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Chapter 4
Determinants

Exercise 4.1
Evaluate the following determinants in Exercise 1 and 2.

Question 1
% Al
-5 -1

Solution:
2 4. |, -2
|_5 _1|_2(-1) 4(-5)=18

Question 2

) |cosi§ﬁ@ — si{1__0
sin@ cosi®
(ii) |x2—x+1 x—1
x+1 x+1

Solution:

(i) |COSE'£9 — SN0 5 x cosiB- (sinf) x sin @ =1

sin@ cosif

2 _ _
(ii) |x x+1 x—1 |:(X"2—X+1)(X+1)—(X+ 1)(x - 1)= X3 —x 242
x+1 x+1

Question 3

1 2
IFA= |4 2| then show that [2A|= 4|A].
Solution:

ol 3

T2 %4
2A:[8 )
LH.S. = [2A] = |§ i| -8 -32=-24

RHS. = 4]A| = 4|411 §| 4 (2—8)=-24
LHS = RHS
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Question 4

1 0 1
0 1 2
0 0 4

IFA= then show that |3A| | = 27 |A|

Solution:

3A=(0 3 6

0 0 12

303]

LHS:
3 0 3

0 3 6

0 0 12
=3%x36=108

RHS

|3A]=

10 1
I 4
0 0 4
=27(4) = 108

LHS= RHS

27 |A| = 27

Question 5

Evaluate the Determinants
3 -1 -2
i o o -1 (ii)
3 -5 0

0o 1 2
@iii) (-1 o -3 (iv)
-2 3 0

WO NN R W
|
=
I
N

Solution:

(2 1 -2
0 -1 1 -1 0 0

0 0 -1[=3 —(-1) +(-2)

o o Sl enly Jheald Y

=-15+3 —0=-12

(i)

3 -4 5

1 1 -2

2 3 1

=3(7) + 4(5) + 5(1)

=46

(iif)

=3[ F-eal) sl s
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0 1 2

-1 0 -3

-2 3 0

=0 - 1(-6) + 2(-3-0)

=0

(iv)

2 -1 =2
2 -1 0 -1 0 2

0 2 -1|=2 —(-1) +(=2)

0 2 =25 S]-enly Glealy

2(-5) + (0+5) - 2(0-6)

=5

I e Y

Question 6

1 1 -2
2 1 -3
5 4 -9

IfA = find |A|.

Solution:

1 1 =2
2 1 -3

A i B 1
:1|4 —9|_1|5 —9|+(_2)|5 4
=1(-9+12) — (-18 + 15) — 2(8 - 5)
=0

|Al =

Question 7

Find values of x, if

of B ek 3

Solution:

(1)

|2 4 :|2x 4|
5 1 6 x
2-20=2x"2—-24
2x"2 =3
Orx=+v3

(ii)

|2 3 :|x 3|
4 5 2x 5
10 -12 =5x- 6%
X=2

Question 8
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x 2|/_16 2 .
lf|18 Xl = |18 6| then is equal to
(A)6 (B) +6
(@ -6 (D)0
Solution:

Option (B) is correct.
Explanation:

s 2=ls ol
18 xI 118 6
X72-36=36-32
X*2 =36

X=16

Exercise 4.2
Using the property of determinants and without expanding in Exercises 1 to 7, provethat.

Question 1

X a x+a
y b y+b
zZ ¢ zZ+c

=0

Solution:

L.H.S.
X a x+a

y b y+b
Z SCr~Zyt-C

Applying: C; + C,

x+a a x+a
y+b b y+b
z+c ¢ z+c
Elements of Column 1 and Column 2 are same. So determinant value is zero as per
determinant properties.

=0

= RHS

Proved.

Question 2

a—b b—c a—a
b—c c—a a—-b|=0
c—a a—-b b-c
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Solution:

a—b b—c a-—a
b—c c—a a-b»b
c—a a—b b-—c

Appling: C; - C;, + C, + G,

0 b—c a-b»
0 c—a a-—»
0 a—-b b-c

=0
All entries of first column are zero. (As per determinant properties)

Question 3

2 7 65
3 8 75
5 9 86

=0

Solution:

R L A5
BB
Bl O 6

Applying: €3 — C3 - €4
2 7 65 Y
3 8 72 3 8 8

5 9 81 5 979
Elements of 2 columns are same, so determinant is zero.

=0
Proved.

=9

Question 4

1 bc a(b+rc)
1 ca b(c+a)|=0
1 ab c(a+Db)

Solution:

1 bc a(b+c)

1 ca b(c+a)

1 ab c(a+b)
Applying: C3 ->C3 + C,
1 bc ab+ab+ac
1 ca ab+ab+ac

1 ab ab+ab+ac
(ab + ab + ac) is a common element in 3rdrow.

1 bc 1
1 ca 1
1 ab 1
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Two columns are identical, so determinant is zero.
=0

Question 5

Prove that

(b+c) q+r y+z
(c+a) r+p z+x|=2
(a+b) p+q x+y

a p x

b q y
C r 2Z

Solution:

LHS:
Applying: R; - R{ + R; + R,

btc++c+ata+b q+r+r+p+p+tq y+tz+z+x+x+y
cta r+p Z+x
a+b p+q x+y
(a+b+c) (p+q+r) (x+y+2z)
=2 cta r+p zZ+x
a+b p+q x+y
Applying:
Ri 2Ry =Ry
and R3—>R3—R1
b q y
2lc+a r+p z+x
a p X
Ag in, RZ - RZ —R3
b q vy
20c r z
a p x
Interchanging rows, we have
a p x
2[b q y
c r z
=RHS
Proved.
Question 6
0 a -b
Provethat|—-a 0 —c|[=0
b ¢ 0
Solution:
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0 a -b
—a 0 —c
b ¢ 0
Taking (-1) common from all the 3 rows. Again, interchanging rows and columns, we have
0 a —-b
—-a 0 -—c
b ¢ 0

LetA =

A=—

A=-A
Which shows that, 2A = 0 or A = 0. Proved.

Question 7
Prove that
—-a’? ab ac
ba —b* bc |=4a’b?c?
ca c¢cb —c?
Solution:
LHS:
—a®> ab ac
ba —-b* bc
caAlRcll —c*
Taking a, b, ¢ from row 1, row and row 3 respectively,
—a a a
=abcld —b b
d b  —c
Ry =2 R; + R,
0 0 2c
=abcla -b ¢
a b —bc
a -
=abc (2c)|a b |
=2abc”2 (ab + ab)
= 4a?b?c?
=RHS
Proved.

By using properties of determinants, in Exercise 8 to 14, show that:

Question 8

1 a a?
1 b b?

1 ¢ c*
1 1 1

a b c
a® b

() =(a-b) (b—c) (c —a)

(ii) = (a—b)(b —c)(c —a) (a+b+c)

Solution:
For more Info Visit - www.KITest.in
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(i)LHS:
1 a a2
1 b b?

1 ¢ c?

R, - R, —R;and R; - R; — Ry

1 a a’
=0 b—a b* ¥

1 c—a 22
Expanding 1stcolumn,
_qlp—a b’-a 2|

c—a c?— a®

Taking (b-a) common from first row,

=b-a)e-a)f 2T

Simplifying above expression, we have
= (b-c)(c-a) (c-b)

= (a-b)(b-c)(c-a)

= RHS

Proved.

(ii) LHS

C2 —>C2—C1and C3 —)C3—C1

1 0 0

a b—-c c—a

al b®-a® c3a

Expanding first row

B b—c c—a

a 1’(b —c)(b? +a%® +ab) (c—a)(c?+a?+ac)
1 1

= (b-c) (c-a) (b%> +a? +ab) (c?+a® +ac

=(b-c)(c-a)(c?+a%+ac—b?—a’-ab)

=(b—a)(c- a)[(c—b)(c+b)+a(c—Db)]

= (b-a) (b-c) (c-a) (a+ b +c)

= RHS

Proved,

Question 9

Prove that

x x* yz

y y* zx|=(x-y) (y —7) (z —x) (xy +yZ + zX)
z z* xy

Solution:
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LHS
x x? yz
y y? zx
z z% «xy
Multiplying R{, Ry, R3by X, yz respectively
x x3 xyz
y ¥ xyz
z z3 «xyz
x2 x3 1 |x%2 x3 1
_%yz y3 1=y 3 1
z2 731 z2 z3 1
RZ - RZ_RI' RZ - Rg—Rl
x? x3 1
5 yZ _x2 y3 _ x3 0
z2—x* z3—x3 0
:1y2_ X2 y3_ x3|
z2— x? 23— x3

=00+ -0 + x* +yx)
z—x)(z+x) (z—x)(z% +x*+ 2x)
y+x y?+ x%+yx
z+x z2+4x%+x
(y-x) (z—x) [yz® + yx* + xyz + xz° + x> + x°z —zy? — zx’ —xyz — xy* — x3x%y |
=% (z-%) [yz* — zy* + x2° —xy’]

=(y=-%) (z-X)yz z-y) +x(x* —y?)]

=-x)Z-x)[yz(z-y) +x@Z-y)(z+y)]

=y =x) (z —x) (z=y)[yz +x (z+ y)]

=y —x) (z=x)(z=y) [yz + x(z + y)]

=(x=y) (v — 2) (z—x) (xy + yz +2X)

= RHS (Proved)

=(y-x) (z—x)

Question10

x+4 2x 2x
2x x+4 2x
2x 2x x+4

(i) =(5x + 4) (4 —x)?

y+k y y
i) y y+k y |=K?*@By + k)
y y y+k
Solution:
(i) LHS

x+4 2x 2x
2x x+ 4 2x
2x 2x x+4
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[R1 = Ry + Ry + R3]
5x+4 5x+4 5x+4+4
2x x+ 4 2x

2x 2x x+ 4
1 1 1

= (5x+4) [Zx x+4 2x

2x  2x x+4
C2—>C2—C1andC3—>C3—C1

1 0 0
=(5x+4)[2x 4 —x 0
2x 0 4 —

il

- (5x+4).1|45"

= (5x+4) (4—x)?
= RHS (Proved)
(ii)LHS

Cl—)Cl+C2+C3
3y+k y y
=[3y+k y+k y
3y+k y yv+k

1y y
=3y +k)|1 y+k y
1 y y+k

C2—>C2—C1andC2—>C3—>C3—C1

1 y vy
=(By+k)[0 k 0

0 lO Ok
= (3y + k).1|0 k|
=K*(3y + k)

= RHS (Proved)

Question 11

Prove that,
a—b-c 2a 2a
@ 2b b—c—a 2b

2c 2c c—a-»>b
x+z+2x X y

z y+z+2x y
z X Z+x+2y

=(a—b-c)?

(ii) =2 (x+y+2)?

Solution:

LHS
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a—b—c 2a 2a
2b b—c—a 2b
2c 2c c—a—>»

R1—>R1+R2+R2
a+b+c a+b+c a+b+c
2b b—c—a 2b

2c 2c c—a-—>»
1 1
=(a+b+c)|2b b—c—a 2b
2c 2c c—a-—>»>

C2—>C2—C1andC3—>C3—C1

1 0 0
=(a+b+c)|2b -b—c—a 0

ZCb 0 —co—a—b
3 —-b—c—a
—(a+b+c)(1)| ; —

=(a+b+c)[-(b+c+a)l[-(c+a+b)]

=(a+b+c)d
= RHS
(ii) LHS
x+y+2z X y
z F ZEE2 y
z 5 Z+x+2y
C1—>C1+C2+C3
2x+y+2) X y
=2(x+y+2z) y+z+2x y
2x+y +2) X Z+x+2y

Taking 2(x + y + z) common from first column. Then apply operations:
R2—>R2— Rland R3—>R3—R1

1 x y

=2(x+y+2)|0 x+y+z 0
0 0 x+y+z

x+y+z 0

=2(x+y+z)(1)| 0 g

2 +y+2)[(x+y+2)?%-0]
=2(x +y+2)"3
= RHS (Proved)

Question 12
Prove that.
1 X X

x2 1 x
x x2 1

Solution:

LHS
For more Info Visit - www.KITest.in
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2

1 X X
x2 1 x
x x% 1

Rl_) R1+R2+R3

14+x+x% 14+x+x*> 1+x+x?
= x? 1 X ‘
X x? 1
1 1 1
=1+x+x?)[x* 1 «x
x x* 1
C2—>C2—C1andC3—>C3—C1
1 0 0

=(1+x+x?)[x? 1-x% x—x?
x x2—-x 1-—x
2 2|

S S

x2—x 1-x

(1-x)1+x) x(1—x)

—x(1 —x) 1—x
=(1+x+x)[(1—221+x)+ x*(1 — x)?]

=(1+x+x?)

=(1+x+x?)

=(1 +x+x%)?*(1 — x)?
=(1—x+x—x%+x2—x%)>

= (1= x%)°
= RHS
Proved.
Question 13
Prove that
1+ a? — b? 2ab —2b
2ab 1 — a? + b? 2a =(1+a* + b?)3
2b —2a 1 — a? — b?
Solution:
LHS
1+ a? — b? 2ab —2b
2ab 1—a? + b? 2a
2b —2b 1—a?— b?
C; »Ci-bCzandC; —» C, + aCs
1+ a? + b? 0 —-2b
= 0 1+ a? + b? 2a
b(1+a*+b?*) —a(l+a®+b?) 1-a?—b?
1 0 —2b

=(1+a®>+b>?|0 1 2a

b —a 1-—a?b?

Ry — Ry — bR,
1 O —2b
0 1 2a
0 —a 1-—a?+b?

= (1+a? + b%)?

For more Info Visit - www.KITest.in

6262969699

4.12




For Enquiry — 6262969604

_ 2 2n2] 1 2a
= (1+a“ + b°) “a 1—a? 4 b2

= (1+a? + b*>)2 (1 — a®? + b? + 2a?)
= (1+a? + b?)3

= RHS
Proved,
Question 14
Prove that.
a’?+1 ab ac
ab b* +1 bc |=1+a®+b*+c?
ca cb cZ+1
Solution:
LHS
a’+1 ab ac
ab b +1 bc
ca ch cid¥1

Multiply, C; C,:C3 by a, b, c respectively
Then divide the determinant by abc

a(a?+1 ab? ac?

=—| &’ b +1)  be?
a’c b%c c(c?+1

a(@®™  ab? ac?

=2l a?b b(B*)  bc?
a’c b%c  c(c*+1

a’+1  b? c?

S [ S I
Sl P b? % +1
Cl i Cl + C2 + C3
abell+a’+b% +c2 b2 (o

ﬁl+a2+b2+c2 b2+1 2

1+ a®+ b? + ¢? b? c2+1

1 b? c?

1 b?+1 c?

1 b? c+1
R2—>R2—R1andR3 —>R3—R1.

=(1+a%+ b* + ¢?)

1 b? ¢?
=(1+a®+b*+cH)fo 1 0
0 0 1

=(1+a® + b*> + ¢?) (1) (1 —0)
=1+a? + b? + c?

-RHS

(Proved)

Choose the correct answer in Exercise 15 and 16
For more Info Visit - www.KITest.in
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Question 15

Let A be a square matrix of order 3 x 3, then |KA| is equal to
(A) K| A|(B)K?|A] (C) K®|A| (D) 3Kk |A]

Solution:
Option (C) is correct.

Question 16

Which of the following is correct?

(A) Determinant is a square matrix.

(B) Determinant is a number associated to a matrix.

(C) Determinant is a number associated to a square matrix.
(D) None of these

Solution:

Option (C) is correct.

Exercise 4.3

Question 1

Find area of the triangle with vertices at the point given in each of the following:

(1) (1,0, (6,0), (4,3)
(ii) (2,7), (1,1),(10, 8)
(iii) (-2, -3), (3,2), (-1, -8)

Solution:

Formula for Area of triangle:

()

=2[1(0-3)-0(6—4)+1(18 - 0)]
:12—5 SQ. units

(ii)

For more Info Visit - www.KITest.in
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. 2 7 1
Area = 5 1 1 1
10 8 1

=>[2(1-8) = 7(1 - 10) + 1(8 — 10)]

47 :
=~ sq. units

(iii)
. -2 -3 1
Area=-13 2 1
. -1 -8 1
ZE[_Z (10) +3(4) — 22
=15 sqg. units
Question 2

Show that point: A (a, b + ¢), B (b, ¢, + a), C (¢, a + b) are collinear.

Solution:

Points are collinear if area of triangle is equal to zero.

i.e., Area of triangle = 0

a b+c 1
c+a 1
a+b 1
[a(c+ta—a—b)—(b+c)(b—c)+1{b(@a+b)—c(c+a)}

Area of Triangle =

N | =

=0

1
2

b
c

1
E(ac—ab—b2+c3+ab+b2— c? —ac)

Therefore, points are collinear.

Question 3

Find values of K if area of triangle is 4 sq. units and vertices are

(1) (K, 0), (4, 0), (0,2)
(ii) (-2, 0), (0, 4), (0, K)

Solution:

()

Area of triangle = +4 (Given)

X1 N
> X2 Y2
X3 Y3

‘k+4=4

1
1
1

=4

N| =

[k(0—2)—0+1(8-0)] =4
1o (—2k +4) =4
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Now: -k + 4 = +4
-k+4 =4 and -k + 4 =-4
K=0and k=8

X1 X1 1
%xz Y2
X3 Y3
(ii)
-2 0
0 4
0 k
1/2 (-8+2K) =4
Or-k + 4 =44

Now: -k + 4 and -k + 4 = -4
K=0and K=8

= 4

=

= 4

N =

o

Question 4

(i) Find equation of line joining (1,2) and (3,6) using determinants.
(ii) Find equation of line joining (3,1) and (9,3) using determinants.

Solution:

Let A (%, y) be any vertex of a triangle.
All points are on one line if area of triangle is zero.

1 2 1
%3 6 1/=0

x y 1
%[x(2—6)—y(1—3)+1(6—6)]:0
“4x+ 2y =0
Y =2x

Which is equation of line.

(ii) Let A(x, y) be any vertex of a triangle.

All points are on one line if area of triangle is zero.
x y 1
311
. 9 3 1
5[x(1—3)—y(3—9)+1(9—9)]=0
-2x+6y=0

X-3y=0

Which is equation of line.

1 i
2

Question 5

If area of triangle is 35 sq. units with vertices (2,— 6), (5,4) and (k,4). Then K is
(A)12 (B) -2
(€)—12,-2 (D) 12,-2
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Solution:

Option (D) is correct.

Explanation:

" x1 y1 1

E X2 Y2 1| =35
x3 Y3 1

~[2(4 = 4) = (=6)(5 — k) + 1(20 — 4k)] = 35
Solving above expression, we have
25-5k=35and 25 - 5k=-35

K=-2and k=12.

Exercise 4.4

Write Minors and Cofactors of the elements of following determinants:

Question 1
~ 12 —4 ... |la ¢
(‘)|0 3| (")|b d
Solution:

Find Minors of elements:

Say, Mj; is minor of element a;;
M, = Minor of element a;; =3
Mj, = Minor of elementa;; =0
M;; = Minor of element a,; = -4
M,, = Minor of element a,, = 2
Find cofactor of aj;

Let cofactor of aj; is A;; which is (-1 )M
Ay = (DM = ((1D?(3)=3
A = (D" My, =(-1)* (0)=0
Azr = (-1)** My = (-1)° (-4) = 4
Ay =(-1)*"*Mp = (-1D* (2) =2

(ii)
|a c
b d
Solution:

Find Minors of elements:

Say, M;; is minor of element aj;
M;; = Minor of elementa;; =d
M;, = Minor of elementa;; =b
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M, = Minor of elementa,; =c¢

M,, = Minor of elementa,, =a

Find cofactor of aj;

Let cofactor of ajjis A;;. Which is (-1)""TM;;
App =DMy = ((1)? (d) =d

Ay =(-D)"*Myy =(-1)% (b)=-b

Az =(-1)**'My = (-1)° () =-c

Ay = (-1)*"* My = (-1)* (@) =a

Question 2

1 0 0
010

0 0 1
1 0 4

3 5 -5
0 2 2

()

(ii)

Solution:

1 0 O
MHjo 1 0

0 0 1
Find Minor and cofactors of elements:

Say, Mj; is minor of element a;; and A;; is cofactor of a;;

|(1) 2| 8 | _ =

My, = Minor of element a;; =

0 0] _

|0 1| il
M;, = Minor of element a;, =

Oy 1o

0 ol = 0-0
M;3; = Minor of element a;3 =

0 0]_ ,_

o 11=0-0
M, = Minor of element a,; =

1 0| _

0 1= 1-0
M,, = Minor of element a,, =

1 0/_ ,_

0o ol=0-0
M,3 = Minor of element a,; =

0 0]_ ,_

1 ol = 0-0
M3; = Minor of element a3 =

1 0| _

o 11=0-0

M3, = Minor of element as, =

and A =1
=0

and A, =0
= 0

and A3 =0
=0

and Ay; =0
=1

and Ay, =0
=0

and Ay3 =0
=0

and Az; =0
=0

and Az, =0
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 =io-n

M33; = Minor of element az3; = and Az3 =1
(ii)

1 0 4

3 5 =5

0o 2 2

Find Minors and cofactors of elements:
Say, Mj; is minor of element a;; and Aj; is cofactor of aj;

5 -1 _ 1y —
- |=10-(¢-1) =11
M;; = Minor of element a;; = and A;; = 11
3 -1 _ _
My, = Minor of element a;; = and A, =-6
3 5|_ 5 4 _
; "|=3-0=3
M3 = Minor of element a;3 = and A3 =3
0 4 _ , i
1 2= 0-4 = -4
M, = Minor of element a;; = and A;; =4
1 4] _ B
0 2= 2-0=2
M,, = Minor of element a,; = and A,, =2
BN .
0 1= 1-0=1
M,5; = Minor of element a,3; = and Ay3 =-1
0 4|_ A4 .
s _q|=0-120==20
M3, = Minor of element az; = and A, =-20
1 4y_ . 5 _
3 1= 1-2 13
M3, = Minor of element a3, = and A3, =13
IO TN <
3 |=5-0=5
M33; = Minor of element az3; = and A3z =5

Question 3

Using Cofactors of elements of second row, evaluate A.

5 3 8
A=12 0 1

1 2 3
Solution:

Find Cofactors of elements of second row:
1y2+1]3 8
(DM, 5
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A,; = Cofactor of element a,; = - (-1)?(9-16)=7
5 8
11242
GOk M
A,, = Cofactor of element a,, = - (-1)*(15-8)=7
2435 3
GRS M
A,3 = Cofactor of element a,; = — (-1)° (10-3)=7

NOW, A= a21A21 + ClzzAzz + a23A23 =14+0-7=7

Question 4

Using Cofactors of elements of third column, evaluate A

1 x yz
A=|1 y zx

1 z xy
Solution:

Find Cofactors of elements of third column:

1
_1)1+3 y
(D™
Aq3= Cofactor of element a;3 = . =-D*z-y) = Z
_1)2+3 ve
(D),
A,3= Cofactor of element a,3 = —(D(z—-x) = x—2z
1!
11343
(0¥,
As3 = Cofactor of element az3 = - -D(y—x) = y—x

NOW,A=313A13 +323A23 +a33A33
=yz (z—=y)+zx(x—2z) + xy (y —x)
= (yz? — y?2) + (xy? — xz%) + (xz%® — x%2)
= -2 [~yz + x(y+2) —x*]
=-2z)[-y(z—x) + x(z-x)]
=@x=-»U-—0(E-—x)

Question 5

a;; aqz QA3
az1 Az Qz3
az; Qaszz; daszz
(A) a;1A31 + apAs; + ag3A33
(B) a;1A11 + a12A21 + 343
(C) az1Aq1 + axAq; + axhgs
(D) a11A11 + az1Az1 + az1Az;

IfA = and A;jis cofactor of a;; then value of A is given by:

Solution:

Option (D) is correct.
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Exercise 4.5

Find adjoin of the matrices in Exercises in 1 and 2.

Question 1
1.
1 2]
3 4
2.
1 -1 2
[ 3 5]
-2 0 1
Solution:
1.LetA=
[1 2
3 4
Cofactors of the above matrix are
All = 4‘
A12 = '3
A21 = -2
Ay =1
: Ain Axp 4 =2
adj. A= [Alz Azz] - [—3 1 ]
28
1 -1 2
LetA=] 2 3 5
-2 0 1
Cofactors of the above matrix are
Ay :+|3 i “B Pl B 01 i W, N 31 é = _ it
A12 = — _22 1 =—12 AZZ =+ _12 i =5 A32 = — |% g -1
Az =+ _22 S|:+ Az3:—|_12 01|:2 A33:+|; 31|:5
Therefore,
A Ay Az 3 1 -11
Ad] A = A12 Azz A32 = [—12 5 -1 ]
Az Ay Agz 6 2 5
Verify A (adj A) = (adj A) A = |A| I in Exercises 3 and 4
Question 3
1 -1 2
teta[ %, ] 4 [3 0 —2]
1 0 3
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Solution:
3.
LetA:[_24 _36]
Adj.A:[_46 _23]
rean =[5 S0 ]
09
0 0
Again, |A| = |_24 _36| - _12+12=0
o) - 3
LHS =RHS
Verified.
4,
1 -1 2
LetA=|3 0 -2
1 0 3
Cofactors of A,
A11=+|8 ‘32|=0 A21=—|_01 §=3 Asy = + ‘01 _22|=2
A12=—|§ _32|=—11A22=+|1 §=1 A32=+|§ _22|=8
Ap=]S 00 an==|p |=tam=s[ Z|=3
Now,
A;n Az Az 0 4
Adj.A==|A;; Az Az =[—11 1 8]
A1z Ayz Aszz 0o -1 3

Now, Verify A (adj A) A= |A| ]

1 -1 27[0 3 0] [11 0 0O
A(adj.A)=[3 © —2] ae h 8]=[0 11 0]
1 0 31lo -1 3 lo o 11
1 -1 2
Al=[3 0 —2]:1(0)—(-1)(11)+2(0):11
Y0 g -1 27 11 0 o
(adj.A)A=[—11 1 8”3 0 —2]=[0 11 o]
o -1 3ll1 o 3 0 0 11
110
0 11

3
100 0
All=110 1 o0|= 0
oo 1 lo o 11

Find the inverse of each of the matrices (if it exists) given in Exercises 5 to 11.

Verified.

Question 5
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i 3]
Solution:
Let A = [i _32]
Al =2 _32]:14¢0

Since determinant of the matrix is not zero, so inverse of this matrix is possible.

As we know, formula to find inverse is:
Al =2adjA
“ 3 2
AL [—4 2]
This implies,

4_17-1 5
A _14[—3 2

Question 6

Solution:

LetA=[:51) g

L 5]:13 Ay,

Al=
Al=]_5 5

Since determinant of the matrix is not zero, so inverse of this matrix is possible.

As we know, formula to find matrix inverse is:

A1 =1adj. A
|A] y 4

Adj. A [3 ¥ 1]

This implies,

-1_1 2 =5

A T 13 [3 -1

Question 7
1 2 3
0 2 4
0 0 5

Solution:
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1 2 3
LetA=|0 2 4
. 02 03 5
|Al=10 2 4]:1(10)-2(0)+3(0):10¢0
0 0 5
Therefore,
A1 exists
Find adj A:
2 4 _ 12 3|__ 12 3.
Ap=+| 2|10 Ap=—|0 f|=-10 Ay =+ ]S 3]=2
0 4| 11 31 _. |11 31-_
A12 ——|O 5|—0 A22—+|0 5|—5 A32—+|0 4 =—4
0 2 1 2 -1 2
A13=+0 O|=0 A23=—|0 0|=0 A33=+|0 _2|=2
As we know, formula to find matrix inverse is:
A~T=—1adj. A
[A]
. 10 -10 2
-1_ 1 _
A m 0 5 4
0 0 2
Question 8
1 0 O
[3 3 0]
5 2 -1
Solution:
1 0 O
LetAl3 3 0
5 2 -1l
1 0 07
|A]=13 3 0]|=1(-3)-0+0=-3+#0
5 2 -1l
Therefore,
A1 exists
Find adj A:
3 0|_ __ 10 0p__ _ 10 0] _
A11—+2 _1|— 3A21— |2 _1|— 0A31—+|3 0—0
3 0]_ 11 31 11 0] _
Alz——35 3—1|_3A22_+|? 25—5 A32—+% 8|—0
A13 =+ 5 2|:—9A23:_|5 2 :_2 A33:+|3 3|:3
A1r Ay Az -3 0 O
Adj. A= [A1; Ay Azx|=|3 -1 0
A1z Ay Az -9 -2 3
As we know, formula to find matrix inverse is:
A‘lzﬁadj.A
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|3 0 0
A‘lz? 3 -1 0

-9 -2 3
Question 9
2 1 3
4 -1 0
-7 2 1
Solution:
2 1 3
LetA=14 -1 0
-7 2 1
2 i 3z
[Al=l 4 -1 0
-7 2 1
=2(-1)-1)+(4)+3(1)=-3
#0
Therefore,
A1 exists
Find adj A:
=1 0oy _ |1 31_ b 1 3]_
All _+|32 01| a1 1A21_ 2|2 31 - 5 A31_+|51 30|_3
Ay =— |54 _1|1: 3Ayp=+ |_7 21 :123 Azy =+ |4 0 :212 |
As=t| S T = -1A3=— 5 2|:—11 A33:+|4 _1|:—6
A1 Ay Az —1 5 3
Adj,A=[A;; Ay Azp|=|-1 23 12
Az Ays Ass 1 -11 -6
As we know, formula to find matrix inverse is:
A1 =1adj. A
|A]
», -1 5 3
A‘lzj; —4 23 12
1 -11 -6
Question 10
1 -1 2
0O 2 -3
3 -2 4
Solution:
1 -1 2
LetA=|0 2 -3
3 =2 4
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|A|]=10 2 -3

1—12]
3 -2 4

=12)+109)+2(—6) = —1
#=0
Therefore,
A7l exists
Find adj A:
All :+|_22 43| :2 A21:—|_
0 -3
0 2
3 _2|- —6 Az =—
[ 2 0 —1]

Agy =— |=-9 A =+| =2 A =—| =3

A13 =+ |
A1 Ayp Az

AdjA=A; Ay Ax|=|-9 -2 3

_A13 A23 A33 -6 -1 2 |

As we know, formula to find matrix inverse is:

-1 _i .
A" = IAIad].A

-2 0 1]

Al=l9 2 -3

6 1 -2

Question 11
1 0 0
0 cosa sina
0 sina —cosa

Solution:

LetA=|0 cosa sina

1 0 0 ]
0 sina —cosa
0

|A|=(0 cosa sina }
0 sina —cosa
= (cos?a — sin*a)- 0+0
= — (cos?a + sin*a)=—1#0
Therefore,
Al exists
Find adj A:
A=+ |cgsa sina |
sina —cosa
B |0 sina
0 —cosa
cosa |: 0
—sina

1 A= | _

sigoa —c(())s a| 0 cos(;z sina
—cosa| B |0 sinal
A23:+|(1) Si2a|25ina A33:+|(1)

0 0
:0 A31: +| |
=—cosalsz= = —sina

App= |:0 A22:+|(1)

0

|:COSCL
cosa

Az =+ |8
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A1 Ay Az -1 0 0
adj. A=A Ay Agp|= [ 0 —cosa -—sina
Az Ayz Agg 0 —sina —cosa
As we know, formula to find matrix inverse is:
A~l="1adj. A
|A]
1 0 0
A'=|0 cosa sina ]
0 sina —cosa
Question 12

_13 7 _[6 8 . 1 p-1a-1
LetA = |2 5 and B —[7 9]Verlfy that (AB) ‘=B "A™".
Solution:

v 3

2 5
=[5 =10
A1 :lj\—ladj.A

5 7]

AT [—2 3

Again,

5=[7

BI=|g o]= =20
B_1:L[9 —8]

Now l\/Il.zllti_pZy Agnd B,
3 7116 81 _[67 87
AB[Z 5”7 9]= 47 61]

Find determinants of AB:

167 877 4 i
|AB|_[47 61]_4087 4089=-2 % 0
Now, verify (AB)~! = B~1A™!
LHS:
167 87]_ ) o
|AB|_[47 61]_4087 4089=—-2 %0
And
1161 —87
(AB) ) [—47 67]
RHS:

a1 119 -8][5 =7
B™A _—2[—7 6”—2 3]
_1[61 -87

=2l-47 67

This implies, LHS = RHS (Verified)
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Question 13

3

1A=~

;], show that A2 —5A + 71 = 0. Hence find A1

Solution:

A% + AA
5
] ISP | I B
LHS = A? — 5A + 71
8 ]_5[—31 %]”[(1) (1)]
[8—15+7 5—5+0]
54+54+0_3—10+.7Z

0 0] 0
= RHS. (Proved)
To Find A'
Multiply A> — 5A + 71 A’ , we have
(Consider lis 2x2 matrix)
A’A"T —5A A T+7IA 1 =0.A"1
A -5 +7A71=0
7TATl=—A + 51

R
1=2[1 _13 ]
?[1 3 ]
Question 14

For the Matrix A =[i ﬂ ,find the numbers a and b such that A2 + aA + bl =

Solution:

eomefl AR A-[) Y

Since A% + aA +bl =

o =y ]b[ =0
s §]+[‘°’a“ Za“]+[8 ZHg 0
[11+3a+b 8+2a+0]_0 o]

44a+0 3+4a+bl 10 0
Equate corresponding elements, we get

11+3a+b=0..(1)
8+2a=0=>4
Substitution the value of a in equation (1),
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11+3(-4)+b=0

11-12+b=0
B=1.
Question 15
1 1 1
For the matrixA=|1 2 —3|.ShowthatA3 —6A% +5A + 111 = 0.Hence, find A~1.
2 -1 3
Solution
1 1 17(1 1 1
A*=AA=|1 2 -3[|]1 2 -3
2 -1 3112 -1 3

PL 14 1421 "H—3 %3
=[1+2-6 1+4+3 1+6+9
2—-1+6 21—2—3 2+3+9

(4 2
=|-3 8 -14
| 7 -3 14
4 2 111 1 1
AS=A’A=|-3 8 -—-14||1 2 -3
7 -3 14112 -1 3
[ 44242 4+4+4—-1 4—-6+3

=|-3+8—-28 —3+16+14 -3 -—24+42
| 7—3+ 28 7—6—14 7+9+42
[ 8 7 1 ]

=1-23 27 -69
[ 32 —-13 58|

Now,LHS=A3—6A2+5A+11|

[ 8 7 1] 24 11 0 0
=|-23 27 -—69|—|-18 —84] [ 10 —15” 11 0]
[ 32 —-13 581 [42 —18 10 -5 0 0 11
8 —24+5+11 7-12+5 1-6+5

=| —23+18+5 27-48+10+11 —69+84—15

| 32-42+10 —13+18+5 58-84+15+11

0 0 0

=0 0 0]

0 0 0

=0

RHS (Proved)

Now, find A~1

Multiply A3 — 6A% + 11| by A™1, we have
(Consider | is 3x3 matrix)
A3A7T — 6A’A71 + 5AAT + 111 A7 = 0A7!
A> —6A+51+11A1=0
11A™ 1 = 6A — 51 — A?
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1 1 1 1 0 0 4 2 1
11A1'=6/1 2 -3[-5l0 1 o|-|-3 8 -14

2 -1 3 0 0 1 7 -3 14
(6 —5—4 6—2 6—1
=| 6+3 12-5-8 -18+14
[ 127 —-6+3 18-5-14
-3 4 5
=19 -1 —4
[ 5 -3 -1
Therefore,
1 [3 4 5
A :5[9 -1 —4]
5 -3 -1
Question 16
2 -1 1
IfA=|—1 2 —1|Verifythat A3 — 6A% + 9A — 4| = 0 and hence find A~ 1.
1 -1 2
Solution:
A% = AA
44+1+1 -2-2-1 1+1+2
—2-2-1 1+4+1 -1-2-2
2+1+2 —-1-2-2 1+1+1
6 -5 5
[5 . _5]
5 -5 6

Again, A3 = A’A

6 -5 5772 -1 1

[—5 6 —5”—1 2 —1]

5 -5 61l1 -1 2

(22 =21 21

=|-21 22 -21

[ 21 -21 22|
Now, A3 — 6A% + 9A — 4]

(22 21 21 [6 -5 5
-6

=1-21 22 =21 -5 6 -=5|+9

2 -1 1 1 0 0
-1 2 —-1|—-4/0 1 0
0 0 1

|21 —21 22| 5 -5 6 1 -1 2
122-36 —21430 21-307 [18—4 -9-0 9-0
=[-21+30 22+36 -21+30[+[-9-0 18—-4 —9-0
| 21-30 -21+30 22-36] lL9—-0 -9-0 18-—4
—14+14 9-9 2949 ]

=| 9-9 —14+14 9-9

| 949 9-9  —14 + 14]

0 0 0

=lo0 0 0

0 0 0

= 0 (RHS)

Multiply A3 — 6A% +9A - 41 = 0 by A%, (here I is 3x3 matrix)
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ASAT —6A*’A71 49A -4LA =0 AT
A2 —6A+91—4A"1 =0
4A71 = A? — 6a + 9]
Now Placing all the matrices,

6 -5 5 2 -1 1 10 0
4A71=|-5 6 -—5|[—-6]-1 2 -—=1|+9l0 1 0
|5 -5 6 1 -1 2 0 0 1

6—12+9 —-54+6+0 5—6+0
4 AT =|-5464+0 6—-124+9 -5+6+0
[ 5—-64+0 —-5+6+0 6—12+9

3 1 -1
=1 3 1
-1 1 3

Inverse of the matrix is:

J3 1 -1
A—1=Z13 1

S 3
Question 17
Let A be a non-singular matrix of order 3 x 3. Then |adj. A| is equal to:
(A) 1A]| (B) |A]?
(€ |A]? (D) 03]A|
Solution:

Option (B) is correct.
Explanation:
ladj. A|= |A|* ! = |A|? (forn = 3)

Question 18

If A is an invertible matrix of order 2, then det (A1) is equal to:
(A) detA (B) 1/det A
a1 (D)o

Solution:

Option (B) is correct.
Explanation:

AA 1 =1

Det (AA™! =1)

Det (A)det (A1) =1
Det (A™!) = 1/detA

Exercise 4.6

Examine the consistency of the system of equations in Exercises 1 to 6.
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Question 1
Xx+2y=2:and 2x+3y =3
Solution:

Given set equations is: x +2y = 2: and 2x + 3y = 3
This set of equation can be written in the form of matrix as AX = B, where

A=|% g andB=[§] and

x=[,)
So, AX=Bis

> 31610
=[5 5l=-1=o0

Inverse of matrix exists. So, system of equation is consistent.

Question 2
2x-y=5andx+y=4
Solution:

Given set of equations is: 2x-y=5and x +y = 4
This set of equation can be written in the form of matrix as AX = B, where

S
2 [
al=[2 ZY=3%0

Inverse of matrix exists. So, system of equation is consistent.

Question 3
x+3yand 2x+ 6y =8
Solution:

Given set of equations is: x+ 3y and 2x + 6y = 8
This set of equation can be written in the form of matrix as AX = B

2 slbllg]

Where,
A= B 2] and B = [553]
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o 3
Adj A = [_62 _13]
And

TS K [ [ EARY
The given educations are inconsistent.

Question 4
X+yz=1;2x+3y+ 2z =2 and ax + ay +2az =4
Solution:

Given set of educations is: x +y +z 1; 2x + 3y + 2z = 2 and ax +ay +2az =4
The given education can be written in the form of matrix as AX =B

1 1 17 J1
2 3 2||YIF|2
a a 2altzi |4
1 1 1
A=|2 3 2
a a 2a
1 1 1
|Al=[2 3 2 |=1(6a-2a)-1(4a- 2a) +1(2a-3a)
a a 2a

=4a-2a-a=a#0
System of equation is consistent.

Question 5
3x-y-2z=2;2y-z-1and 3x-5y=3
Solution:

Given set of equations is: 3x -y — 2z — 2;2y-z=-1and 3x-5y=3
This set of equation can be written in the form of matrix as AX = B

3 -1 -2]x 2

o b

3 =5 01!z 3
3 -1

-2
0 2 -1
3 -5 0
3 -1 —2]

A=

[Al=[0 2 -1
3 =5 0
=3(-5) +(3) -2(-6)
=15-15

=0

Now.
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5 10 5
(adj. A) =
5 10 5
(adj.A)B= #0
6 12 6
Question 6

Given set of equations is:
5x-y+4z=5
2x+3y+5z=2
5x-2y+6z=—-1

Solution:
Given set equation is: 5x -y +4z=5;2x+3y+52=2; 5x - 2y + 62=—1

This set of equations can be written in the form of matrix as AX =B
—1 4

—2 6

—il 4
2 3 5
5 -2 6
5 -1 4]

A=

3 5
5 -2 6
=5(18 +10) + 1(12-25) +4(-4 - 15)
=140-13-76
=140-89
=51
#0
System of equations is consistent.

|Al =

Solve system of linear equations, using matrix method, in Exercises 7 to 14.

Question 7

5x+2y=4and 7x+3y =5
Solution:

Given set of equations is: 5x + 2y =4 and 7x + 3y =5
This set of equation can be written in the form of matrix as AX = B

g%h s 1=[5]

o
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And |A|=1+#0
System is consistent.
Now,

X=A"1B =ﬁ (adj. A) B

G412 20
e
Question 8
2x-y=-2and 3x+4y=3
Solution:

Given set of equations is: 2x -y =-2and 3x + 4y =3
This set of equation can be written in the form of matrix as AX =B

5 G115
mw

System is consistent,
So,

X=A"1B =ﬁ (adj. A) B

[ e |
Therefore,x=-5/11andy=12/11
Question 9

4x - 3y = 3and 3x- 5y = 7

Solution:

Given set of equations is: 4x - 3y =3 and 3x - 5y =7
This set of equation can be written in the form of matrix as AX = B

5 ZSll)=1)

Where;
4 -3
a=3 Z:

And |A| =-20+9=-11%#0
System is consistent.
So,

b= A0

For more Info Visit - www.KITest.in

4.35




For Enquiry — 6262969604 6262969699

i sy
-111-9+281 -11119
Therefore,x=6/-11andy =19/-11

Question 10

5x+2y=3and 3x+2y=5
Solution:

Given set of equations is: 5x + 2y =3 and 3x + 2y =5
This set of equation can be written in the form of matrix as AX =B
5 2111_1[3
5 2lbI=[s]
Where
_[5 2
A= [3 2]
And |A|=4#0
System is consistent.
So,

X=A"1B :ﬁ (adj.A) B

L

[y] 1 [ 4 ]

Therefore, x =-1 and y 4

Question 11

2x + y+z =landx—2yz = 3/2and3y—5z=9

Solution:

Given setoff equationsis: 11.2x + y +z =landx — 2y z = 3/2 and 3y -5z=9
This set of equation can be written in the form of matrix as AX = B

FRt R 5,

0 3 =51tz 9
Where
2 1 1
A=|1 -2 —1]
0 3 =5
And
2 1 1
Al =1 -2 —1]
0 3 -5
=34+0
System is consistent.
So,
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X = A"1B = —(adj A) B
5 ~10 3/,
-5
|5 —15+27

A
X
_1
-
z —6
3-9-15 [ ]

13 8 1] 1
13+12+9
Therefore’ x=1y=1/2 and z= 3/2

Question 12
x—y+z=4and?2x + y—3z =0andx+y+z=2

Solution:

Given set of equationsis:x- y+z = 4and2x + y- 3z = Oandx+y+z=2
This set of equation can be written in the form of matrix as AX =B

1 -1 171 [4
Hr 8
1 1 11tzd |2
Where

1 -1 17
2 1 -3

1 1 11

A=

And
1 -1 1
1 —3]:1(1+3) +12-1)=1(#4) +1(5)+1(1)4 +5+1
1 1 1
=10+#0
System is consistent.
So,

X=A"1B=

|A| =

](ad] A)B
il
.

-landz=1

I

X 1

M=E[—5 0 5
z 1 -2 3
16+ 0 + 4
—20+0+10

4—-0+6
Therefore,x =2,y =

" 10

Question 13

2x+3y+3z =5

X—2y+z=—-4

3x—-y—2z=3
Solution:
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Given set of equations is:
2x + 3y + 3z =5
X—2ytz=-4

3x—y—2z=3
This set of equation can be written in the form of matrix as AX = B
2 3 37 5
RESAR
3 -1 =21tz 3
Where
2 3 3]
A=l1 -2 1
3 -1 -2l
And,
2 3 3
|A| = -2 1 ] =2(4+1)-3(-2-3)+3(-1+6)=2(5)+3(5)=10+15+15
S
=40 #0
System is consistent.
So,

X=A"!B= —(ad] A)B

s

_?J g

25 — 12 + 27 1
25+52+3 2
25—44 - 21 -1
Therefore,x=1,y=2andz =-1.
Question 14
X-y+2z=7
3x+4y-5z=-5
2x-y+3z=12
Solution:

Given set of equations is:

X-y+2z-7

3x+4y-5z=—15

2x-y+3z=12

This set of equation can be written in the form of matrix as AX = B

1 -1 27px 7

H oA

2 =1 31tz! [12
1 2

Where
1 —
A=|3 4 —5]
2 -1 3
And
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1 -1 2

|Al= 4 —5] =1(12-5)+1(9+10)+2(-3-8)=1(7)+1(19)+2(-11)=7+19-22
2 -1 3

=4=+0

System is consistent

So,

X=A" 1B_m (ad] A)B

by o sl

49 — 5 - 36
—133 +5+4+132|=
—77 +5+ 84 3
Therefore, X =2,y=1andz =3
Question 15
2 -3 5
IfA=|3 2 —4|, find A 1.Using A~! solve the system of equation.
1 1 -2

2x-3y+5z=11
3x+2y-4z=-5

X+y-2z=-3
Solution:
2 -3 5
A= 1|3 2 —4
1 1 =2
2 -3 5
|A| = 2 —4(=2(-4+4)+3(-6+4)+5(3-2)=2(0)+3(-2)+5(1)=-6+5
1 1 =2

=-1 # 0: inverse of matrix exists,
Find the inverse of matrix:
Cofactors of matrix:
A =0Ap=2A3=1
Ay = =1L Ap =-9 A3 = -5
A31 == 2,A32 == 23,A33 == 13

0 -1 2
Adj.A=[2 -9 23]
1 -5
So,
0 -1
A—1=_i1[2 —9 ] [ —23]
1 -5 ~13
Now, matrix of equatlon can be written as:
AX =B
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2 =3 57 [11

3 2 —4 M= —5]

1 1 =20zl [-3
And, X=A"1B

x7 [0 1 =217[11
yl: -2 9 -=23||-5

Lzl -1 5 —13/[-3]

x7 [0 1 =217[111 [1
yl= -2 9 =23||-5 =H
zl -1 5 —13/[-3] 13

Therefore,x =1,y :_Z_anc_l z =3.

Question 16

The cost of 4 kg onion, 3 kg wheat and 2 kg rice is Rs. 60. The cost of 2 kg onion, 4 kg wheat
and 2 kg rice are Rs. 90. The cost of 6 kg onion, 2 kg wheat and 3 kg rice are Rs. 70. Find
cost of each item per kg by matrix method.

Solution:

Let x, y and z be the per kg. prices of onion, wheat and rice respectively.
According to given statement, we have following equations,

4x + 3y + 2z = 60

2x+4y +6z=90

6x+2y+3z=70

The above system of equations can be written in the form of matrix as, AX = B

4 3 2|rx 60
2 4 6 M: 90
6 2 31z 70

Where,
4 3 2]

A=|2 4 6

6 2 3

And

|Al=12 4 6

6 2 3

=4 (0)-3(-30) + 2 (-20)

=50+#0

System is consistent,and X = A B

First find invers of A.

Cofactors of all the elements of A are:
A1 =0,A;, =30,A13 = =20

A21 == —5,A22 == 0,A23 == 10

Az; =10,A3, = —20,A33 =10

432]

0 -5 10
Adj.A=1] 30 0 —20]
—20 10 10
Again,
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x — 10 71160
yl = —201]190
V4 20 10 10 1170

—450 + 700
=— 1800 — 1400
[—1200 + 900 + 700

250 5
=18
8

=—1400
1400
Therefore,x=5,y=8andz=38,
The cost of onion, wheat and rice per kg are Rs. 5, Rs. 8, respectively.

Miscellaneous Examples
Question 1

X sin® cosO

Prove that the determinant[—sine —X 1 ]is independent of0.

cosO 1 X
Solution:

X sin® cos©
LetA=|—sin®@ —x 1

cosO 1 X
A :X[—x 1] _ sin® [sme 1] . [— sin @ —x]
1 x cos® x cos@ 1

=x(—x% — 1) —sinB( —xsin O — cos B) + cos B( —sin 6 + xcos 0)

=—x3 — x + x (sin®0 + cos?0)
3
= —X

Which is independent of 6 (Proved)

Question 2

Without expanding the determinant, prove that

a a* bc| |1 a® ad

b B? cal=|1 b* b3

c ¢ abl 11 &

Solution:

Start with LHS:
a a’ bc
b B? ca
c c? ab

Multiplying R1 by a R2 by b and R3 by ¢, we have
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a’> a3 abc
b? b3 abc
c2 3 abc
Taking out common elements
abcla® a® 1
— b b 1
abc |, 3 1
Interchanging C; and C,
a’> a® 1 1 a® a?
=[p? b3 1|=—|1 b3 b?
2 3 1 1 3 c?
Interchanging C; and C3
1 a?2 a® |1 a% a
=11 b* b*|=|1 b* b?
1 ¢ 3l 11 ¢ (8

= RHS (proved)

Question 3
Evaluate
cosa cosf cosasinf -—sina
—sinf cosf 0
sina cosff sinasinfi cosa
Solution:

cosa cosf cosa sinff —sina

—sinf cosp 0
sina cosf sina sinff  cosa
= cos a cosP(cosa cosp — 0) — cosa sinB(—cosasinf — 0) — sin a(—sin asin?p — sinacos?p)
= cos? acos? B+cos?asin®f+ sin?a (sin®B+cos’fs
= cos?a + sin®a =1

Question 4

If a, b and c are real numbers, and
b+c c+a a+b

A=|c+a a+b b+c

a+b b+c c+a
Show that eithera+b+c=0o0ra=b=c

=0

Solution:
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b+c c+a a+b
c+a a+b b+c
a+b b+c cH+a

Applying:R; - Ry + R, + R3

2(a+b+c) 2(a+b+c) 2(a+b+c)
c+a a+b b+c
a+b b+c c+a
1 1 1
2(@+b+c)fc+a a+b b+c
a+c b+c c+a

SinceA=0
This implies,
Either 2(a+b+c)=0or

‘! 1 1
c+a a+b b+c|=0
a+c b+c c+a
Casel:If2(a+b+c)=0
Then(a+b+c)=0
Case 2:

1 1 1
c+a a+b b+c| =0
a+c b+c c+a

Applylng CZ - Cz = Cg - Cg - Cl

1 0 0
c+ta a+b—c—a b+c—c—al=0
a+b b+c—a—b cta—a—>b
b—-c b-— | ~0
c—a c—b
Or
=>(b—-c)(c—=b)-(b—a)(c—a) =0
=>bc — b? - ¢? + bc- be+ ab+ ac-a? =0
=>-q%-b%? -c? +ab+bc+ca=0
=>a? +a® + b%? + b + c? + ¢? - 2ab-2bc-2ca=0
=> (a® + b% - 2ab)+(b? +c? - 2bc)+(a? + c? - 2ca) = 0
=>((a = b)*+ (b — ¢)* + (c — @)* =0
Above expression only possible, if (a-b)=0and (c-a) =0
Thatisa=bandb=candc=a
Therefore, we have result, either a+b+c = 0 or a=b=c.

Question 5
Solve the equation
x+a X X
A=| x x+a x |=0,a+0
X X x+a
Solution:
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x+a X X
X xX+a X
X X x+a

R1—>R1+R2+R3

Applying;

3x+a 3x+a 3x+a
X x+a X

X X X+a
1 1 1

x x+1 X

X X X+ a
Case 1: Either 3x+a=0

Thenx=-a/3
Case 2: or

1 1 1

x x+1 X

X X x+a
Applying:
C2—+C2—Cland C3—>C3—Cl
1 0 0
x a 0
x 0 a
a"2=0
Ora=0
Not possible, as we are given a # 0.
So, x =-a/3 is only the solution.

=0

=0

(Bx+a) =0

=0

=0

Question 6
Prove that
a? bc ac + c?
A=|a% + ab b? ac |=4a?b?*c?
ab b% + bc c?
Solution:
LHS:
a’ bc ac + c?
a’ +ab b? ac
ab b% + bc c?
a c (a+0)
=abc |(a + b) b a

b (b+c¢) c
Rl—)R1+R2+R3

a—a—b—b c—b—-—b—c a+c—a—-c
=abc a+b b a
b b+c c
C,-»C—C
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—2b -=2b 0 -2b 0 O
=abcla + b b al=abcla+b —a a
b b+c ¢ b c c
=abc (—2b)(—ac — ac) = 4a®b?c?
RHS (Proved)
Question 7
3 -1 1 1 2 =2
IfA"'=|-15 6 -5/andB = |-1 3 0 |find (AB)™!
5 -2 2 0 -2 1
Solution:

As we know,(AB)"! = B71AL... (1)
First find inverse of matrix B.

1 2 -2
Bl=[-1 3 ©
i = |l

=1(3-0) -2(-1-0) + (-2) (2-0) = 1 # 0 (Inverse of B is possible)
Find cofactors of B:

By1=3,B12 =1, By3=2

821 = 2, B22 = 1, B23 = 2 and

b3; =6,B3; =2,B33 =5

So, adj. of B is

Now,

3
_1_i . _l
B~ = |Bl(ad]. B) = : ;

From equation (1), -

A 2/ 63, wInt
(AB)—1:[1 12 [—15 6 —5]
5

2 2 5] -2 2
9 -3 5
=1-2 3 1
1 0 2
Question 8
1 -2 1
LetA=|-2 3 1|, verifythat
1 1 5

(i) (adj.A) 1 =adj. (A1)
(i) A H1=A
Solution:
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1 -2 1
Al=|-2 3 1
1 1 5

-13 # 0 (Inverse of A exists)
Cofactors of A are:

A11 :14,A12 = 11,A13 = '5

AZl =11,A22= 4,A23 = ‘3

A3y =573, =-3,A33 =-1

So, adjoint of A is

14
[11
-5
Now, A1
m!
13 _t
Again,
14 11 -5
|B| = [11 4 —5}
-5 -3 -1
=169 # 0 (inverse of A exists)
Cofactors of B are:
Bll = '13, B12 :26, B13 = '13
BZl = 26, Bzz =-39, B23 =-13
831 :'13, B32 :'13, B33 = '65
Therefore, inverse of B is
_1[ 12
13 1
Find: adjA™!
- 14 11 -5
A =3 11 4 —3]
-5 -3 -1

11 -5
4 -5
-3 -1
11. -5
4 -5
Y — 1
-2 1
3 1
1 5

6262969699

|

|A™1| =-1/13 # 0 (After solving the determinant we get the value. Try at your own)

Inverse of A~! exists.
Let say cofactors of A~! are represented as C

-1 2 -1

C11 :21—3’ Ciz = _g; Ci3 :}—13

Ca1 =13 Ca2 = 3’ Co3 = 3 and

C31 =13 Csy = E’C33 BEE}

Therefore:

(A l=c1= lé—|(adj. C)

Which implies,
1
-2
1

=A

Which is again given matrix A.

ij

we have

-2 1
3 1

1 5
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() (adj. A)~! =adj. (A™)
A s

. 2 1 . 1 -2 1
E_Z 3 125 -2 3 1
| 1 1 5l 1 1 5
i)(AH1=A
_1'1 -2 17 . 1 -2 1
E_Z 3 125 -2 3 1
| 1 1 5] 1 1 5
Question 9
Evaluate
X y x+y
y x+y X
xX+y X y
Solution:
Consider,
X y xX+y
A= y Xty X
x+y X y

Operation: [R; = Ry + R, + R3]

2x+y) 2(x+y) 2(x+y)
y xX+y X
x+y b y
Taking 2(x + y) common from first now
1 1 1
2+ )| ¥ x+y x
x+y X y

[CZ - Cz - Cland C3 - C3 - Cl]

Operation:
i 0 0

2x+W| vy x+ty-y x-y
X+y x—x—-y y—x-—Yy
X x—=Yy

20c+y) 1|2, T

2(x+y) {—=x*+ (x - )}
-2(x"3 +y"3)
A=-2(x"3 +y"3)

Question 10
Evaluate

1 X y

1 x+y y

1 X x+y
Solution:
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Consider

1 x y
A=[1 x+y y

1 x x+y

[RZ - RZ — Rland R3 - R3 — Rl]

Operation:
1 x y
0 x+y 0
0 0 x+y—y
1 x y
0Oy O
0 0 x
A =xy

Using properties of determinants in Exercises 11 to 15, that:

Question 11

a a*> B+y
B B vta|l=B-vVy-a)(a-pB)(a+p+v)
Yy v a+p

Solution:
LHS
a a®* B+y
B B* y+a
Yy v: a+p
[C3 = C3 + (4]
Operation:
a a* a+pB+y
B B* a+pB+y
v v a+fB+y
a a* 1
(a+B+V)|B B 1
y v: 1
[R, > R, — RyandR; — R; — Ry]
Operation:
a a? 1
(a+B+y)|B B*—a®* O
Yy y?—a* 0
aapaplfmt G-0G+a)

y—a @-a@y+a)
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@+p+NE-ar-al &1
(@8 +7) (B -y —a) & +a—f—a)
@+ +7)-(a~ Py - - -]
=@+ B+ @B~ —a)

= RHS

Question 12

x x2 1+pad

y ¥* 1+py?
z z* 1+pz8

=(1+pxyz) x-y)(y-2z)(z-x)

Solution:
LHS=
x x* 1+ px3
y [y 1+ py?
z z* 1+pz3
x x2 1 |x x* px®
2 2 3
s A
z B -
We have two determinants; say A 1 and A 2
=A1+A2
x x2 1
A=ly y* 1
z z¢ 1
[Rz - RZ — Rlanng - R3 — Rl]
Operation:
x x? 1

y—x y*—x% 0
z—x z?—x% 1
y—x (=00 +x)
z—x (z—x)(z+x)

- w-0@-»|; 1T

=0-0@E-0E+x-y-x)
= (x-»(y-2)(z-x)

Again:
x x? px3
A=y y* py’
z 7z pzd
1 x x?
pxyzh; = (1 y y*
1 z z°
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x> x 1
=—pxyz|y*> y 1
z2 7z 1

x x* 1
=pxyzly y* 1

z z% 1
=pxyzA,
Therefore: Ay + A,
LHS

=0-0z=—x)z-y) +pxyz(y—x)(2—-x)(z—-Yy)
= Q+pxyz) y —x) (z—x)(z—y)
= RHS
(Proved)
13. Prove that
3a —a+b —-a+c
—b+a 3b —b+c|=3(a@a+b+c)(ab + bc + ca)
—c+a —-c+b 3c
Solution:
LHS
3a —aith —-a+c
—b+a 3b —-b+c
—c4+a —-c+b 3c

[Ci = C1 + C; + G5
Operation:
a+b+c¢c —a+b —a+c
a+b+c 3b —b+c
a+b+c —c+b 3c

1 —a+b —a+c
(a+b+c)|1 3b —b+c

1 —c+b 3c
[R2 - R2 — Rlanng - R3 — Rl]

Operation:
2b+a a-—>»b
(@+b+o1|VT L
=(a+b+c)[2b+a)2c+a)—(a—b)(a—c)]
= (a+b+c)[4bc + 2ab + a®? — a? + ac + ab — bc]
= 3(a+ b+ c)(ab + bc + ac)
= RHS

Hence Proved.

Question 14
Prove that

1 1+p 1+p+gq

2 3+2p 4+3p+2q|=1
3 6+3p 10+ 6p+ 3q

Solution:
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LHS
1 1+p 1+p+gq
2 3+2p 4+3p+2q
3 6+3p 10+ 6p+ 3q
[R, &> R, — 2RyandR; — R; — 3R4]
1 1+p 1+p+gq
0 1 2+q
0 3 7+ 3p
1 2+4p
1|3 7+3p|:0+0
=7+ 3p-6-3p
=1
= RHS
Hence Proved.
Question 15
Prove that
sina cosa cos(a+6)
sinf cosfB cos(B+6)|=0
siny cosy cos(y+96)
Solution:
LHS
sina cosa cos(a+9)
sinf cosf cos(f +6)
siny cosy cos(y +6)
sina cosa cosacosd — sinasind
=|sinf cosf cosfcosd — sinfsind
siny cosy cosycoséd — sinysind
[C3 = C5 + (sind) (]
Operation:
sina cosa cosacosd — sinasind + sinasind
sinf cosf cosficosd — sinfsind + sinfisind
siny cosy cosycosd — sinysind + sinysind
sina cosa cosacosé
= |sinf cosf cosfcosd
siny cosy cosycosé
sina cosa cosa
=cos 6 [sinf cosf cospf
siny cosy cosy
Column 2 and column 3 are identical, as per determinant property, value is zero.
=0
= RHS
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Question 16

Solve the system of equations

x y z X y z x y z

Solution:

Let

1 1

—=U-—=V,—=Ww
X y z

We have

2u + 3y + 10w = 4:
4u-6v + Sw = 1:and
6u + 9v- 20w = 2
Below is the matrix from the given equations: AX = B

e

Let say
2 3
A=|4 -6 5 ]
6 9 =20
Then,
|A] =1200 %0
A~! exists.

Cofactors of A are:

All B 75,A12 = 110A13 =72
A21 = 150,A22 = —100,A23 = 0 and

A31 = 75,A32 = 30,A33 = —24
adj.A=|110 —100 30

72 0 —24
Inverse of A is

75 150 75 ]

i LY 75 150 75
Al= |/Jx| oo [110 =100 30
72 0 —24

Re substitute the values, to get answer in the form of x.y and z.
Since AX =B

X=A"1B
u . [75 150 757[4
H:% 110 —-100 30 ||1
w | 72 0 —24112
u . [300 +150 + 150
l l:% 440 — 100 + 60
288 + 0 — 48
4 600
1200 400
240
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Which means:
U=%,v=1/3andw=1/5
This implies:

X=1/u=2

Y=1/v=3

Z=1/w=5

Answer!

Choose the correct answer in Exercise 17 to 19.

Question 17
x+2
Ifa, b, cisin A.P., then determinant is|x + 3
x+ 4
(A)0
(C)X
Solution:

Option (A) is correct.
Explanation:
Since a, b, cisin A.P.
So,b-a=c-b
Let
x+2 x+3 x+2a
A=|lx+3 x+4 x+2b
x+4 x+5 x4+ 2c

x+3
x+4
x+5
(B)1

(D)2x

6262969699

x + 2a
x + 2b|:
x + 2c

[Rz - RZ s RlandR3 - R3 - Rl]

Operation:
x+2 x+3
1 1
1 1
Xt 287%x +'3
1 1
1 1
Row 2 and row 3 are identical, so value is zero
=0
Question 18

If X, y, z are non-zero real numbers, then Inverse of matrix A =

(A)

(B)

x4+ 2a
2(b—a)
2(c—b)
x4+ 2a
2(b—a)
2(b—a)

x 0 O
0 y O
0 0 =z

is:
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x1 0 0
Xyz| 0 y! 0]
0 0 Zt
(C)
—10 y O
Y20 0
(D)
1 0 O
EO 1 0
0 0 1
Solution:

Option (A) is correct,

Explanation:
x 0 0
LetA=|0 y O
0 0 z

|A| =x,y, z #0: (A !exists)

Now: Cofactors of A are:
Ay =yzZ,A1p =0,A13=0
A21 = O'AZZ = XZ, A23 =0

and
Az1 = 0,A3; = 0,A33 =xy
Therefore:
, yz 0 0
Al=2A_ 1 Fy w0
2 P ™
Z 0 0
xXyz
-lo = o
xXyz
0o gfd =
xXyz
x 10 0
=fo y 1 0
0 0 771
Question 19
1 sin0 1
LetA = sin@ 1 sin@ |where 0< 0 < 2m. Then:

-1 —sinf 1
(A)Det(A) €0
(B) Det (A) € (2,0)
(C) Det (A) € (2,4)
(D) Det (A) € [2,4]

Solution:
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Option (D) is correct.
Explanation:
1 sin@ 1
LetA=|—sind 1 sinf
-1 —sinf 1
|A| =2 +2sin?2 # 0: (A™! exists)
Since:

(The value of 8 cannot be negative)
So,0 < 2 sin*6 <2

Add 2 in all the expressions;
2<2+2sin’0 <4

Which is equal to

2<Det.A<4

—1<sinf <1
0<A%?0<1
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