A=-B22A=-(5+9A) 2> 10A=-5=>A=-1/2
AndC=9/2and B="%
Put these values in equation (1) we get

5x _ A + Bx+C
x+1)(x249)  (X+1)  (X2+9)
1 1 9

5X__ __ T3 +(E)X+E

X+1D(X2+9)  (X+1)  (X249)
The above equation can be written as
5x 1 1 il x+9
(x+1)(x2+9) . (x+1) dx + 2 (x2+9)
Now by applying integrals on both sides we get

X X 9 1
f(x+1)(xz+9) f( +1) dx + 3 f(x2+9) dX+§f(x2+9) dx
5x 1 L0 1
f(x+1)(xz+9) dx=-; f(x+1) dx + 1y +7 fx2+(32) dx

——— dx= N
f(x+1)(X2+9)d -.Log|x+1|+11+2.(3tan ) ...... (2)

Now solving for [, we get

1 X
11 _E'f(x2+9) dx
Put x? -t-) 2xdx = dt

1 dt
T h=3 f(t+9) 2

= = Zloglt + 9]
= Ilziloglx2 + 9]
Put the Value in equation (2)
¥ 1 2 3 —1X
dx= .10g|x+1|+zloglx +9|+5.(tan §)+C

= f (x+1)(x2+9)

sinx

" sin(x—a)
Solution:-

sin x
sinifx—a)
sin x

Letl =—
sin (X—a)
Letx-a=t=2>x=t+a=>dx=dt

sin x _ rsin(t+a)
= fsini?@x—a) dx _f sin (T) de

Given:-

For more Info Visit - www.KlITest.in

7.136




For Enquiry — 6262969604

As we know that, {sin (A+B) = sin A cos B + cos A + Sin B}

sin x sin t cos a+cos tsin a
[-SnX gy = | , dt
sin (x—a) sin (t)
The above equation becomes
sintcos a cos tsin a
=f + dt

sin t sin t
On simplification
= [(cosa + cottsina) dt
Now by splitting the integrals we get
= [(cosa)dt + [(cottsina)dt
= (cos a) [ 1.dt + sina. [ cott) dt
On integrating we get
= (cosa).t + sina. log [sin t| + C
Now by substituting the value of t we get
= (cos a). (x - a) + sin a. log|sin(x — a)| + C
= sin a. log |sin (x -a)| + x.cosa-a.cosa +C
= sin a. log |sin(x -a) + x. cos a + C,

ed logx__ et log x

' @3logx_ a2logx

Solution:-

edlog x_ e4log X

leen e3log x _ a2log x

Let, I =
Now by taking common and above equation can be written as
eSlogX _e4logx B e4logx (elogx _1)
e3log x_a2log x ezlogx(elog X—1)
On simplification
= e?logx
- elogx2

Applying integrals

5log x _ ,4log x
- € — 2
_fe'g’logx_ezlogxdx_fx dx

3
X
=53 +C

e>log x_e4log X

e3log x _ a2log x

Cos X

v 4—sinZ2x

9.

Solution:-

Cos X

V4—sin 2x

Given;
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cos X
Let] = ——=
4—sin?x

Putsinx =t =» cos x dx = dt
The given equation can be written as

cos X 1
> J Vs dx= [ =z dt
|
On integrating we get
= sin~! G) +C
= [=sin"! (

sin x
2

)+cC

8 8

sin®—cos® x

10

" 1—2sin? x cos2x
Solution:-

sin 8—cos 8 x

Given: TS
1—2512 X c%s X
sin ®—cos © x
Let, [ =—————

1—2sin 2 x cos 2x

As we know thata? — b? =(a+b) (a-b)
Now by using this formula we get

sin®—cos®x (sin *x+ cos *x)(sin *x— cos *x)

1—-2sin2 x cos 2x  sin2x+ cos 2x— sin 2x.cos 2x— sin 2x.cos 2x
(sin 4x+cos 4x)(sin 2x— cos 2x)(sin 2% +cos Zx)
2 2

(sin 2x— sin 2x.cos 2x)+(cos 2x—sin 2x.cos 2x)
We know that cos? + sin’x = 1, using this in above equation
_ (sin*x+cos *x)(sin 2x—cos 2x).(1)
~ (sin Zx(1—cos 2x)+ cos 2x(1— sin 2x)
_ —(sin4x+cos 4x)(cos 2x—sinzx)

sin 2x(sin 2x)+cos 2x(cos 2x)
On simplification we get
= (sin4x+ cos4x)(cos 2x— sin ZZ)

(sin4z+ cos *x)
= (sin’x — cos? x)
=-C0S 2X

i 8 8
SIn "X— CoS X
————————dx=[ —cos 2x dx
f 1— 2sin 2x.cos 2x f

On integrating

= I=_stx

+C

1 1
" COS (X+A)COS (X+B)

Solution:-
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1
COS (X+A)COS (X+B)

Given:-

1
COS (X+A)COS (X+B)
Multiply and divide by sin (a - b), we get

Letl =

_ 1 ( sinffa—b) )
sin (a—b)" \cos (x+a)cosiifk+b)
Now by adding and subtracting x from the numerator
_ 1 ( sin (a—b+x—x) )
sinfa—b) " \cos (X+a) cos (x+b)
By grouplng we get
(sm [(x+a)—(x+Db)] )
" sin (a—b) cos (x+a) cos (x+b)
As we know that { sin (A - B) = sin A cos B - cos A sin B}
By using this formula we get
> = 1 . (smaf@x+a) __ sin u@(+b))
sinifa—b) \cos (x+a) cos (x+b)
[tan (x + a) - tan(x + b)]

sinffa—b)
Taking integrals on both sides we get
.[tan(x +a) — tan(x + b)dx

1 1
fcos (x+a) cos (x+b) . fsm fifa—b) "
=— (a B {/ tan(x + a)dx — ftan(x + b)dx }
On 1ntegrat1ng we get
[ log|cos(x + a)|(—log|cos(x + a))|)]

" sinifa—b)
1
~ Sini(a=b) [—log|cos(x + a)| + log|cos(x + a)|]
= cos (x+b)
—— sinifa—b) cos (x+a) +C
3
12.—
1—x8
Solution:-
<3
Letl= —

Now, let x* = t =2 4x3dx = dt
And x3 dx = i—t
Substituting these values in given question we get

= J.1 X8d _f\/ll—t(dt)

=3
On integrating we get

1.
= sin t+c
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Now by substituting t value we get
= I= %sin‘l(x‘*) +C

eX
13. (1+eX)(2+eX)

Solution:-

X

Given: rezre))
eX
Let 1= ey

Lete* = t=> e* dx = dt
Now substituting these values in given question we get

eX il
= f(1+eX)(2+ eX) dx = f (1+t)(2+t) dt

1 1
= [(1 ) @ +t)] it
Now by splitting the integrals we get

B 1 _ 1
= [(1+t)] dt— f [(2+t)] dt
On integrating we get

=log|(1+t)|-log (2+t)| +C

 log |1
= log |2+t +C
1+e*
i log |2+eX +C
1
14‘- m
Solution:-
Given: DD
Let I = m
Using partial fraction method, we get
Let 1 _ Ax+b + Cx+D (1)
€ (X2+1)(X2+4) - (X2+1) (X2+4) .......
1 _ (Ax+B)(X%+4)+(Cx+D )(X?+1)
XZ+DX?+4) ~ X+1D)(X2+9)

= 1=(Ax+B)(x*+ 4)+(Cx+D) (x> +1)

2 1= Ax3+4Ax+Bx?+4B+Cx3+Cx+Dx%+D

2 1= (A+C)x3+(B+D)x?+ (4 A+C)x+ (4B + D)

Equating the coefficient of x, x?, x> and constant value. We get:
(a)A+C=0>C=-A

(b)B+D=0=>B=-D
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(c)4A+C=024A=-CD24A=A>3A=02A=02>C=0
(d)4B+D=1=>4B-B=1=2B=1/3=2>D=-1/3
Put these values in equation (1)

1 Ax+B Cx+D
= +
&2+ DE2+4) %241 (X2+4)
1 3 (O)x+% 0)x+ (—%)
&2+ 1)(x2+4)  (x2+1) (x2+4)
1

1
R S )
X2+ 1DE2+4)  x2+1) (x%2+4)
Now by taking integrals on both sides we get

1 1 1 1
| o &= 'f(x2+1) dx — 3. [ gy dx

3
1 1 1 1 1
f(x2+1)[x2+4] dx = E'f(x2+12)dx_ E'f(x2+22) dx
On integrating we get
L
=l tan'x—=.tan"' % + ¢
3 32 2

1 1
2 I==.tan"1x-- tan"!1= 4 C
3 6 2

15. cos3x elogsinx
Solution:-

Given: cos®x el8 sinx

Let I = cos3x el08 sinx

Logarithmic and exponential functions cancels each other in above equation then we get

= cos3x. sinx

Let cosx =t =>» -sinx dx = dt = sin x dx = dt

Substituting these values in given question we get
= [ cos3xel8 si"Xdx = [ cos3x. sinx dx

[t3.(—dp)

- [3.dt

On integrating

=- ; +C

Now by substituting the value of t we get

4
Cos 'X
=-224+C
4

16. e3losx (x4 + 1)1
Solution:-

Given:- e3'o8x (x* 4+ 1)1
LetI=edlogx (x* + 1)1
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=el8’ (x* + 1)
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Logarithmic and exponential functions cancels each other in above equation then we get

%3

e
Letx* =t> 4x3dx =dt > x3dx=dt/ 4
Now by substituting these values in given question we get

3
3log x (4 -1 _ X
= fe1 d(x + 1) fx4+1dx
t

! t+1° 4
= Zlog(t+ 1)+c
Now by substituting the values of t we get
D= ilog(x4 + 1)+C

17. f (ax + b) [f (ax + b)]"
Solution:-

Given: f' (ax + b) [f (ax + b)|»
Letf(ax+b)=t=> a.f (ax + b) dx = dt
Now by substituting these values in given question we get
= [f (ax +b)[f(ax + b)"] = [ t" (di)
th +1

1
_gfn+1 +C

1
= ol (f(ax + b))+ + C

1

18. N TN
v/ sin® x si (x+ «)
Solution:-

1

Given: ———
sin3 x si (x+ )

Let] = 3;
sin® x si (x+ o)
As we know that, { sin (A + B) = sin A cos B + cos A sin B}
Using this formula we get
1

= |=

\/sin 3x(sinx cos o + cos x sin &)
Multiplying and dividing by sin x to denominator we get
1

= =

\/sin 2x(sin X COS X + coS x% sin o()
On rearranging we get
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1

D . . COSX .
sin #x| sin X cos & + sin X'sinx sin <

Simplifying we get
1

/sin#x (cos o + cot x sin o)
cosec 2x

- /(cos « + cot x sin «)
Now, let (cos o + cos x sin ) =t =» — cosec“X. sin «cdx = dt
Now by substituting these values in given question we get

2

cosec ZX

N f dx = [ — dx
\/sm xsm (x+o( (cos « + cot x sin )

sin &«

f —. dt
San(

ftz dt
SlI’lO(

On integrating we get

1

1 |2
=-T|T|*cC

SiInxX | —

2

-2 [Vl

Sin &«

Now by substituting the value of t
2

= \/\/(cosoc+cotxsin oc)l+C

SN &

Computing and simplifying
2 \/cos &sin x+cos x sin ocl
= L C

sin o« sin x

S = .2 l sin(lx+o<)l+c
sin & \’ sin x

sin~1yx—cos 1vx
19. sin—1vx Heod L & 'o €[0,1]

Solution:-

sin ~1v/x—cos ~1vx

sin *1\/X—+ cos 1 \/§

B sin “1v/x—cos ~"14/x

Let] =22 (1)

As we know, sin"!v/x + cos™1v/x = g

Now using this identify we get

—1/x—cos 1\/—d _ f (E_ COS*l\/_) cos ~1yx

)

Given:-

= I= sm_1\/—+cos_1\/—
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- _ T -1 X )— -1 X
B
- ()2 2o )

Now by splitting the integral we get
= (%) f G.dx) - (%) J2.(cos™t Vx.dx)
= [(1.dx) - (%) (cos™ Vx.dx)
On integration we get
o I:X-(%)Il - (2)
Now, first solve for I,:
Asuly= f(COS_l\/_ dx)
Let/x = t-) S X5 dX dt-)——Z dt = dx = 2. tdt

> . f(cos‘1 t. 2t. dt)
® 2 [t.cos”ltdt

Because, [u.vdx = u. [vdx — fj—z.{fvdx} dx
cos 1
® 2 [t.cos”ltdt= 2. [cos_lt [tdt fd(;—tt) A tdt} dt]

2 2
= 2. cos‘lt.t—— 2. f(— \/1_t2) {%} dt
=t2.cos™ 't- f(\/—) dt
Now by adding and subtractlng 1 to numerator we get
=t2. cos L ¢t- f(1+1t)dt

Splitting the denominator

=t2. cos™! +f(\/_ \}i) dt

Splitting the integral we get

=t% cos™'t + f(ﬁdt)—f(\/l— t?2). dt
:tz.cos_1t+f(\/% )—%.\/1— t2

As,f(x/ﬂ). dx = % VaZ — x2 + ? sin™! G)
= I; = t’.cos 't + sin"!l t— %m—%sin_l(t)
= I; = t®.cos™! t—%m+%sin_1t
Put it in equation. (2)

= I =x- ()[t cos_lt——\/l—t +—51n1] ...... (2)

Now substitute the value of t we get

>[=x- (%) I(&)Z cos™1/x — \/; /1 — (&)2 + %sin_lﬁl

Computing and simplifying we get
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e (o £ 5 L]

—x2
xe (1) o (- sinm) - e et
:X—2x+i—xsin_1\/§+%\/x—x2—%sin—1\/§
:-x+%[(2x—1)sin_1&]+%\/x—X2+C
= I:%_l)sin_1 x+%Vx—x2—x+C

Solution:-

=

1_
1+ VX

/1—&

Letl= R
Let x = cos?0 =» dx = -2sin cos 6 dO

= +/x=cos 0 or 0 = cos™1/x

Substituting these values in given question we get

1—Vcos 28

+ Veos26

f 1—cos 6

Given:

= I—f (- 2 sin O cos ) dO

(251n9c056)d6

Substltutlng the standard formulae we get

o [
=] 2c0s2(3)

Multiplying and dividing by 2 we get

sz(e)
=[- (Zst—cosZ )de

0
2
o8 (2)

Using standard identities the above equation can be written as

_f— sing (2) (2 smecos 2) (2cos (2) 1) do

o 7 [ e -t s (2] (o () 1)

= [ —4. {[2 sin? (g) cos? (g)] — sin? (g)}de

Splitting the integrals We get

=[-2. (ZSmecos ) d6 + 4 [ sin? (g) de

Again by using standard identifies above equation can be written as
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_ 2 .2 (8
=-2. [sin”0dO + 4 [ sin (Z)de

1+cos 26 1—cos 0
=-2.[——do+4[——db
On integrating we get
:_Z[Q_ sm26]+4[9_ Sm@] +C

2 4 2 2

:-e+¥+ze-251ne+c

Computing and simplifying

2.sin 0.cos 6

:6+f—251n9+c

:6+2'W—2m+C
Substituting the values we get

=cos T Mx+V1l—xvx— 2V1—x+C
=cos T Vx+ x(1—x)-2V1—x+C
I=cosTh/x+ x(1—x)-2//1—x+C

2+sin2x 4
" 1+cos 2x

21

Solution:-

2+sin 2x
Let]= *
1+cos 2x
Substituting the sin 2x = 2 sin X cos X formula we get
(2+2 sin x cos x ) T
=|—] e
2c0s 2x
Now by taking 2 common
1+sin x cos X
= 2. (—2 ) e*
2 cos “x
On simplification

1 sinxcosx
CoS X COS “X

= (sec?x + tanx)e*
Substituting integrals both the sides we get

[ 24sin 2% x4 _ [(sec?x + tan x)e*dx
1+cos 2x

Now let tan x = f (x)
= F (x) = sec®xdx

2+sin 2x _ ' %
f1+cos - etdx = [f(x) + f (x))e*dx
On integrating we get
=e*f(x) +C

=l=e*tanx+ ¢

xZ4+x+1
22. (x+1)2(x+2)
Solution:-
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Given: x%4+x+1
ve T (x+1)2(x+2)
x24+x+1
Letl= (x+1)2(x+2)
Using partial fraction we get
2
Let—2* __ 4 ° < (D)

GHD2(x42) x4l GrDZ T (x42)
N x24+x+1  _ A(x+1D)(x+2)+ B(x+2)+ C (x+1)?

x+1)2(x+2) (x+1)2(x+2)
N x24+x+1 _ A(x243X+2)+B(x+2)+ C(X2+2X+1)
x+1)2(x+2) (x+1)2(x+2)

=2 x%2+x+ 1= Ax? + 3Ax + 2A +Bx + 2B #€x? + 2Cx + C
2 x?+x+1=R2A+2B+C)+(BA+B+20)x+ (A +C)x?
Equating the coefficient of x, x* and constant value. We get:
(@QA+C=1
(b)3A+B+2c=1
(J2A+2B+C=1
After solving the above equation we get
A=-2,B=1andC=3
Substituting the values of A, B and C we get
x%+x+1 -2 1 3
(x+1)2(x+2) - X+1 z (x+1)2 - (x+2)
Taking integrals on both sides
x%+x+1 —2 1 3
= f(x+1)2(x+2) dx = [ (m ez v (x+2)) dx
Splitting the integrals we get

=-2.] (ﬁ) dx + (ﬁ)dx +3.f (<x}r2))dx
=2, () dxs [+ DD e 3. f (i )as
On integrating we get

S
=-2log|x + 1| + ((x(+_11)) ) +3log|lx+ 1| +c
=-2log|x+ 1] - (x-lm) +3log|x+1|+C
23. tan~! fﬂ

1+x
Solution:-
Given:- tan~! |—
1+x

1_
LetI=tan™! }—X
1+x

Letx=cos0=>» dx=-sin0d®©
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= 0=cos x
Now by substituting these values in given question we get

_ -1 E _ —1 [l—cos 6 o
= I=[tan /1+x dx=[tan™ |——(-sin0)d®

Using standard identifies the above equation can be written as

i 2 9
=- [tan™! jan (sin©)do
C

()

=- ftan" [tan? (2) (sin 0) do

On simplification we get

= - [ tan~'tan). (sin8)de
=-~[0.(sin6)do

Now by using product rule
Juv.dx—u [vdx— fj—:.{fvdx}dx
=-> [0.(sin®)do=--sin6 do— [ . ([ sinv.de}do|
Computing and integrating we get

= -%[9. (—cos0) — [ 1.(—cos®) de]
=-%[—9.COSG +sin6]

Substituting the values we get
=%6.c056 —% (1 — cos?6
=%cos‘1x.x—%m+ C

= % (X. cos™lx— m) +C

\/XZ +1 [log(x2+1)—2log x|
24 .

x4

Solution:-

VX241 [log (x2+1)—2log x|

Given:- "
Let] = VX241 [log (x24+1)—2log x]
4
VxZ+1

= [log(x* + 1) — logx?]

2
X
Using logarithmic identities we get

-3 52 os(32)

On Computing
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-2 [t Zfon(1+2)
Nowlet1+xiz:t-)—xizdxzdt

Substituting these values in given question we get

= f\/x2+1 [log()}({i+1)—210gx] dxzfx% ’1+Xl2[10g (1 +Xl2)] dx

= [ = 3. Vi(og(t)dt
By using product rule
fuvds=u. [vdx— fj—z. {J vdx}dx

=[- % t[log(t)]dt = % [logt.fﬂ - f%logt. {f m}dt]

Computing and simplifying we get
4

3
_ L OO
-4[egE s o

3
122 &
=—5I§t210gt—f{t% }dtl

12,2 2 o,
=-> [gtz logt— 2 [ t2 dt]
On integration we get

12,2 2.1
=—5[§t210gt—§ft2 dt]

3

1223 2 t2
—l—g.gtzlogt— g?l
[ i
33

Substituting the value of t we get
3

o =21 2 fon(1 ) Jc

Evaluate the definite integrals in Exercise 25 to 33.

1—cosx

25. i eX (=S g
e (o)
Solution:-

. s 1—sin x
Given: [ r e (—)dx
2

1—cos x

Let, I =[x e (1_Sin X)dx
2

1—cos x

Substituting the standard identities for 1 - sin x and 1 - cos x we get
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1-2sin=cos
- (S o
Now splitting the denominator
ZSm cosy
N f__ <Zsm (2) B 2sin (2) )dX
= [ ( ( cosec? (E) — cot%)) dx

Now let f(x) = -cotg
Substituting these values we get

= F(x)=- (—%cosec2 G)) =% cosec? (g)
>k G cosec” G) y COt%)dX = [T(fGO + ' (%))e*dx

On integration we get

= [e*f()]"x

= [ex(—cot’z‘)]“n

Now by applylng the limits we get
=- (cotz) — e2(cot )]

[ (o) o)
=-[e"(0) - e2(D)]

=- _0 — eg]

On éimplification we get

= = eg

sinx cos x

26. [}

cos? x+ sint x
Solution:-

T .
. — sinxcos x
Given:- | 4 ——— d
fo cos 4 x+sin4 x
sin X cos X
Let, [ = [¥—SnXcOSX
0 cos x+sin4 x
Taking cos*x as common we get

_ f% sin X cos x dX
0 cos 4x(l+ ﬂ[é)
CoSs X
Ztan X SECZX
0 (1+tan*x)
Now let tan?x = t = 2 tan x sec’x dx = dt
Ans when x=0 then t =0 and when x=m/4 then t=1

Now by substituting these values in above equation we get
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T

—tan x sec*x 1 1 dt
2 I=[t————dx= —(—)

0 (1+ tan*x) fO (1+t2) \2

On integration

= I= % [tan‘lt]1

0
Now by applying the limits we get

=1 [tan_ll — tan~10]
> 1=
> =

OOI:!NIH
-PI:I

n 2
27. fz COS“X DX
0 COS2X+4 SinZ X

Solution:-

> cos?x dx
Given: [2——————
fO cos 2X+4 sin 2 x

cos 2x dx

Letl= fZ—S0Xde g0 (1)

0 cos X+4 sin 2 x

Substltutlng sin?x formula we get
2
I:> I_ CoSs X
0 cos 2x+4(1— cos 2x)
z COSZX

=

2 dx
0 cos2x+4(1)— (4cos 2x)

On Computing we get

g 2
7 C0s X

~J0 4—3c0s 2x %

Now multiplying an dividing by 3 to the numerator we get
m 1 2

_ (3 5.3cos X

~J0 4—3cos2x X

Again by adding and subtracting 4 to the numerator we get

_ __l 7 2 3cos 2x+4—4

~ 370 4-3cos2x

The above equation can be written as

1 24 3cos 2x—4

3770 4—3cos?2x
Now sphttmg the 1ntegrals we get

:-— f (1)dX 04 3505 2x X
:___fo(l)dx+—.fomdx

4
sec Xx

Applylng the limits we get

1 [X] 1 f% 4sec ?x dx
a 3 0 4sec2x—3

= 4sec?x
I
04secx 3
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6 3 0 1+ 4tan?x
S 1=-241; . (2)

First solve for I;:
2 % 2sec 2x

[, =2 [zl
173" Jo 1+ 4tan2x

Let2tan x =t = 2 sec®x dx dt
Whenx:Othent:Oandwhenngthent:oo

Substituting these values for above equation we get

T 2
2 5 2sec“x 2 oo 1
= =, |2——dx=-. —dt
3°J0 1+44tan?x 3 fO 1+t2

Integrating and applying the limits we get
2 I = % [tan~1t]J

2
= g[tan_loO— tan~10]
2 n
= = = —
i 372
= =—
I .

T
2 sinx+cosx
28. [ ——dx
fg Vsin 2x

Solution:-

Given: fg —Sir\l/:;% -
sin x+cos x
Let, I = f: T
On rearranging we get
f3 sin x+cos x
(—m)
Now by substituting the sin 2x formula we get

_ f3 sin x+4cos z

\/ (=14+1-2sin x cos x)

2 2
1 can be written as sin“x + cos“x
Substituting this in above equation we get
sin x+cos z

— f3 dX

\/1 (sin 2x+ cos 2x—2 sin X cos Xx)

As we know (a + b)? = a% + b? using this in above equation we get

_ f3 sin x+cos z
J=(=1+1—-2sin x cos x)

Now letsinx - cosx=t=» (cos X + sin x) dx = dt

Whenx- -)t—l—£=1ﬂ/§andwhenx=£-)t=—3—
2 2 2 3 2
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Substituting these values in above equation we get
= f% sin x+cos x LERS

) 1
7 V1—(sinx —cos x)?) dx = 1_2_‘/§ J(a-12) dt

R
— 2
v s f%é oo
1 1 1
Let () = Ta—om M X = omn = T oo - ()

That is f(x) = f (-x)
So, f(x) is an even function.
It is also known that, if f(x) is even function then, we have

{7 fdx = 2 [ f(x)dx)

By using the above formula we get

-1
> 122 T
On integrating

B-1
= I=[2.sin"'t],*
Now by applying the limits

= [=2.sin"! (‘/%)

1 dx
29. fo Vi4+x—x

Solution:-

. 1 dx

Given: J, v
1 dx
Let, 1= [, =
Now multiply and divide V1 + x + v/x to the above equation we get
Sl VI+x+Vx
— Y0 VItx—vx T VIFx+Vx
a f1 VI+x+Vx d
“J0 14x—x X
On simplification
1VIFx+Vx

= fo " dx
Now by splitting the integrals we get

= f01 V1 + xdx + fol Vxdx

1 1
= J, (L +x)dx + [ (0)7dx
On integrating we get

3 ! 3 !
o - [(1+3x)zl . l(x3)zl
z o Lz o
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Now by applying the limits we get

2 2
=2 1@+ Di- A+ 0 +2 (1]
Computing and simplifying we get

=223 - W3]+ [(D3]
2

=2 (@3] += (D [1]

== [2v2]
42

5 [=—
3

s .
30. fZ sinx+cos x
0 9+16 sin 2x

Solution:-

s o
— sinx +cos x

Letl=|# -
0 9+16sin 2x

Also,letsinx-cosx=t
Differentiating both sides, we get,
(cos x sin x)dx = dt
Whenx=0,t=-1
Andwhenx:%,t = (0]

Now, (sinx — cosx)? = t2

1 -2 sinx cos x = t

Sin 2x =1 - t?

Putting all the values, we get the integral,
0 dt

- f—l 9+16(1— t2)
0 dt
[= —_—
f—l 25— 16t2
The above equation can be written as

0 dt
= eram

On integrating we get

SECT =

Now by applying the limits we get
I=-log 1 — log3]
20198 83

1
I—Elog9

31. fof sin 2x tan~1(sin x)dx

Solution:-
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Given:- [ sin 2x tan™" (sinx)dx
Let, I = [2sin 2x tan™" (sinx) dx

= JZ 2sinx cosx.tan™" (sin x)dx
Letsinx =t =» cos xdx =dt
When x=0 then t = 0 and when x = %then t=1

Now by substituting these values in above equation we get
o IR el 1
= [Z2sinxcosx. tan™'(sinx) dx = [ 2t.tan”'(t)dt
Using product rule
Juvdx =u [vdx — fd—u { vdx} dx
= zf t.tan '(t) dt=2 [tan‘l(t) [tdt ( ) { tan‘l(t)}dt]
Computing using product rule we get

_ “1e4y B
—Z[tan (®). —2— f1+t2 : dt]2
=2 [tan 1(). = - = f%d ]

Spllttmg the 1ntegrals we get
-1 1+ t2
=2 [tan (0.5 = L= de + [ 125 e
On 51mp11f1cat10n we get
[ -1 i 1
=2 |tan (0.5 — 5 {f— — dt+ fldt}]

=2 tan—l(t) —— = { tan=1(t) + t}]
= [t2.tan"! (t) —{- tan—1 () + t}]
Computing we get
= zfo1 t.tan™t (t) dt = [t%. tan 1 (t). —{— tan™' (t) + t} ]}
Now by applying the limits
= [12%. tan 1 (1). ={—tan~1(1) + 1}] - [0%. tan"1(0). —{— tan—1(0) + 0}]

32. f(j‘—“""“" dx

secx+tanx
Solution:-
X tan x
Given: [ ——=—d
0 sec x+tan x

Letl= [f = —dx ... (1)

sec x+tan x
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As we know that

a a

{fo f(x)dx = fo f(a — x)dx}

Using this in above equation we get
_ m (m—x)(—tan (x))

= 1= fO sec (t—x )+tan (t—x ) dx

Using standard allied angles the above equation can be written as

B f“ (m—x)(—tan(x))

B o (—secx)+ (—tanx)

B J‘“ — (T —x) (tan(x))

B o — [(—secx)+ (—tanx)]

= [raCentd) G 2)

0  sec x+tan x

Adding (1) and (2) we get
" tan T (MRt
. J X tanx N j (mr—x)(—tan(x)) ix
o Secx+tanx J, = secx +tanx
Now by adding we get

T  mtanx
21=J —— dx
0

secx + tanx

Tax x can be written as
sin x

T L.
= —COXX 4y
0 1 sin x

COSX = COSX
21— ™ mtanx q
- ") @sinn
T(—1+ 1sinx)
o (1+sinx)
Now by splitting the integrals we get
T (=1 f”(1+sinx)
=M| ————dx+ 11| ——— dx
o (1+sinx) o (1+sinx)
Again by multiplying and dividing above equation by 1 - sin x we get
T (-1 (1 —sinx) T
= T - X _ dx + T[.f 1.dx
o (1+sinx) (1 -sinx) 0
Splitting the integrals
™ (1 —sinx)

= - ——d .| 1.d
s , (1= sin?x) X+T[j0 X

T(1-sinx) T
212—1'[-[ —de+ T[.f 1.dx
0 COS*X 0

T 1 sin x T
212—1'[-[ { 5~ 2}dx+n.f 1.dx
o lcos“x  cos®x 0

T

T
21 = —nf {sec® x — tanxsecx} dx + T[.f 1.dx
0 0

= T
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On integrating we get

21 = —m[tanx —secx|j + [x]§
Now by applying the limits we get
= 21 = —mnftant —sec T —tan0 + sec0] + m.[m — 0]

=21=—-mn[0—1)— 0+ ]+ m[m]
=21 =mn[-2+ 7]

=>1=—.[n—2]

N3

33. [[|x—1|+|x— 2| + | x—3|] dx
Solution:-

Given ff[lx— 1|+]x—2|+ | x—3]|]dx
Let,
=>1= f14[|x—1|+|x—2|+ | x —3|] dx

Now by splitting the integrals we get
4

4 4
=>1= j [|x—1|]dx+f [|x—2|]dx+f [|x—3]|] dx +

1 1 1
Letl=ll+12+l3

First solve for I;:

4
I, = f [| x —1]] dx

1
Aswe cansee that (x-1)>0when1 <X < 4
= |, ff(x—l)dx
On integrating we get

x? !
$ [ —
2 7,
Now by applying the limits we get
(4)? (1)?
>hh=|—-4-—+1
T2 2 "
I _8 4 ! + 1]
> =18—-4—- -
T 2
=[5
> =1|5—-=
T2
| 9
> ==
)

Now solve for I,:
4
I, = f [| x — 2] dx
1
As we can see that (x-2) <0Owhen1 <X < 2and (x-2)>0when2 <x <4
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As we know that

{fbf(x)dx = fcf(x)dx + fbf (x)dx}

By using this we get
4
=> I, = f —(x—2)dx+ f (x—2)dx
1 2

On integrating

[x? x? !
= 12: - _?—ZXll+ l7—2Xlz
Now by applying the limits we get

2)2 2 2 2
=, = — %—2(2)— g+ 2(1)] [Q—Z(Z)— %+ 2(2)
= [ = — 2 4——+ 2] [8—8—2+4]
= 12:

2
Now solve for I3

4
I = f [ % — 3] dx
1

As we can see that (x-3)< O when1 < X < 3 and (x-3) = 0 when 3 < 0 when X < 4
As we know that

{fbf(x)dx = fcf(x)dx 4§ fbf (x)dx}

By using this we get

4
=3 I3=f —(x—3)dx+£(x—3)dx
1

On integrating

[x? Ix? !
= 3= — ?—ZXL+ l?—ZxL
Now by applyng the limits , , ,
:Igz—%—3(3)—g+2(l)l Q—3(4)—%+3(3)
9 1 9
= Peotaa]ifpo12- 24 9]
1
= I3 = [2-{-5
5
= IBZE

aSI=11+ 12+ I3
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Substituting the above all values we get

I 9+5+5
> | = — — —
2 2 2
19
=>[=—
2

Prove the following (Exercises 34 to 39)

1 x2 (x+1) + log 3

Solution:-

leenf —( D

To prove: f m
dx

Letl= 0D
Using partial fraction

Let———=24 24 < ..

(x2) (x+1) T ox x2 x+1
1 _A®E+D+ BE+1)+ CEH)
T GED (x+ D(x*)
= 1=A(x?+ x) + (Bx+ B) + Cx?
= 1 =Ax?+ Ax + B + Bx + Cx*
=1=B+(A+B) X +(A+0C)x?
Equating the coefficients of x x? and constant value we get
a) B=1
b) A+B=0=C=-A=C=1
c) A+C=0=>C=-A=>C=1
Putting this values in equation (1)
1 A B C

> — = — J—
&) x+1) x+x2+x+1
1 -1 1 1

T GED xR xtl
Taking integrals on both side we get

1 1
=>f3—(xz)(X+1)dX=j——dX+fmd +j—(X+1)d
! dx = [—log|x— x7! +log|x + 1]]?

|
L)
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= [~ 3+ 1083 + (1~ 10g]3])
— 1T 3783 %8 |1

Computing and simplifying we get
1 4 1
= |-+ 1+loglz X =
[ 3T °g|3 2”
1 [2 1 2”
= = |— —
37 803

= L.H.S = R.H.S.
Hence proved

1
35. [,xe*dx=1
Solution:-

Given: fol X elX dx

To prove: [, xe* dx = 1

LetI= folx e* dx
Using product rule we get

juvdevde fvdx
dx
:>fxe dx—xf e® dx—f—{fvdx}dx
0 o dx

On mtegratlng
L
:>fxe dx = [xe*]} — flexdx
0
Now by applying the limits we get
1
= f xe* dx = [xe*]} — [e*]}
%
=3 f xe*dx = [1l.el — 0e%] — [e! — €]
°
= f xetdx=e—0—e+1
°1
= f xe*dx =1
0

Therefore L.H.S = R.H.S.
Hence proved

36. f_11x17 cos*xdx =0

Solution:-
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Given: f_ll x17 cos* xdx

To prove f_ll x17 cos* xdx = 0

Letl= f_ll x'7 cos* xdx

As we can see f(x) = x7. cos* X and f (-x) = (—x)".cos*(—x) = —x!7 cos*x
That is f(x) = - f (-x)

So, it is an odd function

It is also know that if f(x) is an odd function then we have

{f_af (X)(lix = 0}

== j x17 cos* xdx = 0
1

Hence proved

37. [Z sin®xdx = g

Solution:-

s
Given: [2 sin®xdx
0
> 2
2 cins g c
To prove [ sin’xdx = -

Let 1= [2sin®xdx ......... (1)
Above equation can be written as
T

= sinx. sin® xdx
0

T

2
= f sinx. (1 — cos? x)dx
0
Now by splitting the integrals
7 7
=>1= j sinxdx — f X . cos?xdx
0 0

>1= [—cosx]]? = I e (2)
First solve for [
TT

2
=1 = f sinx. cos? xdx
0

Let cos x=t = - sin x dt = =sin x dx - dt
When x =0 thent=1and whenx=mn/2thent=0
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T

2
[, = 2(—d
51, Ofow 0
=—Jt2(dt)
1

On integrating we get

-[4]

Now by applying the limits we get

g

] 1
>]l=— =
3
| 2
>[==
3
L.H.S =R.H.S.

38. [#2 tan® xdx = 1 —log 2

Solution:-

Given: [#2 tan® xdx
To prove [ 2 tan® xdx = 1 —log 2

Let I= [#2 tan® xdX ...... ... (1)
The above equation can be written as
T

4 2
= 2.tan x. tan” xdx
0

Substituting tan? x formula we get
T

4
= 2.] tanx (sec?x — 1) dx
0
Now by splitting the integral we get
T T
4 4
=>1=2 {— f tanx dx + f tan x. sec? de}
0 0

=>1= —[2log secx]g/Ar + 2.1 (2)
First solve forly:

7
= I1f tan x. sec?xdx
0

Lettanx =t = sec?’x dx = dt
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When x =0 then t=0 and when x=1/2 thent=1

1
0

On integrating we get
1

2
1]
Applying the limits we get

2
Substitute in equation (2)

1
= 1 = [2logcosx]p’* + Z.E

On simplification we get

T
=>1= 2 {logcosz — log cos 0} + 1
Substituting the values of cos 0 = 1 we get

1
=>1=2 {log——log1}+ 1
V2

=>1= {log (%) — log(l)z} +1

=>I=1-log2 +log1l
=>1=1-log2

L.H.S =R.H.S

Hence the proof.

2

39. fol sin~1 xdx = g— 1

Solution:-

L xdx

Given: f01 sin~
To prove fol sin™! xdx = g -1
LetI= fol sin™! x. 1dx

Using product rule we get

[uvax=u. [vax— [ & (] vasfax

1 1 -14
= f xe*dx = sin~! X.f 1.dx — — sin"x. {f 1. dx}.dx
0 0 o dx

On integrating we get]|

1
= f xe* dx = [sin~! x.
0

1

1
Xl—f—.xdx
1o i
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= I[sin P X[y —1q e .. (2)
First solve for I;:

1
1
=1, = f — .xdx
! 0 VX — x2
Letl-x2 =t > —2xdx =dt
Whenx=0thent=1and whenx=1thent=0

oy 01 —dt
v 2

11°

N )
211

2
== Vi1
= [; =l
Substitute in equation (2)
=1= [sin!xx]j — 1

=>I=sin"1(1)-0-1
[ = S
=> 1= S5
2
L.H.S =RH.S

Hence proved

1 2-3x s
40. Evaluate fo e dx as a limit of a sum.
Solution:-

Given: ! e?73x dx
0

LetI= fol e?73% dx
b 1
Because,f f(x)dx = (b—a) lim - [f(a) + f(a+ h) +
n —oo
a

Where, h = b=a

n
Here,a=0,b=1,and f(x) =e?*~3* and h
1
= 1lim H[ez + e2.e3 + +e2 e O tele3(DN]

1
— i = [a2 2h —6h 4 ... —2(n=2)h
_}Lrgn[e {1+ M+ ™M 4. 472072}

1 1-— e_3h)n
= Jimy [ {%ﬂ

ot vven.Hf (@4 (n = 1)h]
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lim — 1_(—3 as,h = h

= lim _e (QT)_l

=e?.(e3-1) llm1 (——)

1-00 N

On simplification we get]|

3
2 (a3 _ _2
= - (e (e 1)) lim n

We know that

l [ = Il
el =1l =

Substituting this in above equation we get

+ g2
(1)
1 1
- 2__)
- 3 (e e

Choose the correct answer in Exercise 41 to 44

41. f - is equal to

(A) tan_1 (e") + C (B)ytan ! (e™) + C
(C)log(e*—e™)+ C (D) log(e*+ e )+ C
Solution:-

(A)tan™! (e¥) + C

Explanation
Given: [
dx

Letl= [ ——
eX+e™X
The above equation can be written as

f (e2x +X1)

X+ e X
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Pute* =t = e*dx = dt

J‘ e*dx f dt
(ex+1) ) (24 1)
=tan"lt+C

= tan~! (e¥) + C
Hence, correct option is (A).

42, [ —%__ (4x is equal to

(smx+cos x)2
(A)———+ C (B) log |sinx + cos x| + C
sin x+cos x
C) log |sin x - cos x|+C
(€)log| | ( )(smxcosx)z
Solution:-

(B) log |sin x + cos x| + C

Explanation:
: 2
Given: [ ———

Letl= f (sin x+cos x)?2

Substituting cos 2x formula we get

cos? x — sin’x

——— dx
(sin x+cos x)2

cos 2x

(sinx + cos x)2
By using a® — b?> = (a + b)(a — b) we get
(cos x — sinx) (cos x + sinx)

(sinx + cos x)?
On simplification
(cos x — sinx)

(sinx + cos x)
Putsinx + cos x+ == cos x - sinx =dt
f(cosx smx) A s fd_t
(sin x+cos x)
=log |t| + C
= log |sinx + cos x| + C
Hence, correct option is (B).

43.1ff (a+ b —x) = f (x),then fabx f (x)dx is equal to

(A) 222 [7f (b — x)dx (B) 2 [7f (b +x)dx
(C)T abf(b—x)dx (D)ﬂ fb (x)dx
Solution:-
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a+b

(D)2 [7 ()dx

Explanation:
Given: fab x f(x)dx

Let, [ = fab x f (x) dx
As we know that
{f{x) =f(@a+b-x)}
Using this we get

b b

=>1= j (a+ b)f(x)dx — J (x)f(x)dx
ab a

> = j (a+ b)f(x)dx — 1

b
=21 = j (a+ b)f (x)dx

a
a+b) (P

=>1= ( ) f f(x)dx

2 a
Hence, correct option is (D)
44. The value of f01 tan™! (1312) dx is
(A)1
(@)-1
Solution:-
(B)O
Explanation:

. . 1 1 2x—1
Given: [/ tan (1+X_X2) dx
_ 1 -1 2x—1
Letl= [ tan (1+X_X2) dx

The above equation can be written as

—flt _1<x+x—1 )d
B 0 an 1+x(1-x) X
! x—(1-x)

_ -1
B fotan <1+X(1—X))dX
As we know that

1 (ATBY -1 -1
tan T7A8) = tan™" (A)tan™" (B)

By using the formula we get
= fol[tan_1 (x0 — tan™! (1 — x)]dx ...........

(B) 0
(D) ™
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Again as we know that

{Ja f(x)dx = Jaf(a — X)dX}
0 0

By using this we can write as

1

= j [tan_1 (1—-x)—tan™! (1 - (1- X))]dX
0
1

= j [tan™! (1 —x) — tan"! (x)] dx.....(2)

Add?ng (1) and (2) we get
1 1

21 = j [tan™!(x) — tan™! (1 — x)]dx + f [tan™! (1 = x) — tan"!(x)]dx
0 0

21 = fol[tan_l(x) — tan !(1=x) + tan"! (1 —x) — tan~! (x)]dx
=21=0

=1=0

Hence, correct option is (B).
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