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Chapter 6

Application of derivatives

Exercise 6.1
Question 1

Find the rate of change of the area of a circle with respect to its radius r when (a) r=3 cm (b) r
=4 cm.

Solution:

Consider x denote the area of the circle of radius r.
Area of circle, x = tr"2

And rate of change of area x w.r.t.r is
dx

;21'[(21‘) =2mr
(aQJr=3cm
j—):: 2m (3) = 6m sq. cm
(b)r=4cm
j—):: 2 m(4) =8 msq.cm

Question 2

The volume of a cube is increasing at the rate of 8 cm3/sec. How fast is the surface area
increasing when the length of an edge is 12 cm?

Solution:-

Consider a side of the cube be x cm.
Rate of increase of volume of cube = 8 cm3/sec

d _d 3
= " (xxx) = " (x)

= 3x2Lx=8
a g
= & = m .............. (1)
Consider y be the surface area of the cube,i.e.,y = 6x?

d d
Rate of change of surface area of the cube = ﬁ =6 axz

-o(2x2) -1x(2)
= 4(3) = % cm?/sec
Put x =12 cm (Given)
dy _32_8

= -cm?/sec
dt 12 3 /
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dy . . .. . 8
As, % is positive, therefore surface area is increasing at the rate ofg cm?2/sec

Question 3

The radius of the circle is increasing uniformly at the rate of 3 cm per second. Find the rate at
which the area of the circle is increasing when the radius is 10 cm.

Solution:-

Consider x cm be the radius of the circle at time t.
Rate of increase of radius of circle = 3 cm/sec.

= j—f is positive and equal to 3 cm/sec
Consider y be the area ofthe circle
= Y = mr?
..Rate of change of area of circle = i—i = n%xz
= Th ZX(;—}E = 27x (3)
= 6TIX
Put x =10 cm (given),
j—i =6m (10) = 601 cm?/sec

dy . - . .
As, % is positive, therefore surface area is increasing at the rate of 601w cm?/sec.

Question 4

An edge of a variable cube is increasing at the rate of 3 cm per second. How fast is the volume of
the cube increasing when the edge if 10 cm long?

Solution:-

Consider x cm be the edge of variable cube at time t.
Rate of increasing of edge = 3 cm/sec.

dx . .
= - is positive and = 3 cm/sec

Consider y be the volume of the cube.
= Y=x3
Therefore, Rate of change of volume of cube = i—}t’ = %X3
=3x? 2 = 3x2 (3)
= 9x% cm?/sec.
Put x = 10 cm (Given)
L= 3(10)? =900 cm? /sec

dy 5.2
As, " =3x“(3)
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= 9x%cm? /sec
Put x =10 cm (given)
2 = 9(10)? = 900 cm? /sec

dy . . . :
As, ﬁ is positive, therefore volume of cube is increasing at the rate of 900 cm3 /sec.

Question 5

A stone is dropped into a quite lake and waves move in circles at the rate of 5 cm/sec. At the
instant when radius of the circular wave is 8 cm, how fast is the enclosed area increasing?

Solution:-

Consider x cm be the radius of the circular wave at the time t.

Rate of increase of radius of the circular wave =5 cm/sec
dx
dt
Consider y be the enclosed area of the circular wave.

Y = mx?

is positive and =5 cm/sec

d d
Rate of change of area = % =T x?

= m.2x5 = 2mx (5) = 10mx
Put x = 8 cm (Given)
dy

= 10m (8) = 80m cm? /sec

dy . . . .. .
As, % is positive, therefore area of circular wave is increasing at the rate of 80mcm? /sec.

Question 6

The radius of a circle is increasing at the rate of 0.7 cm/s. what is the rate of its circumference?
Solution:-

Consider x cm be the radius of the circle of time t.
Rate of increase of radius circle = 0.7 cm/sec.

dx | .
= ﬁ is positive and = 0.7 cm/sec

Consider y be the circumference of the circle.
= Y =2Tmx
dy

Rate of change of circumference of circle = .
= 2m x = 2m(0.7)
=1.4m cm/sec.

Question 7
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The length x of a rectangle is decreasing at the rate of 5 cm/minute. When x =8 cm and y = 6cm,
find the rates of change of (a) the perimeter and (b) the area of the rectangle.

Solution:-

Given: Rate of decrease of length x of rectangle is 5 cm/minute.
dx
dt
Also, Rate of increase of width y of rectangle is 4 cm/minute

is negative = -5 cm/minute

dy . .
= %15 positive

=4 cm/minute.

(a) Consider z denotes the perimeter of rectangle.
X=2x+2y

dz ) dx 12 dy
dt; “dt " dt
= 2(-5) + 2(4) = -2 is negative.

Therefore, perimeter of the rectangle is decreasing at the rate of 2cm/sec.
(b) Consider z denotes the area of rectangle.

7 =xy

dr_ dy ol

a a Y

= 8(4) + 6(-5) = 2 is positive.

Therefore, Area of the rectangle is increasing at the rate of 2 cm? /sec.

Question 8

A balloon, which always remains spherical on inflation, is being inflated by pumping in 900
cubic centimeters of gas per second. Find the rate at which at radius of the balloon increases
when the radius is 15 cm.

Solution:-

Consider x cm be the radius of the spherical balloon at time t.

According to the question, s—t (gnx3) =900
drd s 900
3 dt
a2 2 _ 900
3 dt

4mx? =& = 900

dt
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dx _ 900
dt ~ 4mx?
dx 900
dt ~ 4m(15)>2
dx 900
dt ~ 4m(225)

dx 900 1

dt ~ 900m  m .

Radius of balloon is increasing at the rate of — cm sec.
T

Question 9

A balloon, which always remains spherical, has a variables radius. Find the rate at which its
volume is increasing with the radius when the later is 10 cm.

Solution:-

4
As we know, volume of sphere, V = 3 X

4 2
=—-TL. 3X
3

= 41rx%

dv _ 2 _
" = 47(10)? = 400

Therefore, the volume is increasing at the rate of 4001'tcm3/sec.

Question 10

Aladder 5 cm long is leaning against a wall. The bottom of the ladder is pulled along the
ground, away from the wall, at the rate of 2 cm/s. how fast is its height on the wall decreasing
when the foot of the ladder is 4 m away from the wall?

Solution:-

Consider AB be the ladder and length of ladder is 5 cm. so AB = 5 cm.
Let C is the function of wall and ground, let CA = x meters, CB = y meters

So, according to the equation: As x increases, y decreases
dx
And s 2cm/s

In AABC,
AC? + BC? = AB? [Using Pythagoras theorem|]
x4+ y2=25... (1)
dx dy _
Zth + 2y o 0
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2x (2) + 2y =0

y _ 22
= e (2)

When x =4, 16 +y? = 25
Y =3 [From equation (1)]
—2x4 _ -8

: d
From equation (2), ﬁ = =7 cm/s

Question 11

A particle moves along the curve 6y =x3 + 2. Find the points on the curve at which the y-
coordinate is changing 8 times as fast as the x-coordinate.

Solution:-

Equation of the curve, 6y =x3+ 2 ......... (1)
Consider (X, y) be the required point on curve (1)

As per the given statements, j—i =8.... (2)
From equation (1), 63—1 = 3x?

6 X 8 = 3x? [From equation (2)]
2_888

3
X = + 4 (two values of x)

When x = 4,

6y = 64 + 2

Y=11

Required point is (4, 11)
When x = -4

6y =-64 + 2

y=3t

3
Required point is (—4, _731)

Question 12

The radius of an air bubble is increasing at the rate of %2 cm/s. At what rate is the volume of the
bubble increasing when the radius is 1 cm?

Solution:-

As per statement,
d . 1
ﬁls positive = - cm/sec ........ (D
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Volume of air bubble (z) = 4?11)(3

dz _ 4md 3
dt 3 dt
4m dx
=32 &
3 dt

- e (1

dz
5 — = 2mx?
dt

=2m(1)? = 2m
Therefore, required rate of increase of volume of air bubble is 2mcm3 /sec.

Question 13

A balloon which always remains spherical has a variable diameter % (2x + 1) find the rate of
change of its volume with respect to x.

Solution:-

Given: Diameter of the balloon = % (2x+1)

And, Radius of the balloon = % (2x+1)

4 (3 3
So, volume of the balloon = 3T (Z (2x + 1))

= j—g (2x + 1)3 cubic units

d
Now, Rate of change of volume w.r.t. x = é

_om 2 4
= %93(2X + 1) .dx(2x+x)
=25 (2x+ 1)2.2

2
=22 (2x + 1)?

8

Question 14

Sand is pouring from a pipe at the rate of 12cm3/s. The falling sand forms a cone on the ground
in such a way that the height of the cone is always one-sixth of the radius of the base. How fast
is the height of the sand cone increasing when the height is 4 cm?

Solution:-

Consider the height and radius of the sand-cone formed at time t second be y cm and x cm
respectively.

As per the given statement, y = %x
= X=6y
Volume of cone (V) = %nxzy
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1
= m(6y)’y
= 12my3

dv

dv _ 2
= r” 361y

Now, As, .= 12
dt

d d
2 —Zx < =12
dy dt

d
= 36my? X % =12
= & = !
dt 3my?
d 1 1
2 L=— = — cm/sec

dt ~ 3m42 = 48m
Question 15

The total cost C(x) in rupees associated with the production of x units of an item given by c(x) =
0.007 x3 — 0.003x?* + 15x + 4000.
Find the marginal cost when 17 units are produced.

Solution:-

! dc
Marginal cost = ™

= 90,007 x3 — 0.003x% + 15x + 4000)
dx

=0.021x* — 0.006x + 15

Now, when x= 17, MC is

=0.021(17)? - 0.006x17+15

=6.069 - 0.102 + 15 =20.967

Therefore, required Marginal cost is Rs. 20.97

Question 16

The total revenue in rupees received from the sale of x units of a product is given by R(x) =
13x%+26x + 15.
Find the marginal revenue when x = 7.

Solution:-

Marginal Revenue (MR) = i—i

= % (13x2 + 26x + 15)

= 26x+26

Now, when x = 7, MR is

=26 xX7+26=208

Therefore, the required marginal revenue is Rs. 208.
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Choose the correct answer in Exercise 17 and 18.

Question 17

The rate of change of the area of a circle with respect to its radius r at r = 6 cm is:
a) 10m
b) 12m
c) 8m
d) 11m

Solution:-

Option (B) is correct.

Area of circle (A) = mr?

dA
> — = 27r
dr

=2M X6 =121

Question 18

The total revenue in Rupees received from the sale of x units of a product is given by
R(x) = 3x? + 36x + 5. The marginal revenue, when x = 15 is:

a) 116

b) 96

c) 90

d) 126

Solution:-

Option (D) is correct

Total revenue R(x) = 3x* + 36x + 5

Marginal revenue = %R(X) =6x+36=6x15+36=126

Exercise 6.2

Question 1

Show that the function given by f(X) = 3x+17 is strictly increasing on R.

Solution:-
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Given function: f(x) = 3x+17

Derivate w.r.t.x:

F’(x) = 3(1) +0= 3>0 that is, positive for all x € R
Therefore, f(x) is strictly increasing on R.

Question 2
Show that the function given by f(x) = e?* is strictly increasing on R.
Solution:-

Given function: f(x) = e2x
F(x) = eZX% 2x = e2% (2) = 2e%*>0 that is, positive for all x € R

Therefore, f(x) is strictly increasing on R.

Question 3

Show that the function given by f(x) = sin x is

a) Strictly increasing(O, g)
b) Strictly decreasing in G, 1'[)
c) Neither increasing nor decreasing (0, ).

Solution:-

Given function f (x) = sin x
F’(x) = cos x
(a) Since, f'(x) = cos x > 0, that is, positive in 1st quadrant, that is, in(O, TZ—[)

Therefore, f(x) is strictly increasing in(O, g)

(b) Since, f'(x) = cos x < 0, that is, negative in 2nd quadrant, that is, in G,ﬁ)

F(x) is strictly decreasing in (g, T[).

(c) Since f'(x) = cos x > 0, that is positive in 1st quadrant, that is, in (0, g) and f'(x) = cos x < 0, that is,
. . .. T » (T _ T

negative in 2nd quadrant, that is, in (E,T[) and f (E) =cos; = 0

Therefore, f'(x) is neither increasing nor decreasing in (0, 1)
So, f(x) is neither increasing nor decreasing in (0, ).
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Question 4

Find the integrals in which the function f given by f(x) = 2x? — 3x is

a) Strictly increasing
b) Strictly decreasing

Solution:-

Given function: f(x) = 2x% — 3x
f(x)=4x-3 ......... (D)
Now 4x-3 =0

= X:E
4

Therefore, we have two interviews (—00, E)and(i, 00).
4 4
(a) For intervalG, 00), picking x = 1, then from equation (1), f'(x) > 0.
Therefore, fis strictly increasing inG, 00).
(b) For interval(—OO, %), picking x=0.5, then from equation (1), f(x) < 0.

Therefore, fis strictly decreasing in(—OO, %)

Question 5
Find the intervals in which the function f given by f(x) = 2x3 — 3x%? — 36x + 7 is

a) Strictly increasing
b) Strictly decreasing

Solution:-

(a) Given function: f(x) = 2x3 - 3x% - 36x + 7

F'(x) = 6x% — 6x + 36 = 6(x> —x — 6)

Now 6(x+2)(x-3)=0

X+2=0o0rx-3=0

X=-2o0rx=3

The value of x is either -2 or 3.

Therefore, we have sub-intervals are (-x, -2), (-2, 3) and (3, x).
For interval (-2, 3), picking x = 2, from equation (1).
F'(x) = (+)(+)(-)=(-) <0

Therefore, f is strictly increasing in (-x, -2).

For interval ((-2, 3), picking x = 2, from equation (1).
Fx)=+MHE=0()<0

Therefore, fis strictly decreasing in (-2, 3)
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For interval (3,o0), picking x = 4, from equation (1),
F() = (D) = (5>0

Therefore, f is strictly increasing in (3,0).

So, (a) fis strictly increasing in (-0, -2) and (3,00).

(b) fis strictly decreasing in (-2, 3).

Question 6

Find the intervals in which the following functions are strictly increasing or decreasing:

a) x?+2x-5

b) 10 - 6x - 2x?

c) 2x3—9x? —12x+1
d) 6-9x-x?

e) (x+1)>3x—-3)>3

Solution:-

(a) Given function: f(x) = x?+2x-5

2> (x) =2x+2=2(X+ 1) ..con.n. (1)

Now 2(x+1)=0

2>x=-1

Therefore, we have two sub - intervals (-, -1) and (-1,0).

For interval (-0, -1) picking x = -2, from equation (1), f(x) =(-) <0
Therefore, f is strictly decreasing.

Forinterval (-1,00) picking x = -2, from equation (1), f'(x) = (+) >0
Therefore, f is strictly increasing.

(b) Given function: f(x) = 10 - 6x - 2x?
=2 £(x) =-6-4x = -2(3 + 2X) ....... (1)
Now -2(3x+2x) =0

X==
2
. -3 -3
Therefore, we have two sub-intervals (—00, 7) and(;, 00).

For interval (—00, _73) picking x = -2, from equation (1),
Fx)=(-)(-)=(+)>0

Therefore, f is strictly increasing.

For interval (_73, 00) picking x = -1, from equation (1),

Fx)=() (+)=() <0

Therefore, f is strictly decreasing.

(c) Given function: f(x) = -2x3 - 9x% — 12x + 1
Derivate w.r.t. X,
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F'(x) = —6x% — 18x — 12

F'(x) =-6(x? + 3x + 2)

=-6(x+1)(x+2) ..... (1)

Now,

-6(x+1)(X+2) =0

2> x=-lorx=-2

Therefore, we have three disjoint intervals (-0, -2), (-2, -1) and (-1, o).
For

Interval(—oo, —2), from equation (1),
Fx)=()(E=()<0

Therefore, f is strictly decreasing.

For interval (-2, -1), from equation (1).
Fx)=()EE#=()>0

Therefore, f is strictly increasing.

For interval (-1, 00), from equation (1)
Fx)=(C)#HME=()<0

Therefore, f is strictly decreasing.

(d)Given function: f(x) = 6 - 9x - x?
F(x)=-9-2x
Now-9-2x=0
X = ‘79
. -9 -9
Therefore, we have three disjoint intervals (—00, —2) and(?, 00).
-9

. -9
For 1ntervals(—00, —2). X<—

Therefore, fis strictly increasing.
. -9 -9
For 1nterva1(7, 00), X>—

Therefore, f is strictly decreasing.

(e) Given function: f (x) = (x + 1)3(x — 3)3

F(x)=(x+ 1330 —3)%+(x—3)3.3(x + 1)?

F'(x) =3(X + 1)?(x — 3)?(X+1+X - 3)

F'(x)=3(x + 1)%(x — 3)% (2x - 2)

F(x)=6(x+1)%(x —3)*(x-1)

Here, factors (x + 1)? and (x — 3)? are non-negative for all x.
Therefore, f(x) is strictly increasing if f'(x)>0.

x-1>0

x>1

So, fis strictly increasing in (1, o) and f is strictly decreasing in (-0, 1)

Question 7

Show thaty =log (1+x)-

2x - . - . . .
P~ x>-1 is an increasing function of x throughout its domain.
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Solution:-

Given function: y = log (1+X)'ﬁ
Derivate y w.r.t.x. we have

dy (2+x)£(2x)—2c%{2+x)
o= o (L 2
_ L B (2+x)2— ZX]
1+x (24x)2
1 4
m N (24x)2
This implies,

dy _ (2+x)2—4(1+x)
dx (1+x)(2+x)
2

X
= Tamr (1)
Domain of the given function is given to be x > -1
2 x+1>0

Also (2 +x)%>0 and x 7
From equation (1) = 0 for all x in domain x > -1 and f is an increasing function.

Question 8

Find the value of x for which y = {x(x — 2)}? is an increasing function.
Solution:-

Given function: f (x) =y = (x (x — 2))?
Derivate y w.r.t. X, we get
dy _ v 4 ;
= o 2x(x — 2) UlX[X(X 2)]
= j—i= 2x(x - 2)[X %(X— 2)+ X— 2)%){]
[Applying product Rule]
= —y = 2x(x — 2)[x+x-2]
= 2X(x 2)(2x-2)
= 4x(x-2)(x-1) ....... (1)
= x=0,x=2,x=1
Therefore, we have (-0, 0), (0, 1), (1, 2), (2, =)
For (-o0, 0) picking x = -1
d
x=00=(s0
.. f(x) is decreasing.
For (0, 1) picking x =%,

T=(MEE =20
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.. f(x) is increasing.

For (1, 2) Picking x = 1.5,
d

L= ()= =0
f(x)is decreasing

For (2,0) picking x = 3,
d

T=(®E =020
f(x) is increasing.

Question 9

Prove thaty = dsin® _ Ois an increasing function of 0 in [0 E]
y= (2+cos 0) . giu 2

Solution:-

Given function:

Derivate y w.r.t.0,

dy _ (2+cos 0).4 cos 6—4sin 6 (—sin 0)
de (2+ cos 6)2

_ 8cos 0+4 cos20+4 sin 2@ 1

a (2+sin 6)2

dy _8cos 6+4 (cos 20+ sin208)— (2+cos 0)?
de (2+cos 0)?2

_ 8cos 0+4—(2+cos 0)2

(2+ cos 8)2
dy _ (8cos 6+4)—(4+4cos 6+ cos 20)

de (2+cos 0)2

1

_€os6(4—cos )
~ (2+cos0)?
Since 0< 0 < gand we have 0 < cos 0< 1, therefore 4 - cos 0> 0.

dy T
EZOfOI‘OS@S o1

So, y is an increasing function of Gin[e, g]
Question 10

Prove that the logarithmic function is strictly increasing on (0, ).
Solution:-

Given function: f (x) = log x
F'(x) = = for all x in (0,00).
Therefore, f(x) is strictly increasing on (0,0).

Question 11
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Prove that the function f given by f (x) = x> — x + 1 is neither strictly increasing nor strictly
decreasing on (-1, 1).

Solution:-

Given function: f (x) =x? —x + 1

FF(x)=2x-1

F(x) is strictly increasing if f'(x) > 0
2x-1>0

x>

That is, increasing on the interval (%, 1)
F(x) is strictly decreasing if f'(x) <0
2x-1<0
x>
2
That is, decreasing
On the interval (— i %)
So, f(x) is neither strictly increasing nor decreasing on the interval (-1, 1).

Question 12

Which of the following functions are strictly decreasing on(O, g)"

a) Cosx
b) Cos 2x
c) Cos 3x
d) Tanx

Solution:-

(A) Let f(x) = cos x

F'(x) =-sinx

Since 0<X<§in(0, g), therefore sin x>0
= -sinx<0

Therefore, f(x) is strictly decreasing on(O, g)

(B) f (x) = cos 2x
F’(x) =-2 sin 2x
Since 0<X<§

0<2x<t therefore sin 2x > 0
= -2sin 2x<0

Therefore, f(x) is strictly decreasing on (0, g)
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(C)F(x) = cos 3x

F’(x) =-3 sin 3x

Since 0<x<g

0<3x<371T
ForO0<3x<msin3x>0
=-3sin 3x<0

Therefore, f(x) is strictly decreasing on(O, g)

So, f(x) is neither strictly increasing not strictly decreasing on(O, g)

(D) Let f(x) = tan x

F'(x) = sec’x > 0

Therefore, f(x) is strictly increasing on(O, g)
Question 13

On which of he following intervals is the function f given by f(x) =x'°° + sin x - 1 is strictly
decreasing:

a) (0,1)
0 ()
9 (03

d) None of these

Solution:-

00

Given function: f(x) = x1%%+ sinx - 1

F'(x) = 100x°° + cos x

(A) On (0, 1), x>0 therefore 100x%°> 0

And for cos x

(0, 1 radian) = (0,57° nearly)> 0

Therefore, f(x) is strictly increasing on (0, 1).

(B) For 100x%° x€ (g, n)
For interval: (%,%) =(1.5,3.1) > 1 and so, cos x is negative and between -1 and 0.
Therefore, f(x) is strictly increasing on (%, n)

¢)(0,2) = (0, 1.5) both terms of given function are positive.
2 g
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Therefore, f (x) is strictly increasing on (0, g)

(D) Option (D)is the correct answer.

Question 14

Find the least value of “a” such that the function f. given by f(x) = x* + ax + 1 strictly increasing
on (1, 2).

Solution:-

F(x)=x*+ax +1
Apply derivative:
F(x)=2x+a

Since f(x) is strictly increasing on (1, 2), therefore f'(x) =2x+a>0forallxin (1,2) on (1,2) 1 <x<?2
2<2x<4

2+a<2x+a<4+a

Therefore, Minimum value of f'(x) is 2 + a and maximum value is 4 + a.

Since f(x) > 0 forall x in (1, 2)

2+a>0and4+a>0

A>-2anda>-4

Therefore, least value of a is -2.

Question 15

LetI be any interval disjoint from [-1, 1] prove that the function f given by f (x) = x + i
Is strictly increasing on L.

Solution:-

Given function:

1
F(X):X+;:X+X_l

Apply derivative:
xZ—
F()=1+(1)x2=1-5="F1
, x-1)(+1
P =" (1)

For every x eitherx<-1lorx>1
Forx<-1,x=-2,

) (_)_
F(x)="22=(+)>0

Again for,x>1,x=2,
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oy - (D) _
P9 =2 =(4)>0

F’'(x) > 0 for all x € I (-0, 00), so f(x) is strictly increasing on I.

Question 16

Prove that the function f given by f(x) = log sin x is strictly increasing on (O, g) and strictly
decreasing on(g , 11).
Solution:-

Given function:
F(x) =log sin x

Apply derivative:
, 1 d . 1
F’'(x) =———sin x =——co0s X = cot x
sin x dx sinx

On the interval (O, %) that is, in 15t quadrant,
F'(x) =cotx>0
Therefore, f(x) is strictly increasing on (0, E)
On the interval(g, 11) thatis, in 2nd quadrant,
F’(x) =cotx<0
Therefore, f (x) is strictly deceasing on(g, n).

Question 17

Prove that the function f given by f(x) = log cos x is strictly decreasing on (O, g) and strictly

decreasing on
G-

2
Solution:-

Given function: f(x) = log cos x

1 d 1 .
—cos X =——(-sinx) =-tan x
cos x dx cos X

On the interval(O, g),

In 1st quadrant, tan x is positive,
Thus f'(x) =-tanx <0

Therefore, f(x) is strictly decreasing on (O, g)
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On the interval(g,ﬂ),

In 2nd quadrant, tan x is negative
Thus f(x) =-tanx >0
T

Therefore, f(x) is strictly increasing on (2 T[)

Question 18

Prove that the function given by f(x) = x3 — 3x3 + 3x — 100 is increasing in R.

Solution:-

Given function:

F(x)=x3 —3x% + 3x— 100

Apply derivate:
F(x)=3x3—6x+3=3x*-2x+1)
F'(x)=3(x—1)?> = 0 forall xin R.
Therefore, f(x) is increasing on R.

Question 19

The interval in which y = x?e ¥ is increasing in:

a) (=90,)
b) (-2,0)
c) (2,%)
d) (0,2)

Solution:

Option (d)
Explanation:

Given function;
y = XZe—x
Apply derivate:
dy o, d _y x d
- =x°— —X
dx d € te dx

X
=x%e*(—1) + e %(2x)

d _ N
= %:-xze Z 4 2xe¥

2

=xe * (-x + 2)
So, d_y _ x(2—x)
dx eX

In option (D), j—i> 0 for all x in the interval (0, 2).
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Exercise 6.3

Question 1
Find the slope of tangent to the curvey = 3x* — 4x atx = 4.
Solution:-

Equation of the curve y = 3x* — 4x ..... (1)

Slope of the tangent to the curve = value Of% at the point (x, y).

dy _ 3y .4 = 3
dx—3(4x )-4=12x>-4
Slope of the tangent at point x = 4 to the curve (1)

=12(4)3 -4 =764

Question 2

Find the slope of tangent to the curve y =S, x#2atx=10.

Solution:-

x—1

Equation of the curve y = — e (D)

Derivate y w.r.t. X,

dy _ G2 x-D-G-D(x-2)
dx (x—2)2

_ (x=-2)-(x-1)
(x—2)?

Slope of the tangent at point x = 10 to the curve (1)

-1

T (10-2)2
-1 -1
T 82 64
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Question 3
Find the slope of tangent to the curve y = x> — x + 1 at the given point whose x - coordinate is 2.

Solution:-

3

Equation of the curvey =x> -x+ 1 ....... (D)

Apply derivate w.r.t.x

d
2 -3x2-1
dx

Slope of the tangent of point x = 2 to the curve (1)

=3(2)%-1=11

Question 4

Find the slope of tangent to the curve y = x3 — 3x + 2 at the given point whose x-coordinate is 3.
Solution:-

Equation of the curve y = x> - 3x + 2 ....... (1)

Apply derivate w.r.t.x,

d
~=3x2-3
dx

Slope of the tangent at the point x = 3 to the curve (1)

=3(3)%-3=24

Question 5

Find the slope of the normal to the curve x = cos30,y = a sin30 at 0 = %

Solution:-
Equation of the curve are x = acos>6, y = a sin®8

X =acos39,
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Apply derivate w.r.t.x,
x_ 4 3
-3 (cos)

= a.3(cos B)? % (cos 9)

dx _

= == -3acos?0sind ....... (1)

And,
Y = asin?0
Apply derivate w.r.t.x,

Y _ 29 (sin 0)3
TR (sin©)

a.3 (sin@)? %(sin@)

j% =3asin?0 cosH ... (2)

Using (1) and (2), we have

dy dy/d®  3asin®6cosb
dx dx/d@ —3acos?0sinf

—sin 6
= =-tan 0O
cos 6

Now,

Slope of the tangent at 6 = E

=-tan~=-1
4

And slope of the normal at 6= %

-1 -1

1

m -1

Question 6

Find the slope of the normal to the curve x =1 - a sin, y =b cos?0 at 0 = E
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Solution:-
Equation of the curves are x = 1

X=1-asinb

~asin®andy=b cos?6

Apply derivative w.r.t.x, we have

dx
—=0-acos0
de

dx
= —=-acos0
de

Y =b cos?0

Apply derivate w.r.t.x, we have

dy dy/d® _ —2bcos 6sin 0
dx_dx/de_ —acos 0
2b .
=—sin 0
a

Again,
dy d y
Y b a0 (cos 9)

dy—b2 Gd ® = 2b cos 0 sin O
gk P 2 cos QS8 CO8E = Zb cos 6 il

Again, slope of the tangent at 6 = g

2 . b
=—SIn—=—
a 2 a

And slope of the normal at 6 = g

-1 -1

m 2b/a

—a

2b

Question 7

6262969699

Find the point at which the tangent to the curve y = x3 — 3x3 — 9x + 7 is parallel to the x-axis.
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Solution:-

Equation of the curve y =x3 — 3x%2 —9X + 7 ccvvereeneee (1)
Y - 3x2 —6x—9
dx

. . . d
Since, the tangent is parallel to the x - axis, so, ﬁ =0

3x2 —6x—9=0
x?—2x—3=0

(x-3)(x+1)=0

x=3,x=-1

From equation (1), when x = 3.

Y=27-27+7=-20

Whenx=-1,y=-1-349+7 = 12

Therefore, the required points are (3, -20) and (-1, 12).

Question 8

6262969699

Find the point on the curve y = (x — 2)? at which the tangent is parallel to the chord joining the

points (2, 0) and (4, 4).
Solution:-

Let the given points are M (2, 0) and N (4, 4)

S

-0
-2

Slope of the chord, MN = =2

N

Y2—W1
X2 —Xq

Equation of the curve is y = (x — 2)? (Given)
Slope of the tangent at (x, y)

_ Yy _ —

== 2(x—2)

If the tangent is parallel to the chord MN, then
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Slope of tangent = slope of chord
2(x-2)=2
X=3
Therefore,y = (3 —2)?=1
Therefore, the required pointis (3, 1).
Question 9
Find the point on the curve y = x3 — 11x + 5 at which the tangentisy =x - 11.
Solution:-
Equation of the curve y = x3-11x + 5 ...... (1)
Equation of the tangenty =x-11 ... (2)

= x-y-11=0
Slope of the tangent at (x, y)

= Z—z = 3x? — 11 [From equation (1)]

Slope of tangent = _Ta = :—1 =1
[From equation (2)]
Therefore,

3x2—11=1

From equation (1), whenx=2,y=8-22+5=-9
And whenx=-2,y=-8+22+5=19
We observed that, (-2, 19) does not satisfy equation (2), therefore the required point is (2, -9).

Question 10

Find the equation of all lines having slope - 1 that are tangents to the curvey = é , X #1.
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Solution:

1

Equation of the curve y = - x—1)71...

[y

d 2 d
o= (DE-D2 L x-1)

= ﬁ = Slope of the tangent at (x, y)

But according to given statement, slope = -1

-1
(x—1)?

=-1

(x—1)% =1

x-1=+1
x=1+1=20rx=1-1=0

From equation (1), when x = 2

Y=—= -1
2—1

And whenx=0

y=—1i=

0-1

Points of contact are (2, 1) and (0, -1).

And equation of two tangentsarey -1 =-1 (x - 2)

=x+y-3=0and
Y-(-1)=-1(x-0)=x+y+1=0

Question 11

6262969699

Find the equation of all lines having slope 2 which are tangents to the curve y = é X # 3.

Solution:-

Equation of the curve y = é =(x—-3)"!

L= (1)(x-3)7?
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_ -1
T (x—3)2

= Slope of the tangent at (x, y)

But according to Question, slope = 2

-1

a2

— 332 =1
(x-3)?=3
Which is not possible.

Hence, there is no tangent to the given curve having slope 2.

Question 12

Find the equations of all lines having slope 0 which are tangents to the curve y = s

Solution:

Equation of the curve y =

dy _drr2 1
— =31 [(x*—2x+3)7]
=-(x%—2x+3)?% .(2x-2)

. 2(x-1)
B (x2-2x+3)2

But according to question, slope = 0, so

o —2(x-1)
B (x2-2x+3)2 B

=-2(x-1)=0
x=1

1 —
1-24+3 2

From equation (1),y =
Therefore, the point on the curve which tangent has slope 0 is(l, %)

Equation of the tangent is y % =0(x—1)
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Y-i=0
2

Which implies, the value of y is %-.

Question 13
2 2
Find the points on the curve % + i’—6 = lat which the tangents are:
(i) parallel to x - axis (ii) parallel to y-axis
Solution:
. - 2
Equation of the curve Pt ... § (1)

Derivate y w.r.t.x, we have

2x  2ydy

9 de

2ydy  2x
16dx 9

dy —32x _—16x
d_x - 18y - gy ................... (2)

(i) If tangent is parallel to x - axis, then slope of tangent = 0 which implies, Z_i: =g

—16x
9y

=0

X=0

y2
From equation (1), el 1
y2=16
Y=14
The points on curve
(1) Where tangents are parallel to x - axis are (0, £ 4).

(ii) If the tangent parallel to y - axis.

Slope of the tangent = +co0
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d—y:-l-oo

dx

dx

o 0 (taking reciprocal)

From equation (2), % =0

2
From equation (1), % =1

X==43

Therefore, the points on curve (1) where tangents are parallel to y-axis are (+3,0)

Question 14

Find the equation of the tangents and normal to the given curves at the indicated points:

i.

ii.

Y =x*—-6x3+13x*> — 10x + 5 at (0, 5)

Y=x*— 6x3+13x%> —10x + 5at (1, 3)

iii. Y=x3at(1,1)

iv. Y=x%at(0,0)

v. X=cost,y=sin tatt=mn/4
Solution:

(i) Equation of the curvey = x* — 6x3 + 13x3 — 10x + 5

On differentiating y w.r.t. x, we have

%:4x3 —18x% + 26x — 10

Now, value on—Z at (0,5)

Atx =0,

4(0)3-18(0)? +26 (0) - 10 =-10 = m (say)
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Slope of the normal at (0, 5) is _;1 = —= =

Equation of the tangentat (0,5) isy - 5=10(x - 0)
Y-5=10x

10x+y=5

And Equation of the normal at (0,5)isy -5 = % (x—0)
10y-50=x

x-10y+50=0

(ii) Equation of the curve y = x* — 6x3 + 13x?> — 10x + 5

On differentiating y w.r.t. X, we have
L 4x3 — 18x% + 26x — 10
dx
dy
Now value of; at (1, 3)
Atx =1,
4(1)% = 18(1)* +26(1) - 10=4 - 18 + 26 -10 = 2 = m (say)
Slope of the normal at (1, 3) is % = _71
Equation of the tangentat (1,3)isy-3=2 (x-1)
Y-3=2x-2
Y=2x+1

Slope of the normal at (1, 3) is % = _71

Equation of the tangentat (1,3)isy-3=2(x- 1)
Y-3=2x-2

Y=2x+1

And Equation of the normal at (1, 3) isy -3 = _71 (x-1)
2y-6=-x+1

X+2y-7=0

(iii)Equation of the curvey = x3  ....... (1)

On differentiating y w.r.t. x, we have
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dy _
E = 3X2

Now, value Of% at(1,1)

Atx =1,

3(1)? =3 =m (say)

Slope of the normal at (1, 1) is _;1 = _?1

Equation of the tangentat (1,1)isy-1=3 (x-1)
Y-1=3x-3o0ory=3x-2
And Equation of the normal at (1, 1) isy - 1= _?1 (x —-1)

Jy-3=-x+1

x+3y-4=0

(iv) Equation of the curvey = x* .......... (1)

On differentiating y w.r.t. X, we have
dy »
dx 1

Now value on—z at (0, 0)
Atx=0,2%x0=0=m (say)

Equation of the tangent at (0, 0) isy - 0= 0 (x- 0)
Y=0

And normal at (0, 0) is y - axis.

(v) Equation of the curves arex=cost,y =sint
dx . dy
.—=-sintand —=cost
dt dt
X d_y __dy/dt _ cost
Tdx dx /dt T —sint
Slope of the tangent att =

= —cott

T T
Z——clotzl——l = m (say)
Tis—=—=1

4 m

Slope of the normal att = -

Point (%, y) = (cos t, sin t)

T . T
= (cos —,sin —)
4 4

_(L L)

V2’2

Equation of the tangentisy - L. —1(x — i)

q 1 ) g Y-5%< NG
X+y:ﬁ+ﬁ

X+y=\/§

And equation of th li i—l( —i)
nlequa 1onlo enormalisy-—==1(x— 7
VETXT R
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= y=X
Question 15
Find the equation of the tangent line to curve y = x* — 2x + 7 which is:
(a) Parallel to the line 2x -y +9=0

(b) Perpendicular to the line 5y - 15x =13

Solution:-

Equation of the curvey = x% — 2x + 7 ........ (1)
Slope of the tangent = Z—z =2X JR......... (2)
(a) Slopeoftheliner—y+9=0is_7a= :—i =2

Slope of tangent parallel to this line is also = 2
From equation (2), 2x-2 =2
= X=2
From equation (1), y=4-4+7=7
Therefore, point of contact is (2, 7).
Equation of the tangentat (2,7)isy-7=2 (x- 2)
= Y-7=2x-4
= Y-2x-3=0
(b) Slope of the line -15x + 5y = 13 is = = == 3

Slope of the required tangent perpendicular to this line = _;1 = _?1

From equation (2), 2x -2 = _?1

6x-6=-1
X=2
6
: 25 5
From equation (1),y = % 37T 7
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_25-60+252 _ 217
B 36 ~ 36

217

. . (5
Therefore, point of contact is (g, E)

: : : 217 -1 5
Equation of the required tangent isy = 3—67 = — (x — —)

3 217_X+5
Y 12~ 6
217 5
X+3y=—7+-
12 6
217+10 227
X+3y: = —
12 12

12x+ 36y =227 (which isrequired equation)

Question 16

Show that the tangents to the curve y = 7x3 + 11 at the points where x = 2 and x = -2 are
parallel.

Solution:-

Equation of the curve y = 7x3 + 11

Slope of tangent at (X, ) = Z—z =21x?

At the pointx =-2

Slope of the tangent = 21(—2)% = 21 x 4 = 84
Since, the slopes of the two tangents are equal.

Therefore, tangents at x = 2 and x = -2 are parallel.

Question 17

Find the points on the curve y = x3at which the slope of the tangent is equal to the y- coordinate
of the point.

Solution:-
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Equation of the curvey = x3 .......... (1)

Slope of tangent at (%, y)

_dy _ 5.2
—dx—3x ...... (2)

As given, Slope of the tangent = y-coordinate of the point
3x?% = x3

3x%-x3=0

x>(3-x)=0

x?=00r3-x=0

x=0orx=3

From equation (1),atx=0,y=0

The pointis (0, 0)

And from equation (1),atx =3,y = 27
The pointis (3, 27)

Therefore, the desired points are (0, 0) and (3, 27)

Question 18

For the curve y =4x3 — 2x3, find all point at which the tangent passes through the origin.
Solution:-
Equation of the curve y = 4x3 — 2x3 ......... (1)

Slope of the tangent at (x, y) passing through origin (0, 0)

Y- 12x% — 10x*
dx

o

And dy/dx =2

x—

= %: 12x% — 10x*
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Y =12x3 — 10x°
Substituting value of y in equation (1), we get.
12x3 - 10x° = 4x3 — 2x°
8x3-8x> =0
8x3(1—-x%)=0
8x2=00r1—x2=0

= x=0o0orx = %1

From equation (1),
atx =0, the value of y =0
From equation (1), atx =1,
The value ofyis,y=4-2=2
From equation (1), atx =-1,

Therefore, the required points are (0, 0), (1, 2) and (-1, -2).

Question 19

Find the points on the curve x? + y? — 2x — 3 = 0 at which the tangents are parallel to x-axis.
Solution:-

Equation of the curve x? + y2 —2x—3 =0 ........... (1)

On differentiating expression w.r.t.x, we have
dy .
2X +2ydX 2=0

2y =2 - 2x

dy 2(1—x) _ 1—x
dx 2y - y

. : . d
Since tangent is parallel to x- axis: d—i =0
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1y;"=0
= x=1
From equation (1), 1+y?-2-3=0
= y2=4
> y= +2

Therefore, the required points are (1, 2) and (1, -2)

Question 20

Find the equation of the normal at the point (am?, am?) for the curve ay? =

Solution:-

dy 3x?
dx 2ay

Slope of the tangent at the point (am?,am?) = ﬁ

Equation of the normal at (am?, am?) is

) 3_"2/ 2
y-am’ = — (x —am*)
= 3my - 3am* = -2x+2am?

= 2x+ 3my - 2am?-3am* =0

= 2x+3my-am?(2+3m?)=0
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Question 21

6262969699

Find the equations of the normal to the curve y = x3 + 2x + 6 which are parallel to the line x +

14y+4=0.
Solution:-
Equation of the curvey = x3 + 2x + 6 ....... (1)

Slope of the tangent at (x, y)
So, 2 =3x2 + 2
dx

Slope of the normal to the curve at (x, y)

Since Slope of the normal = I—i (Given)

1
3x242 | 14

=2 3x2+2=14
= 3x2+2=14
3x2 =12

x%=4

From equation (1),atx=2,y=8+4+6=18
Atx=-2,y=-8-4+6=-6
Therefore, the points of contact are (2, 16) and (-2, -6).
Equation of the normal at (2, 18) isy - 18 = I—i(x -2)

= 14y -252=-x+2

x+14y-254=0

And equation of the normal at (-2,-6) isy + 6 = I—i (x+2)
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14y +84=-x-2
X+14y-86=0
And Equation of the normal at (-2, -6) isy + 6 = ;—i(x +2)
14y + 84 = -x - 2
x+14y+86=0

Which is required equation.

Question 22

Find the equation of the tangent and normal to the parabola y? = 4ax at the point(at?. 2at).
Solution-

Equation of the parabola y? = 4ax ............. (1)

Slope of the tangent at (x, y)
_dy 2 _ 4 d
_dxy _4adx (X)

= 2y j—y = 4a

dy _ 4a _ 2a

dx_Zy_y

| —

Slope of the tangent at the point (at?, 2at) = — =

2a
2at

t

Slope of the normal = -t

Equation of the tangent at the point (at?, 2at)
=y-2at= % (x -at?)

ty - 2at? = x - at?

ty = x +at?

And Equation of the normal at the point (at?, 2at)

=y-2at=-t(x— at?)
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Which implies, tx + y = 2at + at3

Question 23

Prove that the curves x = y? and xy = k cut at right angles if 8k? = 1.

Solution:-
Equations of the curves are x = y? ........ (1) and
XY =K (2)

Substituting the value of x in equation (2), we get y*.y = k
Y =k!/3
Put the value of x in equation (1), we get
2
X = (k1/3) = k2/3

Therefore, the point of intersection (X, y) is

Differentiating equation (2) w.r.t

dy -y
= &: T:mz ....... (5)

According to the question,m;m; =-1

Which implies,
1(2) -

2y ( X ) =-1
14

2x

2x=1
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2k1/3 =1 [using equation (3)]
Taking cube both the sides,
8k? =1

Hence proved.

Question 24

X

6262969699

2 2
Find the equation of the tangent and the normal to the hyperbola = + % = 1 at the point(xy, yp)-

a

Solution:

x2

. y2
Equation of the hyperbola = + 0= ) (1)

a2

On differentiating w.r.t. x, we get

-2y dy _ —2x
b2 "dx a2

dy b2x

.. 2)

dx aly

b2X0

Slope of tangent at (X, yo) isy - yo = 7y
0

bsz
atyg

Equation of the tangent at (x - Xg) isy — yg = (x —xp)

bZ
Y¥o — Yoz :a_z(XXO - on)

2 2
YYo Yo~ _XXo _Xo
b2 b2~ a2 a2

XX vy X2 y 2

a_ZO — b_ZO = aLz — biz .............. (3)
2 2

Since (X, ¥o) lies on the hyperbola (1), therefore, % - % =1

X0 _¥Yo _q

From equation (3), — 2
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2
—a~yo

Now, slope of normal at (xg,y,) = v
0

Therefore,

a2
Equation of the normal at (xg, y,) = bazyx() (x — Xg)
0

b%xoy - b*Xgyo = a’yox + a’Xoyy
b?xo(y — ¥o) = —a’yo(x — xo)
On dividing both sides by a®b?x,y,, we get

y=vo_ (&=x0)

alyg b2xq

(x—x0) +1%0
bZXO a2y0

Which is required equation.

Question 25

Find the equation of the tangent to the curve y = vV3x — 2 which is parallel to the line 4x - 2y + 5
=0.

Solution:-

Equation of the curvey =v3x =2 .......... (1)
1
Slope of the tangent at point (x, y) is j—z = % (3x—12)2

dy 1 1y
—=-(3x=2)2—(3x~2)

dx

-——.3 2

ST 3 e (2)

Again slope of the 4x—2y+5:Ois_?a::—::2 ............... (3)

As given: parallel lines have same slope

By equation slopes of both the lines, we get

1
=S =2

4/3x=2 =3
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16(3x-2)=9
48x-32=9

48x = 41

41
X=—
48

Substitute the value of x in equation (1).

- B2

_ 4132 |9 3
- 16 16 4

. . (41 3
Therefore, point of contact is ')

Now,

Equation of the required tangentisy - % =2 (x - %)

24y = 48x - 23
48x - 24y = 23

Which is required equation.

Choose the correct answer in Exercise 26 and 27

Question 26

The slope of the normal to the curve y = 2x? + 3 sinx at x = 0 is:

a) 3
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b) 1/3

c) -3

d) -1/3
Solution:-
Option (d) is correct
Explanation:

Equation to the curve y = 2x? + 3 sin X .......... (1)
Slope of the tangent at point (X, y) is j_i =4x + 3 cos X
Slope of the tangent at x = 0, 4(0) + 3 cos 0 = 3 = m (say)

Slope of the normal = % =—

Question27

The line y x+1 is a tangent to the curve y? = 4x at the point:

(1,2) ()21 (9(1-2) (d)(12)

Solution:
Option (A) is correct.

Explanation:

Slope of the tangent at point (x, y) is Zy% =4
 _2

g e (2)

[as we know% = _—i = 1]

From equation (2) and (3)

2
- =1
y
y=2
From equation (1), 4 = 4x
X=1
Therefore, required point is (1, 2)
Exercise6.4
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Question1
Using differentials, find the approximate value of each of the following up to 3 places of
decimal:
i. V253
ii. V495
iii. 0.6

iv.  (0.009)"/3

v.  (0.999)"10

vi.  (15)"4
vii,  (26)'/3
viii.  (255) 74

ix. (82)"

x.  (401)"72

xi.  (0.0037) 72
xii. (26.57)73
xiii.  (81.5) /4
xiv.  (3.968)/2
xv. (32.15)'75

Solution:

(i)V25.3
Consider, y = VX ..c.cooo..... (1) and then
y+Ay = Vx + Ax

On differentiating equation (1) w.r.t.x, we get
dy 1 -1 1

= dy N (2)

Now, given expression can be written as,

V253 =425+ 0.3

Here, x=25 andAx = 0.3, then Ay = vVx + Ax -vx
=125.3-V25=125.3 -5

=+/25.3 =Ay +5

Since, Ax and Ay is approximately equal to dx anddy respectively.

From equation (2),
dy =93

y _Zm
=0.03

Hence, approximately value of v25.3 is 5+0.03 =5.03.
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(i))V49.5
Consider, y=v/X ....ccce.uu.. (1)

On different equation (1) w.r.t. X, we get
dy 1 L 1
—_ = 2 =

dx 2 X ﬁ

= dy = ;7 ............. 2)

Now, from equation (1),y + Ay = vx + Ax

=v49.5=v49 + 0.5

Here, x=49 and Ax = 0.5, then

Ay = Vx + Ax -Vx

=v/49.5 — /49 = /49.7 — 7

=495 = Ay + 7

Since, Ax and Ay is approximately equal to dx and dy respectively.

From equation (2), dy =

B
=0.0357
So, approximately value of v49.5 is 7+0.00357= 7.0357
(iii)v0.6
Consider, y = VX............ (1)
On differentiating equation (1) w.r.t. x, we get
dx 1 =1 1
— = XA
dy 2 2vx
dx
dy = N (2)
Now, from equation (1), y + Ay = vx + Ax
=+/0.6 — v0.64 — 00.4
Here, x = 0.64 andAx = —0.04, then
Ay = Vx + Ax —/x
=+/0.6 —v0.64 = 0.6 — 0.8
v0.6 = Ay + 0.8

Since, Ax and Ay is approximately equal todxand dy respectively.

From equation (2), dy = 2\/% =—0.025

Therefore, approximately value of v 0.6 is 0.8-0.025=0.775.

1
(iv)(0.009)3
Consider,y = VXuwoovovrurn (1)

On differentiating equation (1) w.r.t. x, we get
dy 1 =2 1

= —X3 =

dx 3 3X2/3
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dx dx
3X2/3 B 3<x1/3)2
Now, from equation (1), y = Ay = vx + Ax

1 1

=(0.009)37(0.008 + 0.001)3
Here, x = 0.008 andAx = 0.001,

ThenAy = Vx + Ax — v
1 1 1
=(0.009)3 — (0.008)3 = (0.009)3 — 0.2
1
(0.009)3 = Ay + 0.2

Since, Ax and Ay is approximately equal to dx and dy respectively:
From equation

dy =

0.001

dy5= ——————————;—7
3 ((0.008)5)

(2),~2L - 0.0083

3x0.04
1
There, approximately value of (0.009)3 is 0.2+0.0083= 0.2.83

(v) (0.999)

1
Consider, ¥ = X10........cccueenn. (D
On differentiating equation (1) w.r.t. x, we get
dy 1 =2 1

=y — 1l =

dx 10
dx

1\?
10(XT5>
Now , from equation (1), y + Ay = Vx + Ax

1 1
=(0.999)10 = (1 — 0.001)10....cccvecerneee (3)
Here x = 1 and Ax = —0.001

1 1

Then Ay = (x + Ax)10-x10

1
=(0.999)10 — 1

1
=(0.999)10 =1 + Ay

Since, Ax and Ay is approximately equal to dx and dy respectively.

From equation (2),

dy = —21 = 00001

10(i55)

1
Therefore, approximate value of (0.999)10 is 1 -0.0001=0.9999.

dy =

(vi) (15)%

1
Consider, y = X#.............. (D
On differentiating equation (1) w.r.t. X, we get

For more Info Visit - www.KlITest.in

6.47




For Enquiry — 6262969604 6262969699

dy 1 -3 1
X ; 4x4
S dy = ——— s (2)

Now, from equation (1), y + Ay = vx + Ax
1 1
=(15)+ = (16 — 1)4.ccceennee (3)
Herex = 16 and Ax = —1
1 1
Then Ay = (x + Ax)* — x4
1 1 1
= (15)2 — 164 (15)% — 2
1
=(15)* = 2 + Ay
Since, Ax and Ay is approximately equal to dx and dy respectively.

dy = b
N3 32
4(167)
From Equation (2),

1
Therefore, approximate value of (15)# is 2 — % = %=1.96875.

1
(vii)(26)3
Consider, Y = VXuwoue.ouoivem (D
On differentiating equation (1) w.r.t. x, we get
dy 1 =2 1
_— —Y3 = —
dy = = 2)

Now, from equation (1), y + Ay = vVx + Ax

=267 = (27 — 1)

Here,x = 27 and Ax = —1

Then Ay = Vx + Ax — Vx = (26)§‘(27)§ = (26)§ =3

1
(26)3 = Ay + 3
Since, Ax and Ay is approximately equal todx and dy respectively.

From equation (2)

dy = — 2
3 ((27)5)
!
27 .
Therefore, approximately value of (26)3is 3 — % = %z 2.9629.
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1

(viii)(255)%
1

Consider, ¥ = X#...cccocvvruenn (1)
On differentiating equation (1) w.r.t. x, we get
dy 1 =3 1
—_— = —X4 = —3
dx 4 ) 4xi
dy = —— oo, (2)

1 3
4<XZ>
Now, from equatlon (1), y + Ay = Vx + Ax

—(15)4 = (256 — 1)4 ................... 3)
Here x = 256 and Ax = —1

1 1
Then Ay = (x + Ax)* — x4
1 1 1
= (255)% — (256)* = (255)* — 4
1
(255)% = 4 + Ay

Since, Ax and Ay is approximately equal to dx and dy respectively.

dy:: =
13 256
4(256)
From Equation (2),

1 1023

Therefore, approximate value of (255)4 is 4 ——=—==—=-=3.9961

1
(ix)(82)%
1
Consider, y = X4 ............... (D

On differentiating equation (1) w.r.t. x, we get

dy 1 -3
— = —X 4
dx 4X

1 1
Now, form equation (1), y + Ay = vx + Ax = (82)* = (81 + 1)# ..........

Here x = 81 and AX =1
Then Ay = (x + AX)4 — X4

= (82)4 — (81)4 = (82)4 -3
(82)4 =34 Ay

Since, Ax and Ay is approximately equal to dx and dy respectively.

dy = 3 =

4 (81§)

108

6262969699
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From equation (2),

1
Therefore, approximately value of (82)4is 3 + % =322-30092

"~ 108
(x) V401
Consider, y = VX ooeevrrrrrnee. (1)

On differentiating equation (1) w.r.t. x, we get
dy 1 11

2

dx 27 2%

Now, from equation (1), y + Ay = vx + Ax

= V401 = V400 + 1

Here, x = 400 and Ax = 1, then Ay = vx + Ax

= /401 — /400 = v/401 — 20

=>v401 = Ay + 20

Since, Ax and Ay is approximately equal to dx and dy respectively.

From equation (2), dy =

2V400 _ 40

Therefore, approximately value of V401 is 20 + % = % = 20.025
(xi) v0.0037
Consider, ¥ = VX ocoverooveeeereennns (1)
On differentiating equation (1), w. r. t. x, we get
dy 11 1
— = —=X2 = —
dx 2 2/x

dx
dy = g (2)

Now, from equation (1), y + Ay = vx + Ax
=+/0.0037 = /0.0036 + 0.0001

Here, x = 0.0036 and Ax = 0.0001, then
Ay = Vx + Ax — /x

=+/0.0037 — v/0.0036 = v0.0037 — 0.06
v0.0037 = Ay + 0.006

Since, Ax and Ay is approximately equal to dx and dy respectively.
0.0001

dy = ——n
Y~ 200036

From equation (2),
_0.0001

0.12
Therefore, approximately value of v0.0037 is 0.06+

0.0001

——— = 0.060833
0.12

1
(xii)(26.57)3
Consider,y = VXuwoororrorroseronn (D
On differentiating equation (1) w.r.t. x, we get
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dy 1 -2 1

—_ = —X3 =

dv= — = 1

y 3x2/3 (3X2/3)2

Now, from equation (1), y + Ay = vx + Ax
1 1

=(26.57)3 = (27 — 0.43)3
Here,x = 27 and Ax = —0.43,
Then Ay = Vx + Ax — V/x

1 1 1
=(26.57)3 — (27)3 = (26.57)3 — 3

1

(26.57)3 = Ay + 3
Since, Ax and Ay is approximately equal to dx and dy respectively.

—0.43
dy=———

1
3 ((27)3)
From equation (2),

=20 _ 0.0159
27

1
Therefore, approximately value of (26.57)3 is 3-0.001590 = 2.9841.

(xiii) (81.5)3

1
Consider, ¥ = X% ....c...ccooens (D
On differentiating equation (1) w.r.t. X, we get
dy 1 =3 1
— = —=X14 = —
dx 4 . 4xt

X

dy = — e (2)

(<)
x4
Now, from equation (1) y + Ay = VX + Ax

= (81. 5)4 =(81+0. 5)4 ................ (3)
Here x = 81 and Ax = 0. 5
Then Ay = (x+ Ax)4 - x4
= (81. 5)4 — (81)4 = (81. 5)4 -3
1
e (81.5)s =3+ Ay
Since, Ax and Ay is approximately equal to dx and dy respectively.

05 05
dy = 37108

4 (81%)

From equation (2),
=0.00462

1
Therefore, approximately value of (82)# is 3 + 0.00462
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(XiV)(3.968)%

Consider,y = Xz = x1*7 = VS S (1)
dy 31

ax 2-

dy = 2% dX v 2)

Now, from equation (1), y + Ay = vx + Ax

= (3.968) = (4 — 0.032)2

Here, x = 4 and Ax = 0.032, then Ay = Vx + Ax — VX
(3.968)% ~ (4)F = (3.968)7 — 8

(3.968)z = Ay + 8
Since, Ax and Ay is approximately equal to dx and dy respectively.
From equation (2),

3
dy = E\/Z(—0.032) = —0.096

3
Therefore, approximately value of (3.968)z is 8 — 0.096 = 7.904

(xv)(32.15)é

1
Consider, ¥ = X3...cccoveeiiunns (D
On differentiating equation (1) w.r.t. X, we get
dy 1 == 1
—_— = —=X5 = —z
dx 5 o
dy = (d—l); ..................... (2)
x5

Now from equation (1), y + Ay = vx + Ax
1 1

= (32.15)5 = (32 + 0.15)5............. (3)
Here x = 32 and Ax = 0.15

1 1
ThenAy = (x + Ax)5 — x5
1 1 1
= (32.15)5 — (32)5 = (32.15)5 — 2

1
(32.15)5 = 2 + Ay
Since, Ax and Ax is approximately equal to dx and dy respectiley.

From equation (2),

dy = —2 . =2_0001875

n* 7 80
5(325

1
Therefore, approximately value of (32.15)5 is 2+0.001875 =2.001875

Question2
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Find the approximately value off(2.01 )wheref(x) = 4x? + 5x + 2,
Solution:

Consider, f(x) =y = x3 + 5X + 2 eeveverrrrrrnee. (1)
On differentiating equation (1) w.r.t. x, we get

dy
f(x)= —=8x+5
dx

dy = (8x + 5)dx

= (8X+5) AX ccvvrriieee, (2)

Changing x to x + Ax and y to y + Ay in equation (1),

y + Ay = f(x + Ax)

=f(2.01) =f(2+ 0.01) .coevverrrrnnn (3)

Here,x = 2 and Ax = 0.01

From equation (3), f(2.01) = y + Ay

Since, Ax and Ayis approximately equal to dx and dy respectively.
From equation (1) and (2), we get

f(2.01) = (4x® + 5x + 2) + (8x + 5)Ax

Therefore

f(2.01) =4(4)+5(2) +2 + (8 x 2 +5)(0.01) = 28.21
Therefore, approximately value of f(2.01) is 28.21.

Quetion3
Find the approximately value off(5.001) where f(x) = x3 — 7x3 + 15.
Solution:

Consider, f(x) =y = x3 — 7x% + 15..cccvvreenne, (1)
On differentiating equation (1) w.r.t. x, we get

, d
f (x) =—y=3xz—14x
dx

Ordy = (3x% — 14x)dx(3x% — 14X)AX covevrverrrnne. (2)
Changing xtox + Ax and y to y + Ay n equation (1),

y + Ay = f(x + Ax)

= f(5.001) = (5 + 0.001) ..ocovrvrvrrrnenen. (3)

Here,x = 5 and Ax = 0.001

From equation (3), f(5.001) =y + Ay

Since, Ax and Ay is approximately equal to dx and dy respestively.
From equation (1) and (2),

f(5.001) = (x377x% + 15) + (3x% — 14x)Ax

f(5.001) = 125 - 175+ 15 + (75— 70)(0.001)

= —35+ 0.005 = —34.995

Therefore, approximately value of f(5.001) is — 34.995
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Question4

Find the approximate change in the volume of a cube of side x meters caused by increasing the
side by 1%.

Solution:

Side of a cube is x meters then cube volume (V) is x3-

Orv=x3......... (D
On differentiating equation (1) w.r.t. x, we get
L =3¢ (2)

According to the

o g A X
Statement, increase in side =1% T

3 .
~ 3x?2 (&) ~ EX3~0'03X3 Cubic meters

Question5

Find the approximately change in the surface area of a cube of side x meters caused by
decreasing the side by 1%.

Solution:

Side of a cube is x meters then Surface area of a cube is (s) =6x2
S=6x2
On differentiating above equation w.r.t. X, we get

dS_12
dx x

At per question, if decrease in side 1%is
=-1% of x

=-0.001x

Ax = 0.01x

Since approximately change in surface area =AS~ dS = j—i dx

= j_i Ax ~ 12x(—0.01x)~ — 0.12x* Square meters (decreasing)

Question6
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If the radius of a sphere is measured as 7 m with an error of 0.02 m, then find the approximate
error in calculating its volume.

Solution:

Consider r be the radius of the sphere and Ar be the error.
Then, as per question, r =7 m and Ar = 0.02 m

We know that, Volume of sphere (V) =% r3

— = —m.3r?
dr 3
Approximate error in calculating the volume = Approximate value of AV
dv
dV =smmmatd
3 (40
4
= <§ 113r2) dr
= 41(7)? (0.02)
=3.92 X =
=12.32 m3
Therefore, the approximate error in calculating volume ix 12.32 m3

Question7

If the radius of a sphere is measured as 9 m with an error of 0.03 m, then find the approximate
error in calculating its surface area.

Solution:

Consider r be the radius of the sphere.
And, surface area of the sphere (S) = 4mr? (formula for SA)

dS g
T Tr
ds = 8mtrdr
ds = 8mtr Ar

ds = 81 (9)(0.3)
= 2.16T Square meters

Question8

Iff(x) = 3x215x + 5 then the approximate value of f (3.02) is:
(a) 47.66 (b) 57.66 (c) 67.66 (d) 77.66
Solution:

Option (D) correct.
For more Info Visit - www.KITest.in

6. 55




For Enquiry — 6262969604

Explanation:
Consider, f' (x) = L =y = 3% + 15X + 5 oo (1)
On differentiating equation (1) w.r.t. x, we get

, dy
f(x) =—=6x+15
dx

Ordy = (6x+ 15)dx = (6Xx + 15)AX wcevvverrerrrnn (2)
Changing x to x + Ax and y to y + Ay in equation (1)
y + Ay = f(x + Ax)

=f(3.02) =f (34 0.02) cecovevrrrenne (3)

Here, x = 3 and Ax = 0.02

So,

From equation (3), f(3.02) = y + Ay

Since, Ax and Ay is approximately equal todx and dy respectively.
From equation (1) and (2),

f(3.20) = (3x% + 15x + 5) + (6x + 15)Ax

f(3.02) =3(9) + 15(3) + 5 + (6 x 3 + 15)(0.02)
=77+0.66 = 77.66

Question9

6262969699

The approximate change in the volume of a cube of side x meters caused by increasing the side

by 3% is:
0.06x3m3  (b)0.6x3m3 (c)0.09x3m3  (d) 0.9 x3m3

Solution:

Option (C) is correct.
Explanation:
We know that, Volume (V) =x3 ............... (1)

dv _ 2
" 3x° ... (2) :
As there is increase in side = 3% =—

; 100
X
We have, Ax = T (3)

Since approximate change in volume V of cube = AV ~ dV = i—z dx

3 9 ;
~ 3x2 (ﬁ) ~ﬁx3 ~0.09x3 Cubic meters

Exercise6.5
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Question1

Find the maximum and minimum values, if any, of the following function given by:
(@) f(x) = 2x—1)?>+3

(b) f(x) = 9x? + 12x + 2

(c) f(x) = =(x— 1) + 10

dgx)=x3+1

Solution:

(i) Given function is:

f(x) = (2x—1)? +3

As, (2x—1)* > 0forallx ER
Adding 3 both sides, we get
(2x—1)>+3=>0+3

f(x) =3

The minimum value of f(x) is 3 when 2x-1=0, which means x =

The function does not have a maximum value.

(ii) Given function is: f(x) = 9x° + 12x + 2
Using squaring method for a quadratic equation:

f(x) 9(2+4X+2>
X)) =9(x*+—5+=
3 9

w - s () <3
-]

3 9 9
160 = 9 (x+2) =2 o (1)

2
As9(x+§) >0forallx eR

Subtracting 2 from both sides,
2

9 <X g) >—-0-2

Therefore, minimum value of f(x) is -2and is obtained when
Xx+2=0,that x ==

And this function does not have a maximum value.

(iii) Given function is: f(x) = —(x — 2)? + 10 ........... (1)
As (x —1)? > 0 forallx €R

Multiplying both sides by -1 and adding 10 both sides,
—(x—1)*+10< 10

f(x) < 10 [Using equation (1)]
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Maximum value of f(x) is 10 which is obtained when
X -1 =0 which implies x=1.
And minimum value of f(x) does not exit.

(iv) Given function is:g(x) = x3 + 1

Atx - 00 g(x) = o0

Atx - —o0 g(x) = o0

Hence, maximum value and minimum value of g(x) do not exit.

Question2

Find the maximum and minimum values, if any, of the following functions given by:

i. fx=Ix+2]-1
ii. "gx=Ix+1]-1
iii. h(x) =sin(2x) + 5
iv. f(x) = |sin4x + 3|
v. hx) =x+1x€(-11)

Solution:

(i) Given function is: f(x) = [x + 2| — 1 ......... (1)

As|x+2| = 0forallx €R

Subtracting 1 from both sides, |x + 2| — 2 > -1

f(x) = —1

Therefore minimum value of f(x) is- 1 which is obtained when x +2=0 or x=-2.
From equation (1), maximum value of f(x) — o hence it does not exit.

(ii) Given function is:g(x) = —|x+ 1| + 3

As|x+ 1| > 0forallx R

Multiplying by - 1 both sides and adding 3 both sides,
—|x+1]+3<3

g(x) <3

Maximum value of g (x) is 3 which is obtained when x+1=0 or x=-1.
From equation (1), minimum value ofg(x) — oo, does not exit.

(iii) Given function is: h(x) = sin(2x) + 5 ........... (D
As-1<sin2x < 1forallx €R

Adding 5 to all sides, =1 +5 <sin2x+5<1+5
4<h(x)<6

Therefore, minimum value of h(x) is 4 and maximum value is 6.

(iv) Given function is: f(x = |sin 4x + 3|

As —1 <sin4x < 1forallx €R

Adding 3 to all sides, =1+ 3 <sin2x+5<1+3
2<f(x)<4
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Therefore, minimum value of f(x) is 2 and maximum value is 4.

(v) Given functionis:h(x) =x+ 1,x € (=1,1) .ccevrerne (D)
As—-1<x<1

Adding 1 bothsides, -1+ 1<x+1<1+1

O0<h(x)<2

Therefore, neither minimum value not maximum value of h(x) exists.

Question3

Find the local maxima and local minima, if any, of the following functions. Find also the local
maximum and the local minimum values, as the case may be:
i f(x) =x?
ii. gx) =x3 3x
iii. h(x) =sinx+ cosx,0 < x <g
iv. h(X) =sinx—cosx,0<x < 2m
v. f(x) =x3—6x*+9x+ 15
vi. g(x)§+§,x>0

y 1
vii. g(x) = —5—

viii. f(x) =xvy1—xx>0

Solution:

(i) Given function is: f(x) = x*

f'(x) = 2xand f'(x) = 2

Nowf (x) =0

X=0[Turning point]

Again, when x=0, f"(x) = 2 [Positive]

Therefore, x=0, is a point of local minima and local minimum value=f(0) = (0)? = 0

(ii) Given function is: g(x) = x> — 3x

g (x) = 3x?> — 3 and g"(x) = 6x

Now g (x) =0

3x2—=3=0

3(x2-1)=0

3x+1DEE—-1)=0

x = —1 orx = 1 [Turning points]

Again whenx = —1,

g"(x) = 6x = 6(—1)[Negative]

x = —1 Is a point of local maxima and local maximum value? g(—1) = (—1)3 — 3(=1) = 2
And

When x=1; g"(x) = 6x = 6(1) = 6 [Positive]

x =1, is a point of local minima and local minimum value g(1) = (1)3(1) = 2
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(iii) Given function is: h(x) = sinx + cosx (0 <x< g) .............. (1)
h'(x) = cosx — sinx andh"(x) = —sinx — cos x

Nowh (x) =0

cosx —sinx =0

—sinxX = —cosXx

sin x

cosX

tanx = 1 [Positive]
X can have values in both 1st and 3rd quadrant.

But,(O <x< g) therefore, x is only in I quadrant.

As, tanx = 1%

Atx = %h"(x) = —sinX — cosX
_ T T
= _1(x) 1— ilzn T
=S -F= 5= —/2 [Negative]
X = 1TZis a point of local maxima and local maximum value
= h(E = sinE+ cosE
a 4 ; 4 4
= — e \/E
V2 A2
(iv) Given function is: f(x) = sinX — cos x(0 < X < 27) ....ccoerennee (1)
f (x) = cosx + cosx And f'(X) = sinx + cos x
Now f (x) =0
cosx+sinx =0

sin x

COoSs X =_1
tanx = —1 [Negative]
X can have values in both 2rd and 4th quadrant.

t 1 t L
anx = —1 = —tan—
4

tan (11 - %) Or tan (21‘[ — %)

. . 31 . 7T
anx = tan— or tan—
4 4

31

X = — and
4
71
X =—

4
Atx = 3%f"(x) = —sinx + cosx = —sin%ﬂ+cos
h"(x) = —sin (n — %) + cos (n — %)

. T s
== —SIn——CoS—
4 4

3n
4

L
V2

Sl L
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Sl

= —~ = —/2 [Negative]
3m

31 . 31
So, x = —is a point of local maxima and local maximum value= f( " ) = sin—-—cos—~

- n-5) (e |

1
= sin—+ cos — =12
iz f

Atx = TF (x) = —sinx + cosx
_ o 7m N 7T
= —sin 2 cos 2
Which implies; h"(x) = — sin (21‘[ — %) + cos (21r — E)
W - T
= sm4 cos4

1 1
= — 4+ —

V2 (V2
=5 2 [Positive]

7 m

T g : . 7T . Im
~ Isapoint of local maxima and maximum value=f (T) = sin—=—cos—-

X =
= sin (21‘[—%) — COS (21‘[—2)
=—Sin%—cos%=%—ﬁ=—\/§

(v) Given function is: f(x) = x> — 6x% + 9x + 15

f'(x) = 3x* — 12x + 9 and f'(x) = 6x — 12

Now f (x) = 0

3x* —12x+9=0

x? —4x+3 =0

x—-1x-3)=0

x = 1 or x = 3 [Turning points]

Atx=1,f'"(x) =6x—12 = 6 — 12 = —6[Negative]

x = 1is a point of local minima and local minimum value is f(1) = (1)3 — 6(1)? + 9(1) + 15 = 19
Atx = 3,f'(x) =6x—2 =6 X3 —12 = 6 [Positive]

x = 3lIs point of local minima and local minimum values is f(3) = (3)3 — 6(3)? + 9(1) + 15 = 15

(vi) Given function is: g(x) = % + s,x >0

ol
8 =57%2
_ x?—4
_( 2)2()2( 2)
X+2)(x— "
= &0 Dandg'(9) = 5
Now g (x) =0
_ (x+2)(x-2) 0
- 2x2 -
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x+2)x=2)=0

X=-20rx=2

But x > 0, therefore x = 2 is only the turning point.

x = 2 Is point of local minima and local minimum value is g(2) = % + % =2

(vii) Given function is: h(x) = L =2 +2)!
_ 2
h'(x) = (1% +2)72(2x) = = 2+2)2 and
(x? +2)%22 — 2x(x? + 2)2x
h"(X) —_
(x2 + 2)4
_ —2(2-3x%)
(%2 + 2)3

Nowh (x) =0

—2X s
(x2 +2)2
As,x=0

T —2(2-3x%) _ —2(2-0) -4 1 )

Atx =0,h"(x) = 2P - 0 8 "2 [Negative]
x = 0 Is a point of local maxima and local maximum value is h(0) = ﬁ = %

(viii) Given function is: f(x) = x/1 —x,x <1
' 1 -1 d
f(x) =x— (1—x)2 —X(l—x)+V1—X.1

+\/1 — X
2\/1 =
—x+2(1—x) - 3N
2V1 —x 2\/1 — X
V1—x.(3)—(2-3x) -1
And f'(x) = — e
—6(1—X)+2—3X
- 3
4(1 —x)2
_ 3x—4
- 3
4(1 —x)2
Now f (x) =0
2—-3x
2T—x
2—3x=0
2
=3 [s a point of local maxima and local maximum value is
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2 2 2 243
i(5)=xTx=3 [1-3=F
2
F.(E):3(§)‘4
3 o
4(1-3)
Again
2—4 -1

Therefore, f(x) has local maxima value at x = %

Question4

Prove that the following function do not have maxima or minima:
i f(x) =e*

ii. g =logx

iii. hx)=x3+x>+x+1

Solution:

(i) Given function is:f(x) = e*

f'(x) = eX

Now f'(x) =0

e* =0

But this gives no real value of x. Therefore, there is no turning point.
f(x) Does not have maxima or minima.

(ii) Given function is: g(x) = logx

g'(x)=;
Nowg’(x) =0
1

—=0

X
1=0 (which is not possible)
F(x) does not have maxima and minima.
(iii) Given functionis:h'(x) = x3 + x® + x + 1
h'(x) =3x%+2x+1
Nowh'(x) =0
32 +2x+1=0

—-2+v4—-12

6
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_ —2++/-8
6
—14+V2i
3
Here, values of x are imaginary.

H(x) does not have maxima or minima.

Question5

Find the absolute maxima value and the absolute minimum value of the following functions in
the given intervals:
i f(x) =x3x€[-22]
ii. f(x)=sinx+ cosx,x € [0,m]
1 9
iii.  f(x) = 4x — EXZ, X E [—2, E]
iv. f(x)=x-1)?%+3,x€e[-31]

Solution:

(i) Given function is: f(x) = x3,x € [—2,2]

f'(x) = 3x2

Now f'(x) =0

3x2 =0

x=0€[-22]

At x=0,f(0) =0

Atx = —2,f(-2) = (-2)° = -8

Atx=2,f(2) = (2)% =38

Therefore, absolute minimum value of f(x)is — 8 and absolute maximum value is 8.

(ii) Given function is: f(x) = sinx + cos x,x € [0, ]
f'(x) = cosx — sinx

Now f' (x) =0

cosx —sinx =0

—sinx = —cosx

tanx = 1 [Positive]

X lies in I quadrant.

m
tanx =1 = tan—

N 4
SO,X:Z
g1 T m 1 1
f(Z):SIHZ-}_COSZ:ﬁ-}__z:\E

f(0) =sin0+cos0=0+1=1
f(0) =sint+cost=0—1=—1
Therefore, absolute minimum value is-1 and absolute maximum value is 1.
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(iii) Given function is: f(x) = 4x — %xz, X € (—2 —)

f(x)=4—%(2x)=4—x

Now f (x) =0
4—-x=0

—4e( 29)
X = '3

Atx = 4,f(4) = 16—%(16) =16-8=8
Atx = —2,f(=2) = 4(=2) —%(4) =-8-2=-10

=219 =4 ()50 - 1028

Therefore, absolute minimum value is -10 and absolute maxima value is 8.

(iv) Given function is: f(x) = (x — 1) + 3,x € (=3,1)

f'(x) =2@x—-1)

Now f (%) = 0

2x—1)=0

x=1€(-3,1)

Atx=1,f(1)=(1-1?+3=3

Atx=-3,f(-3)=(-3-1)>+316 +3 =19

Therefore, absolute minimum value is 3 and absolute maximum value is 19.

Question6

Find the maximum profit that a company can make, if the profit function is given by
p(x) = 31 + 24x — 18x?

Solution:

Given function is: Profit function p(x) = 31 + 24x — 18x?
p (x) =24 —36xandp"(x) = —36
Nowp (x) =0
24 —36x=0
24 2
ECNE
Atx = 3 p"(x) = —36 [Negative]
p(x) Has a local maximum value at x = %

2 : ,
Atx = By Maximum profit

=41+24 (g) —18 (g)

=41+16-8=49
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Question7

Find both the maximum value and minimum value of
3x* — 8x3 + 12x% — 48x + 25 on the interval [0,3].

Solution:

Consider f(x)3x* — 8x3 + 12x? — 48x + 250n [0, 3]

f'(x) = 12x3 — 24x?% + 24x — 48

Now f' (x) =0

12x3 — 24x% 4+ 24x—48 =0

x3—2x2+2x—4=0

x—2)x*+2)=0

x=2o0rx=+v2

As x = ++/2 is imaginary, therefore it is rejected.

Here x = 2 is turning point.

Atx = 2,f(2) = 3(16) — 8(8) + 12(4) — 48(2) + 25 = -39
Atx = 0f£(0) = 25

Atx = 3,f(3) = 3(81) — 8(27) + 12(9) — 48(3) + 25 = 16
Therefore, absolute minimum value is -39 and absolute maximum value is 25.

Question8

6262969699

At what points on the interval? [0, 2rt] Does the function sin 2x attain its maximum value?

Solution:

Consider f(x) = sin 2x
f'(x) = 2 cos 2x

Now ' (x) = 0
2cos2x=0
TT
2x=(2n+1)-
TC
X:(2n+1)z
Put n=0,1,2,3,x = =,2% 2% '™ € [0,2n]
4747 4" 4

Now f(x) = sin 2x
TC _ TC
f[(Zn +1) Z] = sin(2n + 1) 3

_ T
= sin (mr +g)
=(-D" sinz = (D"
Putting n = 0,1,2,3;

s

=) — (_1)0 _
f(4) = (-1)° =1

For more Info Visit - www.KlITest.in

6. 66




For Enquiry — 6262969604 6262969699

f(5ﬂ> - (-1)2=1
T) = =
7m
()=
Also f(0) = sin0 = 0 and f(2m) = sin4m =0

o : 5
As f(x) attains its maximum value 1 at x = %and X = Tﬂ

51

Therefore, the required points are G, 1) and (T’ 1)

Question9

What is the maximum value of the functionsin x + cos x?
Solution:

Consider f(x) = cosx — sinx
f'(x) = cosx — sinx

Now f'(x) =0

cosx —sinx =0

—sinX = — cosXx

t 1=t I
anx =1 =tan—
T[4
Herex=nn+zisaturningpoint.
(e 3) = sin (nm + ) + cos (nm+ )
nm+—) =sin(nm+—) + cos (nm + —
4 4 4

1 T
=(-1)"—=+(-1)"cos—

7 Z

- (D" (1
T

= 2(—1)115

=V2(-1)"

If n is even, then f(nT[ + %) =42
If n is odd, then f(mT + %) =2

Therefore, maximum value of f(x)is V2 and minimum value of f(x)is — V2

Quetion10

Find the maximum value of 2x? — 24x + 107 in the interval [1, 3]. Find the maximum value of
the same function in [—3, —1]
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Solution:

Consider f(x) = 2x3 — 24x + 107

f'(x) = 6x* — 24

Now f'(x) =0

6x> —24 =0

x? =4

X=%2

X = 2 orx = —2 [Turning points]

For Interval [1, 3], x = 2 is turning point.

Atx =1,f(1) = 2(1) — 24(1) + 107 = 85

Atx = 2,f(2) = 2(8) — 24(2) + 107 =75

Atx = 3,f(3) = 2(27) — 24(3) + 107 = 89
There, maximum value of f(x) is 89.

For Interval [—3, —1],x = —2is turning point.
Atx = —1,f(1) = 2(-1) — 24(—1) + 107 = 129
Atx = —2,f(2) = 2(—8) — 24(—2) + 107 = 139
Atx = =3 f(3) = 2(-27) — 24(-3) + 107 = 125
Therefore, maximum value of f(x)is 139.

Questionl1

Itis given that atx = 1, the function x* — 62x? + ax + 9attains its maximum value, on the
interval [0, 20]. Find the value ofa.

Solution:

Consider f(x) = x* — 62x*> + ax + 9

f'(x) = 4x* — 124x + a

As, f(x)attains its maximum value atx = 1 in the interval[0, 2], therforf (1) = 0
f(1)=4-124+a=0

a—120=0

a=120

Question12
Find the maximum and minimum value of x + sinx on [0, 2]
Solution:

Consider f(x) = x + sin 2x
f'(x) =1+ 2cos 2x

Now ' (x) = 0
1+2cos2x=0
2cos2x = -1
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5 1
cos 2x = >

= —Cosg:COS(T[—g)

_ 2T
= COS 3

2X = 2n11i2?TT WherenEszznni?
Forn=0,x = -I_-%Butx = —giﬂ [0,21], therefore x :g
Forn = 1,X=T[ig=‘r[+g andﬂ—g

Forn = 2,x = 2111%
T 5t

Butx = 2m + g > 21 A [0,2m] therfore x = 2m — S

Therefore, it is clear that the only turning point of f(x)given byx + sin 2x which belong to given closed
m 2m 4m 5m

interval [0, 2m] are, x = 33 A

Atx=§

. ) T V3
f(5) =5 +sinS =2+ 2 =105 + 0.87 = 1.92(approx.)
Atx=2?1T

2 2 . 4 V3
f(5) == +sinT = 2m — = = 2.10 — 0.87 = 1.23 (approx)
Atx=4?1T

At 4 . 8 4T \/§
f(5) =5 +sin= = 2 +2 = 4x 1.05 + 0.87 = 5.07 (approx.)
Atx=5?1T

5 5 .10 5m . /3
F(3) =T #sin5E =5 == 5 X1.05.= 087 = 4.38 (approx)
Atx=0f(0)=0+sin0=0
Atx =21

f(2m) = 2n + sin4n = 2+ 0 = 21 = 2 X 3.14 = 6.28(approx.)
Therefore, Maxima value = 21 and
Minimum value = 0

Question13

Find two numbers whose sum is 24 and whose product is as large as possible.
Solution:

Consider the two numbers be x and y
According to the question, x +y = 24

y =24 —X ... (1)
And Considerz is the product of x and y.
Z = Xy
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z = x(24 — x) [From equation (i)]
z = 24x — x?
dz d?z
& =24 — ZXAnddx_Z =-2
Now to find turning point, j—z =0
24 —2x=0=>x =12
2Z
Atx = 12,3}(—2 = —2 [Negative]
x = 12 Is a point of local maxima and z is maximum at x = 12
From equation (i) y = 24 — 12 = 12
Therefore, the two required numbers are 12 and 12.

Questionl4

Find two positive integers x and y such that x + y = 60 and xy? is maximum.

Solution:
Given functionis:x+y = 60,x> 0,y >0 .......... (i)
Consider P= xy> [To be maximized] ............... (ii)

Putting from equation (i), x = 60 — y in equation (ii),
P=(60 —y)y’ = 60y° —y*

‘;_5 = 180y2 — 4y> = 4y%(45 = §) cvvervennn.. (iii)
Now I 0
dy
4y°(45-y) =0
Y =0, 45

. dp : . : :
Itis clear that m changes sign from positive to negative as y increases through 45.

Therefore, P is maximum when y = 45
Hence, xy® is maximum when x = 60 — 45 = 15 and y = 45

Question15

Find two positive integers x and y such that their sum is 35 and the product x?y°is a maximum.
Solution:

Given function is: x +y = 35
Y=35—X irrrerenns (i)
Consider z = x?y®

x%(35 — x)° [From equation (i)]
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dz_ e 5(35 — x)*(—1) + (35 — x)°2x

dx

dz

I =x(35 — x)*[-5x + (35 — x)2]

dz

— =x(35 — x)*[-5x + 70 — 2x]

dx

dz

— =x(35 —x)*(70 — 7x)

dx

£ = 7%(35 = 0)*(10 = X) sororr (i)
dz

Now& =0

7x(35 —x)*(10 —x) = 0

x=00r35—x=00r10—x=0

x=0o0orx=350rx =10

Now x = 0 is rejected because according to question, X is a positive number.

Also x = 35 is rejected because from equation (i), y = 35 — 35 = 0, but y is positive.
Therefore, x=10 is

Only the turning point.
2

d“z
— = 7(35 —x)?(6x* — 120x + 350)
dx
d?z
Atx =10, = 7(35 — 10)°(6 x 100 — 120 X 10 + 350)
= 7(25)3(-250) < 0
By second derivative test, j—iwill be maximum at x = 10 wheny = 35 — 10 = 25

Therefore, the requires numbers are 10 and 25.

Question16

Find two positive integers whose sum is 16 and sum of whose cubes is minimum.
Solution:

Consider the two positive numbers are x and y
x+y=16

y=16 =X coorrrernnn ()

Consider z = x3 + y3

z = x3 + (16 — x)3 [From equation (i)]
z=x>+ (16)3 — x> — 48x(16 — x)

= (16)* — 768x + 48x*
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dz d?z
— = —768 + 96x and ) 69
dx

dx

Nowj—iz 0
—768+96x =0
X =8

Atx = 8d—ZZ = 96 is positive.
dx?
x = 8 Is a point of local minima and z is minimum when x = 8
y=16—-8=8
Therefore, the required numbers are 8 and 8

Question17

A square piece of tin of side 18 cm is to be made into a box without top, by cutting a square
from each corner and folding up the flaps to from the box. What should be the side of the
square to be cut of so that the volume of the box is the maximum possible?

Solution:

Each side of square piece of tin is 18 cm.

Consider x cm be the side of each of the four squares cut off from each corner.

Then dimensions of the open box formed by folding the flaps after cutting off squares are (18-2x), (18-
2x) and x cm.

Consider z denotes the volume of the open box.

z = (18 — 2x), (18 — 2x)x

z = (18 — 2x)%x

z = (324 + 4x%72x)x

= 4x? — 72x* + 324x

Which implies

2
& — 12x2 — 144x + 324 and = = 24x — 144
dx dx

Nowj—i =0

12x* — 144 + 324 =0

=x?2—-12x+27=0

x-9)x-3)=0

x=9o0rx=3

x = 9is rejected because at x = 9 length =18 — 2x = 18 — 2 X 9 = 0 which is impossible
x = 3is the turning point.

2
Atx = 3,57 =24 x 3 — 144 = —72 [Negative]
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Z is minimum at x=3 that is, side of each square to be cut of from each corner for maximum volume is
3 cm.

Questionl18

A rectangular sheet of tin 45 cm by 24 cm is to be made into a box without top, by cutting off
square from each corner and folding up the flaps. What should be side of the square to be cut
off so that the volume of the box is maximum?

Solution:

Length and breadth of a rectangular sheet is 45 cm and 24 cm respectively.

Consider x cm be the side of each of the four squares cut off from each corner.

Then dimensions of the open box formed by folding the flaps after cutting off squares are (45 —
2X, (24—2x) and x cm

Consider z denotes the of the open box

z = (45 — 2x)(24 — x)x

z = (1080 — 138x + 4x%)x

= 4x — 1382 + 1080x

dz d?z

— = 12x% — 276x + 1080 and — = —24x — 276
dx dx?

Nowj—z =0

12x? — 276x + 1080 = 0
=x*-23x+90=0
x=5x-18)=0
x=50rx=18
x = 18 isrejected because at x = 18 length = 24 — 2x = 18 — 2 X 18 = —12 which is impossible.
Here x=5 is the turning point.
2Z
Atx = 5,77 = 24 x 3 — 276 = —156 [Negative]
Z is minimum at x=5 that is, side of each square to be cut off from each corner for maximum volume is
5 cm.

Question19

Show that all of the rectangles inscribed in a given fixed circle, the square has maximum area.
Solution:

Consider PQRS be the rectangle in a given circle with centre O and radius a Consider x and y be the
length and breadth of the rectangle, thatis> 0andy >0

In right angled triangle PQR, using Pythagoras theorem,

PQ2+QR2=PR?
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x% +y? = (2a)?

y? = 4a% — x?

y=+V4a% — X% .. (1)

Consider A be the area of the rectangle, then a= xy= xV4a? — x?

dA 1 x2
— = 4a2—xz+x—2(—2)= v 4a? — x2 —
— X

dx 2V4a? 4a?% — x?
_ 4a® —2x°
432 — x? o
2 _ o2(_ _ 2 _ 2 —4X
d2A _ V4a? —x4(—4x) — (4a° — 2x )zm
dx? (4a2 — 2x2)

And (4a?-2x%)(—4x)+x(4a?-2x?)

3
(4a2-2x2)2
_ (4a%=2x%)(—4x)+x(4a®—2x?)

3
(4a2—-2x2)2

d?a  —12a%x + 2x3

dx7 (422 — 2x2):
_ —2x(6a* —x?)
3

(4a% — 2x2)2
Nowd—A =
dx
4a% — 2x>
— =0
432 — x2
42> — 2% =0
x = \2a

d?A —2(V2a)(6a%-2a%)  -8V2a3
YdxZ 2v2a3 T 2vza3
At x = +/2a, area of rectangle is maximum.
And from equation (1),y = V4aZ2 — 2a2 = +/2a,
Thatis,x =y = V2a
Therefore, the area of inscribed rectangle is maximum when it is square.

Atx =+2a 4

Question20

Show that the right circular cylinder of given surface and maximum volume is such that its
height is equal to the diameter of the base.

Solution:

Consider x is the radius of the circular base and y be the height of closed right circular cylinder.

Formula for Total surface area (S) = 2nxy + 2mnx?
Xy + x* =%= k (Say)
xy = k — x?
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Volume of cylinder (z) = x?y

_XZ .
= mx? (kT) [From equation]

z = mx(k—x%) = (kx —x3)
j—z = n(k — 3x?) and

X
d?z
@1‘[(—6X) = —6TIX
N dz =0
ow - =
ik —3x%) =0

i k
.
k d?z k .
Atx = \/;dx—z = —61'[\/; [Negative]
z Is maximum at x = \E

From equation (1), y =

=2 k—Z
= 3_ X

Which implies, Height = Diameter
Therefore, the volume of cylinder is maximum when its height is equal to the diameter ofits base.

w| = |UJI/—«'

Question21

Of all the closed cylindrical cans (right circular), of a given volume of 100 cubic centimeters,
find the dimensions of the can which has the minimum surface area.

Solution:

Consider x be the radius of the circular base and y be the height of closed right circular cylinder.

According to the question, Volume of the cylinder mx%y = 100
100 :
= m ............. (1)
Total surface area (S) =2mxy + 2mx?
= 2n(xy + x?)

=27 (X 9 4+ XZ) [From equation (1)

2
100

S=2m (— + x2>
X
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100
=21 (—X_l + X2>
m

B o (—@X_Z + ZX) and

dx T

d?s 200 _,
@:Zﬂf(—X +2)
Nowj—z 0

1
At (50)5 d?s v 200 A,
X=|—)] —=21| ————
/) dx? ﬂ(ﬁ)
T
= 2n(4 + 2) = 12m [Positive]

S is minimum when
1

Radiusx = (ST[—O)§ cm
From equation (1)
100
y= 2
03
TT
1
50\3
=2 (—) =,2x

Tt

Question22

A wire of length 28 m is to be cut into two pieces. One of the pieces is to be made into a square
and the other into a circle. What should be the length of the two pieces so that the combined
area of the square and the circle is minimum?

Solution:
Consider x meters be the side of square and y meters be the radius of the circle. Length of the wire =
Perimeter of square + Circumference of circle

4x + 2my = 28
2x + iy = 14
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14-2x

V= — e (i)

Tt
Area of square = x?and Area of circle == my?
2
14—2x)

T

Combined area (A) =x* + my? =x*+ m (

4
= x* +—(7 —x)*
T

dA 8
d—X—ZX—;(7—X)aHd
d’A 8
dx? _d T
Now—A= 0

dx

8
2x——(7—x) =0

T

8
2x —=(7 —x)
i
21X = 56 — 8x
(2m+ 8)x = 56
56 28

X:2T[+8:T[+4
And 32 = 2 4 8 (positive]
n dxz_ - 0Sl1 1V€28

A is minimum when x = —
n+4

. . 28
Therefore, the wire should be cut at a distance 4x = N from one end.

Question23

Prove that the volume of the largest cone that can be inscribed in a sphere of radius R is % of
the volume of the sphere.

Solution:

Consider To be the centre and R be the radius of the given sphere, BM =x and AM =y

S

In right angled triangle OMB,
OM2 + BM2 = 0B2

Using Pythagoras theorem
(y —R)? + x? = R?
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y? + R? — 2Ry + x* = R?

y2 —2Ry+x% =0

x? = 2Ry —y? ....... (1)

Volume of a cone inscribed in the given sphere

1 2 1 2
(z) = smx* = §ﬂ(2Ry— vy

3
Z= g(ZRy2 50 I (2)
dZ—“(4R 3y?) ddzz—TT 4R -6
dx 3 y— oy Jan dXZ_B( y)
Nowd—Z=0
dx

T
5(4Ry— 3y?) =0
4Ry — 3y? = 0
3y? = 4Ry

_ 4R
y=73
At _ 4R d? n( : )

Y =3 axz "3 3
= —(4R — 8R)

—4R
= T[Negative]

zis maximum aty = %
Substitute the value of y in equation (1), we get
2 _op iR (4R>2 _ 8R? 16R?
* - - 309
8R?
9
Therefore, Maximum volume of the cone

1,1 8R24R_84 o
— 3 Y IR

= % (Volume of the sphere)

3

3

Question24

6262969699

Show that the right circular cone of least curve surface and given volume has an altitude equal

to V2 time the radius of the base.

Solution:

Consider x is the radius and y is the height of the cone.

Volume of the cone (V) = %nxzy
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x2y =2 =k (Say) coorrromn (1)

And Surface area of the cone (S) =Ttx,/x? + y?
S?=mx?(x*+y?) =z
, K (k N 2)
z=m—|-
y\y Y
k

= m’k (— + )
yz )
= m’k(ky ™ +y)

dz _ _2171_ 91,3
dy—T[k[ 2k™ + 1] and

d?z 5 4 6m2k?
WT[ k[6ky ] = y4
Now < =

dy
m?k[-2ky 2 +1] =0
-2k
y—3 +1=
2k
y—3 =
y3 = 2k

1

y = (2Kk)3 e (3)
At y = (2k)3
d?z 6m2k? -
57 - [Positive]

(2k)3

1
z is minimum when Y = (2K)3
k

Again, from equation (1), x? = k_ .
(2k)3

2
z 2
2k (212()3 = y7 [From equation (3)]

y =V2x

Therefore, Surface area is minimum when height = v2 (radius of base)

Question25

Show that the semi-vertical angle of the cone of the maximum value and of given slant height is
tan—1v2

Solution:

Consider x be the radius, y be the height, | be the slant height of given conef and be the semi-vertical
angle of cone.
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12 =x? +y?
X2 =1 —-y? ... (1)
Formula for Volume of the cone (V) = gnxzy

1
V= §1T(12 —yHy

U
=3 1’y —y*)
d—‘; = g(l2 — 3y?) and

d
d?V n

= — [Negative]

—2ml
V3

Vis maximumaty = —

1
x =N2—=
V3
Semi- Vertical angle, tan 0 = 3
VZL
V3 _
= =42

V3
Which implies, 8 = tan~'v2

a»-x

Question26

Show that the semi-vertical angle of the right circular cone of given surface area and maximum
volume is sin~! (%)

Solution:

For more Info Visit - www.KlITest.in

6. 80




For Enquiry — 6262969604 6262969699

Consider x be the radius and y be the height of the cone and semi-vertical angle be And, Total Surface
area of cone (S) = mxy/x? + y? + mx?

X/ X2 + y? + x? :%:k (Say)

Xx2 +y% =k — x?

x?(x? +y?) = (k—x?%)?

x* + x%y? = k? + x* — 2kx?

e (1)
Volume of cone (V) = %nxzy
1 k?

30 (yz + Zk)

1 y
— 2
B ST[k (y2 +2k>

dv. 1 . d y

dy 3 dy y2+ 2K

1 242k)1-y.2 . \
= Enkz [(y(y“#] [Using quotient rule]
v _ 1o (2k—y?)
el 31Tk T2z e (2)

dv
Now — =

dy

2

1 - E
3 (y? + 2k)?
2k—y2 =0
y? = 2Kk
y = +V2k

y = Vv 2k [Height can’t be negative]

Here y = v2k is the turning point.

As,j—‘; > 0, therefore, Volume is maximum at y = v2k
k2 k2  k

. 2 K
Form equation (1), x* = e
vk

X=—

2
Now Semi- vertical angle of the cone sin 0 =

x2+y2

VK
) vk (4 1

= ——=—X [— = —
. 2 7 J9%k 3
;+ 2k

Which implies
8 = sin™! !
=sin"" 3
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Choose the correct answer in the Exercise 27 to 29.

Question27

The point on the curve x? = 2y which is nearest to the point (0, 5)

(2v2,2) (b)(2vZ2,0) (c) (0,0) (d) (2,2)
Solution:

Option (A) is correct.
Explanation:
Equation of the curve isx? = 2y .......... (1)
Consider P(x, y) be any point on the curve (1), then according to question,
Distance between given point (0, 5) and P =,/(x — 2)2 + (y — 5)2 = z(say)
=z2 =x?+(y—5)?
= 2y + (y — 5)% [From equation (1)]
= z2 =2y +y?+ 25— 10y
=z2=y?>—-8y+25=1z (Say)
2

7 2 [Positive]

~ Z Is minimum and z is minimum aty = 4

From equation (1), we have x* = 8

=x=42V2

(2v/2,4)And (—2v/2, 4) are two points on curve (1) which are nearest to (0, 5).

Question28
. 1-x+x2,
For all real values of x, the minimum value of . ——is:

(A) O (B)1 (C)3 (D)1/3
Solution:

Option (D) is correct.
Explanation:
Given function is:
1—x+ x?
f(x) =—
) 1+ x+x2
For more Info Visit - www.KITest.in

6. 82




For Enquiry — 6262969604

(1+X+X2)i(1—X+X2)—(1—X+X2)%(1+X+X2)

f'(x) =
=& (1+x+ x%)2
, (1+x+x)(-1+2x) — (1 —x+x>)(1+ 2x)
=>f ) = 5
(1+x+x?)
, —142x—x+2x% —x%2+2x3 —1—2x+x + 2x* — x% — 2%3
=>f ) = 5
(1+x+ x2)2
, -2 + 2x? -2(1 —x?)
=>f (x) = 5 =~
(1 +x+x2%)? (1 +x +x2)?
Nowf (x) =0
-2(1—-x2)

- =
(1+ x + x2)?
=-2(1-x)=0

=>1—-x*=0

=>x?=1
=>x==x1
~x=1andx = —1 [Turning points]
Atx=-1
From equation (1),
f(—1) = 1+1+1
S 1-1+1
Atx =1,
From equation (1)
f(1) == =2 [Minimum value]
1+1+1 3
Question29
The maximum value of [x(x — 1) + x] 1/3, 0<x<1
1

1 /3
@ (5) (b) % (91 (d)1/3
Solution:

Option (C) is correct.

Explanation:
1
Consider f(x) = [x(x— 1) + 1]3
1
= (X2 —x+1)3,0<xX<1 v (i)
; 1 -2 d
cf () == —x+1)3 —x*—x+1)
3 dx
2x—1)

= 2
3(x2 —x+1)3

For more Info Visit - www.KlITest.in

6262969699

6. 83




For Enquiry — 6262969604 6262969699

Now ' (x) =0
_ (2x—-1) =0
3(x2—x+1)3
2x—1=0
Herex = % is a turning point and it belongs to the given enclosed interval0 < x < 1 thatis, [0, 1].

1 . :
At x = B from equation (i),
1

1 1
f(l)_(l 1+1)§_<1—2+4>§_<3)§<1
2) \4 2 B 4 - \4
Atx = 0, from equation (i),

FOy =@ =1

At x = 1, from equation (i),
1 1

fay=@—1+1)3=%(1): =1
~ Maximum value of f(x)is 1

Miscellaneous Exercise

Quetionl
Using differentials, find the approximate value of each of the following:
y
17\ /4
"
ii. (33) /s

Solution:

1
(17
0(5) 1
Consider y = X4 ....cccceeveveven (D
dy 1

Changing x to x + Ax and y to y + Ay in equation (1), we have
1 1
1 17\ 16 1\z
y+A4y = (x+ Ax)F = (8—1)4 = (8—1 + 8—1)4 ............... (3)

16 1
Here x = —and Ax = —
81 81
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1

‘l -
- 16\4 2
So,x¢ = (32)' =2
81 3

From equation (3),

17\4 1 Ax
(ﬁ) =y + Ay~y + dy~x+ + 3
4 (X4)

!
(ii)(33)5
Consider y = X5 ... (D
dy -1
= ==
dx e

—dx
dy = ﬁ

5(x5)
=X
= 5
5<X§>

Changing x to x + Ax and ytoy + Ain equatlon (1), we have

=il
Y+Ay—(x+Ax)s—(33)s_(32+1)s ............ (3)
Herex =32 andAx =1
-1 -t 1
X5 = (32) 5 E E
From equation (3),

Ax

5 (xé)

-1 -1
(33)s =y+Ay~y+dy~xs5 + z

(33);1 1 1
= 5~ ——
27502
1 1 1 1 1 159

~375%%2 727320 320 047

Question2

. . 1 i
Show that the function given byf(x) = %has maximum value at x = e.
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Solution:

f'(x) = = 1T0BX e (2)

x2 x2

And f"(X) — XZ(_Tl)_(l_log X)'ZX — —X—2X+2x lOg X

X4 X4
_ 2xlogx — 3x

4
X
Which implies, ' (x) = X22822 = 2062 (3)

Now f (x) =0
1—-logx -

<2
1—-logx=0
logx =1
logx = loge
X=e
From equation (3),
2loge—3 2-3 -1
f'(x) = =3 = Va3 =e_3<0
Point of local maxima and maximum value of f(x) atx = e.

Question3

6262969699

The two equal sides of an isosceles triangle with fixed base b are decreasing at the rate of 3 cm
per second. How fast is the area decreasing when the two equal sides are equal to the base?

Solution:

: Consider BC = b be the fixed base and
AB = AC = x be the two sides of isosceles triangle.

A
[ ]
B W ¢
Since 3_1( = =3cm/s .coevrrnen. (1)
Area of triangle = 1/2 x BCx AM
2
_b . b
2 4
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_ b [4x2—Db% b 2
A
dA d /b
— = — | —4/4x2 _bz)
dt dt(4 *
= %x%( 4x% — b?) xi—t[Bychain rule]
dA b 1 8x X (—3)
dt 4 24x2 —p? x
—3bx
= —mcmZ/s
Now, whenx=Db
dA _ —3bb _ -3b%

a2 — 2
dt ~ V4b2—b2  3b 3b_cme/s
Therefore, the area is decreasing at the rate of v3b cm2 /s.

Question4

Find the equation of the normal to the curve x 2 = 4y at the point (1, 2).
Solution:

Equation of the curve is x 2 = 4y .......... (1)

Differentiate w.r.t. X,

2x = 4 dy/dx
d
= ﬁ = % =m (say)

Slope of the normal to the curve at (1, 2)is-1/m =-2/x
Equation of the normal to the curve (1) at (1, 2) is
x+y=3

Question5

Show that the normal at any point 0 to the curve
X =acos0 +a0bsin0O,y = asin 0 — a0 cos Ois at a constant distance from the origin.

Solution:

The parametric equations of the curve are
x=acosO +absinB,y =asin® —abcosH
x = a(cosB +0sinB),y = a(sinB — 6 cos 0)

dx
Eza[—sin9+9cose+sin9] = ab cos O

And j—}(; = a[cos O — (—0sin 6 + cos6)] = a[cosO + Osin O — cos O] = aBsin O
Slope of tangent at point (X, y)
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dy dy/d® aBsin6
dx dx/d® aBcosH

Slope of normal at any point 6

_ -1 _ 0 = cos O
" tan0 cotv = sin 6

And Equation of normal at any point 6, that is, at (x,y)
= [a(cos 0 + Osin0),a(sin® — 6 cos 0]

=tan0©

—cos 9
isy—a(sin®+ 6cosB) = prr [x —a) cos O + Bsin 0]
ysin® — asin® 8 + ab cos Osin O = —x cos B + acos?O + ab sin B cos O

xcos @ + ysin 8 = a(sin?0 + cos?0)
XCcos0 +ysinb =a

xcosO +ysinf—a=0

Distance of normal from origin (0, 0)

0+0—a . )
1040 S _l Which is a constant.
Vcos 20 +sin 2

Question6

Find the intervals in which the function f given by
4 sin Xx—2X—X COS X

fx) =——1Is

2+cosx
(i) Increasing (ii) decreasing.

Solution:

Given function is:
£ 4sinx — 2X — XCOSX
X —
2+ cosx

_ 4sinx —x(2 + cosx)

2+ cosx
4sinx  x(2 + cosx

" 2+ cosx 2 4+ cosx
4 sinx

=—=—X
2 + cosx
On differentiating:

(2 +Cosx)%(4sinx) —4sinx%(2 + cos x)

’ — — 1
fe) (2 + cos x)?

' (2+ cosx)(4cosx)—4sinx(—sinx)
f (x) = 2 -1

(24 cos x)

_ 8cosx + 4cos’x + 4sin’x
B (2 + cosx)?
Which implies,

. 8cosx+4
f(x) =—7—— —

(2 4+ cosx)?
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_ 8cosx+4—(2+ cosx)?

(2 + cosx)?
8cosx + 4 — —4 — cos®x — 4 cos x
(2 + cosx)?
£ 60 4 cos X — cos?x
= X =
(2 + cosx)?
_ (4—cos x) .
= COSX ooy e (1)

Now 4 — cosx > 0 for all real x as — 1 < cosx < 1.Also(2 + cosx)? > 0

()f(x)is increasing iff (x) > 0, that is, from equation (1) cosx = 0
Xliesin I and IV quadrants, that is, f(x) is increasing for 0 < x < %

3m
and7 <x<21m
and (2) f(x) is decreasing if f'(x) < 0, that is, from equaon(1),cosx < 0
31

= x lies in II and III quadrants, that is, f(x) is decreasing forg SXS

Question7

Find the intervals in which the functionf given byf(x) = x3 + Xls X+ 0is
(i) Increasing (ii) decreasing.

Solution:
) 1
(),fx) = x> + —.x#0

f(x) =x3+x73
' 1
f(x)=3x*>-3x"*=3 (XZ ——)

X4
6 _
(S5 ) = e lo -1
X

x4

=f(x) = X%(x2 - DE*+x2+1)

= 2 &+ DE+HDE=1) e (1)

x4

Now f(x) =0
ZX%(X4+X2 +1DEE+DE-1)=0

=3x*+x*+1DE+DE-1)=0

Here, 3(x* + x? + 1) is positive for all real x # 0

X+ 1=0o0orx—1 = 0[Turning points]

Therefore,x = —1orx =1 divide the real line into three subs intervals (—o0, —1), (—1,1) and
for(—oo, —1), from equation (1) at x = —2 (say)

£ = =)
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Therefore, f (x) is increasing atx = -1

For (-1, 1) from equation (1)x = % (say)

F (x) =(+)(+)(-)=(-)

Therefore,f(x)isdecresingat x = —11

For(1, ), from equation (1) at x = 2 (say)

fG)=HEHE) =)

Therefore, f(x) is increasingat x = 1

Therefore, f(x) is (1) an increasing function forx < —1 and forx > 1 and (2) decreasing function
for-1<x<1

Question8

2 2
Find the maximum area of an isosceles triangle inscribed in the z—z + ::—2 = 1 ellipse with its
vertex at one end of the major axis.

Solution

Equation of the ellipse is
2 2

X y
a_2+b_2:1 ................. (1)

P(acosB bsing )

Major axis e

L
N

gfacos8 b sing )

Comparing equation (1) with cos? + sin? = 1 we have

X y .
—=cosBand = =sin6

a b
orx=acos0 andy = sin9

Any point on ellipse is P (acos 6,b sin )

Draw PM perpendicular to x-axis and produce it to meet the ellipse in the point Q.
OM =acos® and PM=bsin8

We know that the ellipse (1) is symmetrical about x-axis, therefore,

PM = QM and So triangle APQ is isosceles.

Area of APQ (z) = 1/2 x Base x Height

=2 PQ.AM =

2PM.AM = PM (OA- OM)

= Z =bsinB (a—acosH)

= ab(sin 0 sin 6 cos 0)

ab
:>2=7(Zsin9—23in9c039)
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ab
=3 (2sin® — sin 20)

0z b 5 cos6 - 2cos20
> — = — —

0 2( cos cos 20)
= ab(cos © — sin 20)

2 b(—sin®+25in20
> —= —

107 ab(—sin sin 20)
N dZ—0

ow g =

= ab(cosB —cos20) =0
= cos0 —cos20 =0

= cos 0 = cos 20

= cos 0 = cos(360° — 20)
=0 =20 or6 =360°—-26
that is,8 = 0 or 360 = 360°

= 0 =120°
0 = 0 is impossible
-~ 0 =120°
o 4’z : 0 : 0

At6 =120 Ty ab(—sin 120" + 2sin240°)

V3 2V3 —-3V3
—abl———| =ab|——

2 2 2

~ Z is maximum at 8 = 120°
~ From equation (1), Maximum area

ab
= — (2sin 120° — sin 240°)
2

ab (23 3
-2 (T * 7)

ab (3v/3 3
-2 (T . 7)

ab (3v/3\ 3V3
=7 (T) =gt
Question9

6262969699

A tank with rectangular base and rectangular sides, open at the top is to be constructed so that
its depth is 2 m and volume is 8 m3. If building of tank costs Rs. 70 per sq. meter for the base

and Rs. 45 per square meter for sides. What is the cost of least expensive tank?

Solution:

Depth of tank =2 m

Consider x m be the length and y m be the breadth of the base of the tank.
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Volume of tank = 8 cubic meter
X.y.2=28
Xy = 4
4
Y=X
Cost of building the
Base of the tank at the rate of Rs. 70 per sq. meter is 70 xy.
And cost of building the four walls of the tank at the rate of Rs. 45 per sq. meter is
45(x2 +x2 +y2 +y2)
= (180x + 180y)
Consider z be the total cost of building the tank
z = 70xy + 180x + 180y

720 d?z 1440

.dz
~—=0+180 — an - 3

dxd x2
Z
Now— =0

dx

720
=180 ——=0

)

720

X
= 180x?* = 720
=>x% =4
= x = 2 [Length cannot be negative]
Atx =2
d%z 1440 "
=T = 180 [Positive]
~ z is minimum at x = 2
Minimum cost

720

=280+180X2+T

= 280 + 360 + 360 = Rs.1000

Question10

The sum of the perimeter of a circle and square is k, where k is some constant. Prove that the
sum of their areas is least when the side of square is double the radius of the circle.

Solution:
=2n+4y =k
=4y = k — 21x
k—2mx
=y = 4“ ......... (1)

Consider z be the sum of areas of circle and square.
sz =Tx? + y?
(k—2mx)?2

2
= 7 = TiX“ +
16

[From equation]

For more Info Visit - www.KlITest.in

6.92




For Enquiry — 6262969604

B 16mx? + k? 4 4m?x? — 4kmx
B 16
=16 [(161T + 4m?)x? — 4mx + k?]

U
N

— = % [(16m + 4m?)2x — 4kn] and

1
= 16 [(16T + 4m?)2x — 4kn] = 0

= (16T + 41%)2x — 4knt = 0
= 4n(4 + m)2x = 4kn
4Kkt k

44+ 02  2(4+ 1)

k d?z _ 1 2 .
) e (16m+ 4m*)2 [Positive]

~ 7 is minimum when x =

=X =

Atx =

2(4+m)
- From equation (1),

(4 +m)
4k + mk — mk

4(4 + )
4k

~4(4+ 1)

P S
~26+m

1
z[
1[k(4 + m) — ik
zl |

6262969699

Therefore, sum of areas is minimum when side of the square is double the radius of the circle.

Question11

A window is in the form of a rectangle surmounted by a semi-circular opening. The total
perimeter of the window is 10 m. Find the dimensions of the window to admit maximum light

through the whole opening.

Solution:

Consider x m be the radius of the semi-circular opening. Then one side of rectangle part of window is

2x and y m is the other side
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A x © x |B
y ¥
D C

Perimeter of window = Semi-circular arc AB + Length (AD + DC + B()
1
:E(Zﬂx)+y+2x+y= 10

= nx + 2x + 2y = 10
= 2y =10 — mx — 2x
_10—(m+2)x

:yﬁT ............. (1)

Area of window (z) = Area of semi-circle + Area of rectangle
1
=3 (x?) + 2xy

1 10 — (m+ 2)x
=z=§ﬂx2+2x[¥l

2

= — [mx? + 20x — 2(7 + 2)x?]

N =

1
-B [mx? + 20x — 2mx? — 4x?]

[—mx? — 4x? + 20x]

=

dz

dx

d?z 1

@:E(—ZT[—8) :—(X+4)
dz

NOW&: 0

| 1= N

%[—ZTIX —8x+ 20] and

1
:>§[—2T[—8X+20] =0

= —-2nmx—8x+20=0
= —2x(m+4)=-200

20
S>X=—
X2+ 4)
10
X =
T +24
10 d“z .
Atx = —az —(m +1;L) [Negative]
s Z 1S maximum ax = —

m+4
From equation (1),
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10
y= 2
_10(m+4) —10(m + 2)

2(m+4)
_ 10+ 10 — 10t — 20

=y =
y 20 + 4)
20 10

T2m+4) nmt4d

Therefore, Length of rectangle = 2x = HZ—L m and Width of rectangle =y = nl—il m

) . 10
And Radius of semi-circle =x = —m
T

Question12

A point on the hypotenuse of a triangle is at distances a and b from the sides of the triangle.

3/
Show that the maximum length of the hypotenuse is (az/ 3 + bz/ 3) 2

Solution:

Consider a right triangle ABC.
P be a point on the hypotenuse AC such that PL L AB =a and PM LBC =b and

Consider £ BAC = 2MPC =6, then in right angled AALP,% = cos ecO
G

From triangle, AP

PL cose® = a cose®

And in right angledA PMC % =sin®

=PM=PM sec6 = bsecH

Consider AC = z, then
Z:AP+PC:cosec9+bsec9,0<9<§ ................... (1)

dz

@ = —acosecOcotO +bsecHtan0
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N dZ—O
owas =

= —acosecOcotO+bsecBtand =0
bsin® acos6

cos20 sin20

= bsin360 = acos®0 = a_ ﬂ
. 3 b  cos36

= D= tan’0 1

= tanf = (%)g ................. (2)

d?z

d02 a[cos ecB (— cos ec?) + cot 8 (— cos ecB cot8)] + b[sec 8 sec?0 + tan 8 sec O tan 0]

d?z 3 2 3 2
Ty a(cos ec® + cos ecO cot“0) + b(sec’0 + sec 6 tan“0)

d?z , T
:>d—62>0[a>0,b>0and915+vea50<9<E)

Z is minimum
1

When tan0 = (3)3

’ 2 bE 2
a\3 b3+ a3
sec’0 =1+tan’? =1 + (—)3 = E
1
2 2\>
(b3 +a3)’
= sec =—F
b3

3

Also = cosec’ =1+ cot? =1+ (Z_’)

2 2

as + b3

-z
as

1

2 2\

as + b3)

= cosecld =———

a3

Putting these values in equation (1),

[uy
[

2 2\2 2 2\2

<a§+b§> (b§+a§>
Minimum length of hypotenuse = a ——+b i
a3 b3

1

(aé + bé)E (aé + bé)
(i)

Question13
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Find the points at which the function f given by f (x) = (x — 2)*(x + 1)3 has:
i. local maxima

ii. local minima

iii. point of inflexion

Solution:

f(x) = (x—2)*(x+1)3

. d d
cf X =E-2D)"—Ex+1D3+—x—-2)*x+1)3

dx dx

=x—-2)*x+1D?+4(x-2)3x+1)3
= (x—2)*&x+1D?[3(=2) +4(x+1)]
=(x=2)3x+1)*(7x—-2)
Now f(x) =0
=>(x—=23x+1D*(7x—2)=0
=>x—2=0o0rx+1=00r7x—2=20
>x=2o0rx=—1 orxzé
Now, for values x close to %and to the left of%, f'(x) >0

Also for values of x to % and to the right of%, f'(x)>0

2. . .
Therefore, x = S is the point of local maxima.

Now for values

Of x close to 2 and to the left of 2, f (x) > 0. Also for values of x close to 2 and to the right of
2,f(x) >0

Therefore, x = 2 is the point of local minima.

Now as the values of x varies through -1, f'(x) does not change its sign. Therefore, x = -1 is the point of
inflexion

Question14

Find the absolute maximum and minimum values of the function f given by
f(x) = cos?x + sinx, x € [0, 7]

Solution:
f(x) = cos?x + sinx, x € [0, T] .......... (1)

. d
f (x)2 cosx—cosx + cosx
dx

= —2cosxsinx + cosx = cosx (—2sinx + 1)
Nowf (x) =0
= cosx(—2sinx+1)=0
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cosx=0or—2sinx+1=0

m
=>X=§OI‘ZSinX=1
. 1
= sinx =—
inx >

T
Here x = 3 is a turning point

T Tr Tr
Nowf(z) = coszz + sinz
=04+1=1
2
f(T[)_ 21I+ LT V3 +1_3+1_5
6) O 5 TIME T\ 2 247271

f(0) = cos?0 +sin0=1+0=1
f(m) = cos’m+sinmt=(-1)2+0=1
Therefore, absolute maximum is 5/4 and absolute minimum is 1.

Questionl5

Show that the altitude of the right circular cone of maximum volume that can be inscribed in a
sphere of radius r is%1T

Solution:

Consider x be the radius of base of cone and y be the height of the cone inscribed in a sphere of radius
I.
A

c

OD=AD-AO0=y-r
In right angled triangle OBD,
OD2 + BD2 = OB2

=>{y-r?+x*=r
S>y24r?-2ry+x*=r

= x2=2ry —y? v (1)
Volume of cone (V) = %nxzy = gﬁ(Zry —y2)y [From equation (1)]

U
>V= g(zryz -v?)

S T iy — 3y?) and v = T ar — o)
iy "3 ry — 3y?) an a7 "3 r — 6y

2
2
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T a2y _
:3(4ry 3y?) =10

Ty
:?(4r—3y) =0

= 4r — 3y =
4r
Sy=—
Y73
. _4rd? _1'[(4 &)
Y=3 a2 3%
—4mr

=— [Negative]

: - 4r
Volume is maximum at y = 5

Questionl6

Consider f be a function defined on [a, b] such that f'(x) > 0 for all x € (a, b)Then prove that fis
an increasing function on (a, b).

Solution:

Consider I be the interval (a, b)

Given; f (x) > 0 for all x in an interval I. Consider X1 Xy € I withx; <X,

By Lagrange’s Mean Value Theorem, we have

f(xz) = f(x1)
X2 7 X

= f(x,) — f(x1) = (x, — x)f (c)wherex; < ¢ < x,

Nowx; < x,

= X; —x1 >0

Also, f (x) > 0 for all x in an interval

f©)>0

~ From equation (1), (x;) — f(x1) >0

= f'(x1) < f(x2)

Thus of every pair of point x; x, € [ withx; <X,

= f'(x1) < f(x2)

Therefore, f(x) is strictly increasing in L.

= f (c)wherex; < ¢ < X,

Question17

Show that the height of the cylinder of maximum volume that can be inscribed in a sphere of

radius R is% Also find the maximum volume.

Solution:
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Consider x be the radius and y be the height of the cylinder inscribed in a sphere having centre ” 0”

and radius “R”, for (x > 0,y > 0)

In right triangleOAM, AM2 + OM2 = QA2
¥y 2
=>x2+ (=) =R?
(2)

2

:>><2=RZ—YT ............... (1)

L d*’v_ 3m <2R>
TEYT T 2\E

= —mRV/3 [Negative]

Vis maximumaty = —

=

From equation (3),

2
Maximum value of cylinder = 7 [RZ 1M ZR]

V3 4 3 V3
=7TR22—R[1—1]
\/3 3
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B 4mR3
33

Queston18

Show that the height of the cylinder of greatest volume which can be inscribed in a right
circular cone of height h and having semi-vertical angle a is one-third that of the cone and the

. . 4
greatest volume of the cylinder is_ mh3tan’a

Solution:

Consider r be the radius of the right circular cone of height h.
Say x be the radius of the inscribed cylinder with heighty.

LEN

- -_.'.Z,EE'_'.'.':. 1o
In similar triangles APQ and ARC 0_ A
RC AR
x h-—y
>-—-=—
r h
= hx =rh —ry
=1y —rg—hx = h(r — x)
=y = ; (I' — X)
Volume of cylinder (V) = X%y ....ccceeevncnes (2)
h
=>V= nxz;(r—x)
=2 (= %) (3)
_dV_ﬁh(2 3x2) ddZV_ﬁh 6
‘T T Is Xandyz—r(r X)
Now < = 0
dy

mh
= T(er —-3x%) =0

= 2rx —3x2 =10

=>2r—3x=0
2r
= = —
X=3
At _2rd2v_nh< 12r)
TR r 3
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— % (—2r) = —2mh [Negative]
Vis maximum at x = %

From equation (3),
Maximum value of

. _mh 4r? 8r2
Cyhnder—T[r.T—F]

Tth 3 4 8]
= —r1° |———

r 9 27

= mthr? —

Tthr >7
_ h(ht 2
= %711 (htana)

r

- .
= 271‘[h tan a[-- o= tana]

Choose the correct answer in the Exercise 19 to 24:

Question19

A cylindrical tank of radius 10 m is being filled with wheat at the rate of 314 cubic meters per
hour. Then the depth of wheat is increasing at the rate of:
(A) 1 m/h (B) 0.1 m/h () 1.1 m/h (D) 0.5 m/h

Solution:

Option (A) is correct.

Explanation

Consider y be the depth of the wheat in the cylindrical tank whose radius is 10 m at time t. V = Volume
of wheat in cylindrical tank at time t,

So, t = m(10)%y = 100y cubic meter

We are given that i—‘t/ = 314 cubic meter/hr.
So,+-100my = 314

100(3.14)y = 314
Therefore, y=1 m/h

Question20

The slope of the tangent to the curve x = t% + 3t — 8,y = 2t? — 2t — 5 at the point (2, -1) is
22 6 7 —6
@)— O ©% (d)—-

Solution:
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Option (B) is correct.

Explanation:
Equations of the curves arex = t> + 3t — 8 ....... (1) and dy = 2t*> — 2t — 5 ......... (2)
dx
— =2t+ 3 and
gt
y
=42
dt

Slope of the tangent to the given curve at point (x, y) is
dy _ dy/dt _ 4t-2

(X,y)zﬁzdi—;dtzm ............... (3)

At the given point (2,—1),x =2andy = —1

Atx = 2, from equation (1),2 =t* + 3t— 8

t?+3t—10=0

(t+5)(({t—-2)=0

t = — S

Aty = —1, from equation (2), =1 = 2t> — 2t — 5

2t2 —2t—4=0

t2—t=22=0
(t—2)(t+1) =0
t=2t=—1

Here, common value of t in the two sets of values is 2.
Again, from equation (3)

Slope of the tangent to the given curve at point (2,—1) = ;g;; = g
Question21

The liney = mx + 1 is a tangent to the curve y? = 4x if the value of m is:
(A)1 (B) 2 (A3 (D) %
Solution:

Option (A) is correct.
Explanation:
Equation of the curve is y? = 4x ........... (1)
2y _ 41
Yax ~ ™

dy 2

dx vy

Slope of the tangent to the given curve at point (x,y)
dy 2
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Nowy =mx + 1

—=mx+1
m
2
mx=—-—1
, m
—m
= T .............. (3)
Putting the values of x and y in equation (1), % = 4(fn—zm)

2—-m=1=>m=1
Question22

The normal at the point (1, 1) on the curve 2y + x* = 3is:
(A)x+y=0 (b)x—y=0 (c0)x+y+1=0 (dx-y=1

Solution:

Option (B) is correct.
Explanation:
Equation of the given curve is 2y + x* = 3 .....ccvvvernns (1)

dy
2—+2x=0
dx + 2x
dy
dx
Slope of the tangent to the given curve at point (1, 1) is

d
§=—x=—1=m(say) 1

Slope of the normal = _:1 T

Equation of the normal at (1, 1)isy — 1 = 1(x — 1)
y—-1=

x—y=0

X

Question23

The normal to the curve x?> = 4y passing through (1, 2) is:
(@A)x+y=3 (b)x—-y=3 (@©x+y=1 Wx—-y=1

Solution:

Option (A) is correct.

Explanation:

Equation of the curve is x? = 4y ............... (1)
dy

2X = 4—
X dx
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dy x

dx 2

Slope of the normal at (x, y) is

L — 2)
e (

X

Again slope of normal at given point (1, 2) = ;’%2 ................. (3)
From equation (2) and (3), we have %2 = 5
—2X+ 2 =xy— 2x
Xy = 2

2
=%
From equation (1), x* = %

x3 =8

Now, at point (2, 1), slope of the normal from equation (2) = %2 = _72 =—1

Equation of the normalisy — 1 = —1(x — 2)
y—1=-x+2
orx+y=3

Question24

The points on the curve where the normal to the curve make equal intercepts with axes are:

@ g) ) (4.~ 2) (s g) (@ (+4, g)

Solution:

Option (A) is correct.
Explanation:
Equation of the curve is 9y? = x3................ (1)

dy

18y — = 3x°

Y ix X
dy 3x? _ x?
dx 18y 6y
Slope of the tangent to curve (1) at any point(x, y) is
dy x?
dx 6y
Slope of the normal = negative reciprocal = _X—6zy =41

As we know that, slopes of lines with equal intercepts on the axes are+1]
So, —6y = +x?
If, —6y = X2

For more Info Visit - www.KlITest.in

6. 105




For Enquiry — 6262969604

2

Y:TX .............. (2)

From equation (1) and (2), we havex=4andy = g

Required points are(4, + 2)
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