For Enquiry — 6262969604

Chapter 2

InverseTrigonometric Functions
Exercise 2.1

Question 1

Find the principal values of the following:

.sin1 (— %)
. sin'l[g]

. Cosec1 (2)
.tan1(— V3)
. COS'I(_?I)
.tan1(—-1)

. seC'l[%]

. cot1 (v/3)

. COS'1(_T;)

10. cosec1(—/2)

O 00 1 O Ul » W IN =

Solution 1:

. . 1

Consider y = sm'l(— E)
Solve the above equation, we have
Siny=-1/2
We know that sin /6 = /2
So, siny =-sinq/6

. . s
Siny = sin [— g]
Trigonometric Functions

. B B . . m T
Since range of principle value of sin-1 is [— > 5]

Principle value of sin-1(— %) is — /6.
Solution 2:

Lety= c05'1[\/2—§]

Cosy = Cos []/6(as cos [[/6 =3/ 2)

Y=]]/6

Since range of principle value of cos1is [ 0. []]
Therefore, principle value of cos-! [\/Z—g]is [1/6
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Solution 3:

Cosec1 (2)

Lety = Cosec! (2)

Cosecy =2

We know that, cosec [[/6 =2

So, Cosecy = cosec [][/6

Since range of principle value of Cosec-!is [— % : %]

Therefore, Principle value of Cosec! (2) is I1/6.

Solution 4:

tan! (-V3)

Lety =tan! (-v3)
Trigonometric Functions
tan y = -tan /3

or tany = tan (-/3)

77.'

Since range of principle value of tan-1 is [— % 3 E]

Therefore, Principle value of tan'! (-v/3 ) is -1/3.

Solution 5:

cosl(_?l)

Y= COS'l(_Tl)
Cosy=-1/2
Cosy= -cosg

Cosy=cos ([]-]1/3) =cos (2n/3)

Since principle value of cos1 is [0. 1]
Therefore, Principle value of COS'I(_Tl) is 21/3.

Solution 6:

tan1 (-1)
Lety =tan'! (-1)
Tan (y) =-1

Tany = tan (— %)
s

Since principle value of tan-1 is [— % . 5]

Therefore, Principle value of tan-1(-1) is = /4.
Solution 7:
2
Y=
Sec (@)

Y= secl(%)
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Secy=2/v3
Secy =sec %
Since principle value of sec! is [0.1]

Therefore, Principle value of seC'l(\/Z—g) ism/6

Solution 8:

cot'l(\/§)

Y= cot'l(\/§)

Coty=+3

Coty=1/6

Since principle value of cot! is [0.1]
Therefore, Principle value of cot! (+v/3) is /6.

Solution 9:

o ()
Lety= c05'1(%)
Cosy = -%

s
Cosy=- cosy

b3 3m
Cosy = cos [ﬂ—z] = COs ==

Since Principle value of cos is [0.m]
Therefore. Principle value of COS'l(%) is 31t /4.

Solution 10:

cosec (-v2)

Ley = cosec! (-v2)
Cosecy = -2
Cosecy = cosec _Tn

. . . . T T
Since Principle value of cosecis [— > 5]

Therefore, Principle value of cosec (-v/2 ) is - /4

Find the values of the following:

1. 1

11. tan"1(1) + cos’? e sin-1 =
1 .1
12. COS'lz +2 sm'lg

13.If sin'l x =y, then
(A)0O<y<m

T s
B)-3=<vy3
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(C)0<y<m

D)-3<vy3

14. tan! (v/3) - sec’! (-2) is equal to
(A)m

(B) -m/3

(C)m/3
(D) 2 /3

Solution 11.

Tan-1(1) +c05'1(_71)+ sin'l(_?l)

s Vs . . Vs
=tan’! tanz + COS'l(—cos 5) + sm'l(—sm g)

s b3
:—+COS(T[——)+SII’1 Sll’l( )
4 3 6

T 2T
==+ — + =

4 3 6

3n+8n—2m

12
_97r_31r
127 4

Solution 12:

Let COS'1(%) =x.Then, cos x = % = cos(g)
cos(2) =1
Let sin- 1(%) y. Then, siny - % = sin (g)
Sin(3) =3
Now,
C05'1G) + sin'_lgé)n: §+2?”

3 3

Solution 13.

Option (B) is correct.
Givensinlx =y,
The range ofthe principle value of sin'1 is [— % . %]

Therefore, — - y =

Solution 14.

Option (B) is correct.

Tan'! (v/3) - sec! (-2) = tan'! (tan m/3) - sec’! (-sec 1/3)
=m/3 -sec! (sec(m/3))

=n/3-2n/3=-1/3
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Prove the following:

Question 1

3sin'lx =sin1(3x-4x3).X € [— % . %]
Solution:

3 sin'lx =sin? (3x-4x3),x € [— % : %]

(Use identity: sin36 = 3 sinf - 4sin36 )
Let x = sinf. Then

0 =sinlx

Now, RHS

= Sin! (3x - 4x3)

= sin (3sinf - 4sin3 )
=sin (sin 3 @)

=30

=3 sinlx

= LHS

Hence Proved

Question 2

1
3cos'1x =cos?!(4x3-3x),X € [E' 1]
Solution:

3cos1=x=cos! (4x3-3x),X € E 1]

Using identity: cos36 = 4cos36 - 3cosf
Putx = cos 6

6 = cos (x)

Therefore, cos 3 0 = 4x3 - 3x

RHS:

Cos (4x3 - 3x)

=30

=3 cos (x)

= LHS

Hence Proved.

Question 3

1

2 7
Tan1—+ tan-1— = tan-!
11 24 2
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Solution:

2 7 1
Tan1l—+ tan'l— = tan"1-
11 24 2

X+
Tan'lx +tan! y = tan-l-—=

1—xy

Using identity:
LHS = tan‘11 + tan'll
11 24

264—14
=tan (125/250)
=tan’l(1/2)

= RHS

Hence Proved

Question 4

1 1 31
2tanl- + tan1- = tan'1—
tan'_ +tan! - = tan—

Solution:

2x
2tan'l x = tan'!
1—x2

Use identity:
LHS

1 1
=2 tan'lg + tan'l;

= Tan! i tan-1>
N
=tan'!(4/3) + tan'}(1/7)
Again, using identity:

x+
Tan' x+tan!y = tan"1—>

1—xy
We have,
4 1
_+_
1.3 7
Tan 11_i T
D43
+
=tan’l (=—
(21—4)

RHS
write the following functions in the simplest form:

Question 5

14+x2-1
tan! X7 0

X
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Solution:

Let’s say x = tan 6 then 6 = tan'1 x

We get.
VitxZ-1 _ tan_l[\/1+mn29—1]

tan

X
~
secd —1
= tan-
tand

_ tan_f[l—cose ]

sinf

(" Zsinzg
= tan'}—5—%5

Zsingcosg
A ]

tanf

0\ o 1
= tan'l(tcm —): —==tanlx
2) 27 2

This is simplest form of the function.

Question 6

1

Jxz-1’

tant x| > 1

Solution:

Let us consider, x = sec @, then 8 = sec! x
1

1
tan'l——= tan_l—
Vx2-1 Vsec?6—1

=tan! (cot @)

=tan! tan(m/2-6)

= (m/2-0)

=m/2 -seclx

This is simplest form of the given function.

Question 7

1—cosx
—1.0<x<m
1+cosx

Solution:

1—cosx
Tan1 l ’—l =tan!
1+4cosx
. X
sinz
= tan'l[ <

CoOS—
2

tan-!

X

= tan'l(tan f) ==
2) 2
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Question 8

cosx—sinx\ —-m 3
Tanl{———), —< x <—
cosx+sinx 4 4

Solution:

Divide numerator and denominator by cos x, we have
coxs (x) _sin (x)
(Lo (x) cos (x)
tan (cos (x) sin (x))
cos (x) cos (x)
__sin k)
_ R cos i)
=tan L (1 sin i(x)
cos )

1—tanx )

1+tanx
tan %—tanx

Tan-?! —_—
1+tan Ztanx

=tan'! tan(m/4 - x)
=m/4-X

tan'l(

Question 9

tan-! |x| <a

va2—

Solution:

Put x =a sin 8, which implies sin 8 = x/a and 8 = sin-1(x/a)
Substitute the value into given function, we get

1 X _ 1 asinf
tan Va2—x2 tan [az—azsinzﬁ
—tan'l[ asin@

B aVv1l—sinZ0

asin
= tan!(3205)
=tan! (tan )
=0
=sin’! (x/a)

Question 10

Solution:

After dividing numerator and denominator by a*3 we have.

tan!
1 3¢ )2
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Put x/a =tan 6 and 0 = tan-! (x/a)
tan_l[Stan 9—tan39]
1-3tan?6
=tan'! (tan 3 6)
=30
= 3 tan'l(x/a)
Find the values of each of the following:

Question 11

tan'l[Z cos (Zsin_1 %)]
Solution:

= tan'1[2 cos (Zsin_lsin %)]
= tan'1[2cos (Zx %)]

=tan (2 cosm /3)

=tan'! (2 x %)

=tanl (1)

=tan! (tan (1 /4))
=m /4

Question 12
cot (tan1a + cot1a)
Solution:

Cot (tan1la + cotla) =cotm/2=0
Using identity: tan-1a + cot'la = /2

Question 13

1 . 2x _
tan—[sm 1 + cos™!
2 1+

1-y?
x2 1+y2]’ |x| <1.Y>0andxy<1

Solution:

Put x =tan 8 and y = tan ¢, we have
_1 Z2tan6 _1 1—tan?

' 1+tan 26 + cos™ 1+tan22]
=tanl/2 [sin-1sin 2 6 + cos™1 cos 2 ¢]
=tan (1/2) [2 0 + 2 ]
=tan (6 + ¢)

_ tand +tand
B 1—tan dtan d

= (x+y) / (1 -xy)

17 .
tal’lz [Sl?’l
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Question 14

if Si“[sin‘1 % + cos‘lx]= 1, then find the value of x.

Solution:

We know that, sin 90 degrees =sin /2 =1
So, given equation turned as,

. 1 T
sinl=+ coslx=-
5 2

1

Ul =

s P
coslx= > —sin
Using identity: sin1 t + cos1t=1/2

1
coslx= COS'IE

we have,
which implies, the value of x is 1/5.

Question 15

x+1

. =il !
iftan'™— + tan'1=—=2 , then find the value of x.
x—2 x+2 4

Solution:

We have reduced the given equation using below identity:

X+
tan'l x + tan'! y = tan"1-—>
1—xy
x—1 x+1
x—=2 z+2 i

tan:!

— D\ L
-2)E) ¢
_1(x—1)(x+2)+(x+1)(x—2) _r
(x—2)(x+2)—(x—1)(x+1) 4

or
tan

or
_1x2+2x—x—2+x2—2x+x—2 it
x2—4—(x2-1) '
2x2%—4 T
Oy 55— -~ tan (-
x4—=4—x4+1 4
or (2x72 -4)/-3 =1
or2x"2=1
1
V2

L 1 1
the value of x is either % or - %

tan

orx=+=+

Find the values of each of the expressions in Exercise 16 to 18.

Question 16

sin-1 (sin (%))
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Solution:

. . . . . (2w
Given expression is sin-1 (sm(?))

: ., 2 31—
First Spllt?n as % orm %

After substituting in given we get.

Sin1 (sin(z?n)) = sin1 (sin (m - %)) =%

Therefore, the value of sin-1 (sin (2?71)) is%

Question 17

tan-1 (tan (¥))

Solution:
. . . 3
Given expression is tan-! (tan(?”))
. .. 3T (4m—m) T
First split , AS——orm—-

After substituting in given we get.
3
tan‘t (tan(2)) = tan't (tan (m-5)) = -
_ ST
The value of tan-! (tan(T)) is —~.

Question 18
tan (sin'l(g) + cot'lg)
Solution:

Given expression is tan (sin'l(g) + cot'lg)

Putting, sin'l(g) =x and cot-1 (g) =y

NCERT Solution for Class 12 Maths Chapter 2 Inverse
Trigonometric Functions

Orsin (x) =3/5and coty =3/2

Now, sin(x) =3/5 =>cos x=V1 — sin?x = gand secx =5/4
(using identities: cos x = V1 — sin?x and sec x = 1/cos x)

Again, tan x = Vsec?x — 1 = %—1 = 34 andtany=1/cot(y) =2/3

Now, we can write given expression as,
. 3 13
Tan(sm'l(g) + cot™! 5) =tan (x+Yy)
3.2

_ tanx+4tany 713
- - 3.2
1_ [
tan xtany  1-3x3
-17/6
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Question 19

cos1 (cos%”) is equal to
(A)7n/6 (B)5m/6 (C)m/3 (D) /6

Solution:

Option (B) is correct.
Explanation:

Cos1 (cos%n) = cos’! (cos(2m - 7?”)
(Ascos (2m-A)=cosA)

7 12n—7m 5m
Now 21 -—= = —
6 6 6

Question 20

sin E —sin™?! (— %)] is equal to
(A) % (B) 1/3 (C) % (D) 1

Solution:

Option (D) is correct.
Explanation:

First solve for: sin'l(— %)

Sin'l(— %) — sin'l(—sin %) = sin'l[sin (— %)]
=-m/6

Again,

sin[g — sin™! (— %)]

-~ (=3)

s+

=sin (1t/2)

=1

Question 21

tan'ly/3 — cot1 (-v/3) is equal to
(A)m (B)-m/2 (C)0 (D)2V3

Solution:
Option (B) is correct.
Explanation:

tan-1v/3 - cot'! (/3 ) can be written as
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=tan'! tan% - cotl (— cot %)

=Z_ cot'l[cot (n — E)]
3 6

s m
=5-(m-2)
T 5

3 6
-3

"6
=-1/2

Miscellaneous Exercise
Find the value of the following:
Question 1

13
Cos1 (cosT")

Solution:

T
13 °
Now, cos1 (cosT”) = cos’! (cos g) :% € [0. 1]
[As cos cos(x) =x if x € [0, m]]
137, .
So, the value of cos! (cosTn) is %,

. 131 b3
First solve for, COS—— = cos (2m + E) = cos

Question 2
7T
tan1 (tan?)

Solution:

T
; 6
Now: tan-! (tan?n) =tan’! (tan%) :% €(-n/2,m/2)

[As tan tan(x) =xifx € (-t /2, /2)]
So, the value of tan-! (tan%n) is %.

. 7
First solve for, tan?n =tan (m + %) =tan

Question 3

Prove that 2 sin-lg = tan-lg
Solution:

Step 1: Find the value of cos x and tan x
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. . .3 .
Let us consider sm'lg =X, then sinx=3/5

So,cosx=V1 — sin’x = /1—(%)2=4/5

tan X = sin X/ cos X = 34
therefore, x = tan-1 (3/4), substitute the value of x,

sin '12 = tan'l(Z) . (1)

step 2: Solve LHS
2 sinL2 = 2 tan-12
5 4 ,
Using identity =: 2tan-! x = tan-! (ﬁ), we get
26)
1— 3 2)
&
=tan'! (24/7)
= RHS
Hence Proved.

=tanl

Question 4

. .8 . 3 77
Prove that sin'1— + sin'1- = tan'1—
7 5 36

Solution:

Let sin1 (%) =Xx then sinx 8/17

Again, cos x = V1 — sin’x = ’1 —%: 15/17

And,tan x =sinx / cos x =8/ 15
Again,

. (3 :
Let sm'l(g) =y thensiny=3/5

: B ——— _ / 9
Again, cosy =4/1—sin“y = |1 25—4/5

Andtany=siny /cosy =3

Solve for tan (x + y), using below identity.
tan x+tan y
tan (X +y) = ————

l1—tan x tan y

=77/36
This implies x + y = tan"! (77/36)
Substituting the values back, we have

. .8 ) 4 12 33
Sin'1— + sm'l(—) + c05'1(—) = COS'l(—)
17 5 13 65

Question 5
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Prove that cos-l(g) +cos™! (E) = cos~1 (ﬁ)

13 65
Solution:
Let cos™! g =0 Let c05'1% =
Cos 6 = g cos ¢ = %

Sinf =v1—cos?0 sinp=+1-—cos?p

- /1_2 - /1_ﬂ
25 169
5

_3
5 13

Solve the expression, Using identity: cos (6 + ¢) = cos@ cos ¢ - sinf sind
=4/5x12/13-3/5x5/13

= (48 -15)/65

=33/65

This implies cos (6 + ¢) =33/65

Or6 + ¢ =cos?(33/65)

Putting back the value of 6 and ¢, we get

4 12 33
COS'l(—) + c05'1(—) = COS'l(—)
5 13 65

Hence proved.

Question 6

Prove that cos-l(i—z) + sin-l(g) = sin-l(g)
Solution:

Let cosJ% =0 let sin'lg =¢

So, cosf = % So sing =§

Sind = V1 —cos?6 cosd =V1 —sin?dp
- /1_ﬂ - /1_1
169 25
-5 _4
T 13 5

Solve the expression, Using identity: sin (6 + ¢) = sin 8 cos ¢ + cos 6 sin ¢
=12/13x3/5+12/13x3/5
=(20+36)/65
=56/65
Orsin (6 + ) =56/65
Or @ + ¢) =sin156/65
Putting back the value of 6 and ¢, we get
12 . (3 . (56
C05'1(E) + sm-l(g) = sm'l(a)

Hence Proved.
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Question 7

. 5
Prove that tan'l(g) = sm'l(—) + COS-1(§)
16 13 5

Solution:
. 45 3
Let smiﬁ =0 let c05'1§ =¢
. 5 3
So, sinf = 3 so cos = B

1
Cosf =V1 —sin?0  sind =+/1 — cos?dp

25 9
=1 =1 %

12 4
1 ing 5 B ing 4
sin sin
Tan @ = = — tand = =-
cosf 12 (1) cos¢ 3
Solve the expression, Using identity:
tanf +tand
Tan (0 + ) =———
( (1)) 1—tanftan ¢
5 4
_ 5:54
1=3%3
=63/16

(0 + ) =tan (63/16)

Putting back the value of 6 and ¢, we get

() () + o)

Hence Proved.

Question 8

19

Prove that tan'le) + tan-l(%) + tan'l(é) + tan-l(%) =
Solution:

(1 (1 (1 (1
LHS = tan 1(5) +tan 1(;) +tan 1(5) +tan 1(5))
Solve above expressions, using below identity:
Xty

1—xy

tan"lx + tan~ly = tan”

1,1 1,1

= tan-! ( 5?1) +tan'! ( 3-I1—81)

T—gxo 1=3xg
After simplifying, we have
=tan'! (6/17) + tan! (11/23)
Again, applying the formula, we get
After simplifying,
=Tan"1 (325/325)
=tan'1 (1)
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=1/4

Question 9

Prove that tan'\/x = % COS'li—:, X € (0,1)
Solution:

Let tan'ly/x =, then vx =tan 0

Squaring both the sides

tanZ6 = x

now, substitute the value of x in % COS'lili , we get
_l _1[1—Ean29]

=-cos|———

2 1+tan?6
=1 cos!(cos20)
% (26)
=0
= tan'/x

Question 10

Vi1+sin x +V/1—sinx

(\/1+sin x—V1—sin x

X

) = »XE€ (0, /4)

Prove that cot1

Solution:

We can write 1+sin x as,
2
n X 0 X X N X X . X
1+sin X = cos?= + sin?=+ 2 cos=sin == [cos =4 sin —]
2 2 2 2 2 2
And
2
. X . X X . X X - X
1+sin x = cos?= + sin?=+ 2 cos=sin== [cos -+ sin —]
2 2 2 2 2 2
LHS:
Cot'l[

V1+sin x +V1—sin x]
V1+sin x—+V1-sin x
2 2 2

X . X X . X
(COSE-FSH’IE)—(COSE-FSLTIE)

- cot-1 I(Cosg—i—sin £)+(cos£+sin i)]

2cos i)

= cot-l (——2
cot (ZSinizﬁg))

= cot’! (cot (x/2)

=x/2

Question 11
V1+x —vV1—x

1 1
Prove that tan! (m) = g - coslx, - i <x<1

[Hint: Put x = cos 2 0]
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Solution:

1
Putx =cos 20 so, 0 = 5 cos1x
V1+x —vV1—x
LHS = tan’l|———
Vitx +VI—x
1 \/1+cos 20 —\1—cos 26
V1+cos 2 6 ++/1—cos 20

| V2cos26—V2sin26

=tan

=tan

V2cos20+V2sinZ0
\V 2cos O —V2sinf
=tan| ——
2c0s6 ++/2sinb
Divide each term by V2 cos 6
1 tanf
— t —
+tanf
tan %—tane
=tan'f/————
1+tan Ztane
T
=tanl tar{ Z—H]
T
=Z_9
4
T 1
=—--coslx
4 2
= RHS

Hence proved

Question 12
9 QNN 1 9 2vV2
Pr h P ln-l_ == ln-l_
ove that P 2 S 3 Tia S 3

Solution:

9 9 . .1
LHS:E——sm'l—

4 3

9 . 11
:—E:SII’I‘ - ]

4 3

9 11
=-=CO0S'—

4 3

()

(Using identity: sin-10 + cos10 = %)
Let 0 =cos1(1/3),socos 6 =1/3

Sin 8 =V1 — cos?60 ’1—— \[

Using equation (1) - sm 122 .

Which is right hand 51de of the expression.
Solve the following equations:

Question 13
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2tan‘1 (cos x) = tan'! (2 cosec x)
Solution:
2 tan-l (cos §) =tan-! (2cosec X)

tan- 1
Zcosx
—cos2x  sin x

COS X

sin x
Cotx=1
X=mn/4

Question 14

Solve tan'l(l;x

_ 1 -1
1+x)—ztan x,(x>0)

Solution:

Put x = tan@

—-x 1
tan! ==tan’lx
1+ x 2

this implies
—x | 1
tan-1— 5 tan1 x

|l:+x b\ 1
={i(7}
-1 } = tan'! tand

L+tanfd

1
tall'l———ﬁ;——————— ==
tan + tanf 2
6
2

tan-1 tan[—— J

n/4-0=0/2

or30 /2=m/4

0=1/6

therefore, x = tan 6 = tan /6 = 1/+/3

0

Question 15

sin (tan1x),|x| < 1is equal to
W= B

© 7= O
Solution:

Option (D) is correct.
Expiation:
Let 6 =tan!x so, x = tan®
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Again, let's say

Sin (tan'1x) =sin 6
This emplies,

. 1 1
Sin (tan1x) =

cosec @  1+cot?20
1 1
Put cot 8 = ==

tanf X

Which shows,

1 X

i -1 = =

Sin (tan1x) — -

2z

X

Question 16

sin'l (1-x)-2sinlx= g then x is equal to
(A)0,% (B)1,% (C) 0 (D) 2

Solution:

Option (C) is correct.

Explanation:

Putsin'lx =6 so,x =sin 6

Now,

Sin1(1-x)-2sinlx=
s

Sin'1 (1 -x) - 26 =

Sin'! (1 -x) :§+2 0

a T
1-x=sin (5+20>
1=x=sincos286
1-x=1-2x?
(As x = sin)
After simplifying, we get
X(2x-1)=0
X=0o0r2x-1=0
X=0orx=%
Equation is not true for x = %2.s0, the answer is x = 0.

Question 17

tan'l(g) - tan'l(%;’) is equal to
(A) /2 (B) /3 (C)m/4 (D) -3 /4

Solution:

Option (C) is correct.
Explanation:
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Given expression can be written as,
X_(rzv
— tan_lly <x+y)l
X[(x—y
1+;(x+y)
_ tan_l[X(Hy)—y(x—y)]
y(x+y)+x (x—y)
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