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Chapter 13
Limits And Derivatives

Exercise 13.1

Question 1

Evaluate the Given limit: lim, ;3 x + 3
Solution:

Given
limx + 3

x =3

Substituting x = 3, we get
=3+3

=6

Question 2

Evaluate the Given limit: lim, (x = %)

Solution:

: s 22
Given limit: lim,. _,,, (x — 7)

Substituting x = m, we get
: 22
lim, _,, (x — 7): (m-22/7)

Question 3

Evaluate the Given limit: lim,. _, r?
Solution:

Given limit: lim, _,; r?

Substituting r = 1, we get

lim, ;% =1 (1)2
=T
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Question 4

4x+3

Evaluate the Given limit: lim,._,, Py

Solution:

Given limit: lim,._4 %
Substituting x = 4, we get
lim, ;== [4(4) + 3] / (4 - 2)
= (16 +3)/2

=19 /32

Question 5

2104 x541

Evaluate the Given limit: lim, _, 4 3

Solution:

1104 541
E
Substituting x = -1, we get
x4 xS 4+1
lim ——
x =1 x—1
=[(-1)10+(-1)°+1] /(-:1-1)
=(1-1+1)/-2
=-1/2

Given limit: lim,, , _4

Question 6

(x+1)5-1

Evaluate the Given limit: lim, _,,

Solution:

(x+1)°—1

Given limit: lim,, _,,

=[(0+1)°-1]/0

=0

Since, this limit is undefined

Substitutex+1=y,thenx=y-1
() -1

lim —

y—1 y - 1
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()=
lim ——
y-1 y— 1

We know that
X" —a"
lim = na
x—a X—a
Hence
-1
lim—
y—1 y— 1
=5 (1)°1
=5 (1)*
=5

n—1

Question 7

. . 3x%-x-10
Evaluate the Given limit: lim, _, xxzf 2

Solution:

By evaluating the limit at x = 2, we get
limxﬂ“;—:l% [3(2)%2 —x—10]/4 - 4
=0
Now, by factorizing numerator, we get
- 3x2—x—10 _ 3x*—6x+5x—10
T 2

We know that
a’— b?= (a—b)@@a+b)
(x—=2)(3x+5)

x =2 (x—2)(x+2)
(3x+5)

X2 (x42)

By substituting x = 2, we get
=[3(2) +5] / (2+2)

=11/4

=lim

=lim

Question 8

. N 481

Evaluate the Given limit: lim, 3 xz—

2x%—5x-3
Solution:

First substitute x = 3 in the given limit we get
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T R - S
=M 53 5 3)2-5 x3-3
=(81-81) / (18-8)
=0/0
Since the limit is of the from 0/0, we need to factories the numerator and denominator
..... (x2—9Xx2+9)__ (x—3)(x+3)(x%49)
>3 2x2—6x+x—3 (2 x+1)(x—3)
~ lim x*-81 — lim (x+3)(x2+9)
X235 42 5x-3 X3 (2 x+1)

1 x =3

Now substituting x = 3, we get

_ (3+3)(3%+9)

T (2%x3+1)

=108/7

= Hence
i x* —81
03 2x2 =5 x — 3

=108/7

Question 9

ax+b

Evaluate the Given limit: lim, _,, .

Solution:

. ax+b

im

x-0cx + 1
=[a(0)+b] /c(0)+1
=b/1

=b

Question 10

1
Evaluate the Given limit: lim, _4 ?

z6—1

Solution:
1

. z3—1
lim, ,;—=(1-1)/(1-1)
76—1

=0

Let the value of z
(21/6)2X2

L1/3 — y2

1/6 pe x
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Now, substituting z!/3 = x%we get
I x> -1 x%*-1?
Xl_l’g x—1 N x—1
We know that,
x" — a"
lim = na

Xx—a X—d
2 _ 12

X 1
. _ 2—-1
ll_rg x—1 D
=2

n—1

Question 11

g s . ax2+bx+c
Evaluate the Given limit: lim, _; .

m,a+b+c¢0

Solution:

X2 X
Given limit: lim,, 4 a;ﬁ, at+b+c#0
cx“+bx+a
Substitutingx = 1
ax’+bx+c
im——
x-1cx% +bx+a
=[a(1)2+b (1) +c] /[c(1)2+b (1) +a]
=(a+b+c)/(a+b+c)

Given
[a+b+c#0]
=1
Question 12
1, 4
Evaluate the given limit: lim, _, _, §+22

Solution:

By substituting x = - 2, we get
o b

lim, , _, i 0/0

Now

1,1 24x
_+_

lim L2 2x
X2 =2y42 7 x+2

=1/2x
=1/2(-2)
=-1/4
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Question 13

sin ax

Evaluate the Given limit: lim, _,, e

Solution:

sin ax
bx
Formula used here
~sinx
lim — =
x-0 X
By applying the limits in the given expression
sin ax

li = —
XILY(I) bx 0

By multiplying and dividing by "a’ in the given expression, we get
sin ax a

Given lim,

lim X —
x-0 bx a
We get

sin ax a

lim X —
x—=0 aXx b
We know that

. sin ax
lim =1
x =0 X .
a I sin ax a 1
= — lim = — X
bax -0 ax b

=a/b

Question 14

Evaluate the given limit: lim, % ,a,b,#0

Solution:

sin ax
lim, ,,——=0/0
X 20 sin bx /
By multiplying ax and bx in number and denominator, we get
. sin ax

_ sinax L T XA

lim — = lim < b
x -0 sin bx X—>0b_><bX

X

Now we get
sin ax

lim
i x -0 ax

. sin bx
b Jjm 22X
x =0 bx

We know that
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. sinx
lim——=1
x—-0 X

Hence,a/b x 1
=a/b

Question 15

sin (m—x)

Evaluate the Given limit: lim, _, py—

Solution:
sin (T — x)

X->T TC (T[ - X)
sin (m—x) .. sin (m—x)

lim, _, o)
1 sin(m—x)

TTX—>T T[(T[—X)
We know that

sin x
lim——=1
x-=0 X
1. sin(m—x) 1
T x -0 T[(T[—X) 1L
=1/m

Question 16

Evaluate the given limit: lim, —c:r

Solution:

. COSX cos 0
lim =
x-=>0T — X m—X
=1/mn

Question 17

cos2 x—1

Evaluate the given limit: lim, _, po—

Solution:

cos2x—1 _ 0
) cosx—1 0
Hence
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o cos2x—1  1-2sin?x-1
lim ——— = lim =
x-0 cosx — 1 x—»Ol—Zsinzz—l

(cos2x =1 — 2sin?x)

. 9 sin? x x x2
~sin®x e
lim - = lim 5
x=0sin2 =  x=0 gjn2X X

2 2 4

x2

li sin 2 X
My 50772

. sin 2%
lim S0 7

)

.2 \2
. sin X
lim _>0( ", )

=g ——x

i <sin 2%)
my -0 2
0)

We know that,
sin x

lim—=1

x—-0 X

=4 x1?% /12

=4

Question 18

. N . .. ax+x cox x
Evaluate the given limit: lim, _, Thsinx

Solution:

ax + X cox X 0

lim——m—m = —

x-0 bsinx 0

Hence,

lim ax+xcosx _ 1 o X (a+cosx )
20 hsinx b x -0 sin x

1., :
= lim,, _,o% lim, _,o(a + cosx)

1 1 .
=0 X ——mx X lim, (a+ cosx)
limy 0

X

We know that,
~sinx
lim—=1

X —1>0 X

= X (a+ cos0)

=(a+1)/b

Question 19
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Evaluate the given limit: lim, _, x sec x

Solution:

. . X

lim xsecx = lim
X -0 x =0 COS X
=lim 0 _ ¢
- x =0 cos 0 1
=0
Question 20

. - . sin ax+bx
Evaluate the given limit: limy, ,o————— a,b,a+b # 0
ax+sin bx
Solution:
sinax+bx O

im———— = —
x-0ax+sinbx 0
Hence,

a ax
sin ax + bx (sm ;) ax + bx

im —b = lim bx

x>0ax +sinbx  x-0 o 4 (sinb—)
X

. . ax g .
(llm ax —0 Sin ;) X limy 9 ax+ lim g -0 bx

. . ] .. b
limy 0 ax+limy - bx x(hm bx —0 Sin —x)

bx
We know that,

_limy jgax+limy 0 bx

B limy pax+limy 0 bx
We get

_limy ,9(ax+bx)

" lim x »0(ax+bx)

=1

Question 21

Evaluate the given limit: lim, _,(cosec x — cot x)
Solution:

li_r&l)(cosec X — cot X)

Applying the formulas for cosec x and cot x, we get
Cos X

1
Cosecx=—— andcotx = =
Sin X Sin X
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1 COS X
llm (cosec X —cotx) = lim ( — — — )
x-0\sinx  sinx
1 —cosx
llm (cosec X —cotx) = lim—————
x-0 sinx
Now by applying the formula we get,
X X
1-— =2 — and =2 —
cosx = 2 sin® 5 an sinx = 2sin— 5 C0s>

2 sin? = 5
llm (cosx —cotx) = lim ————
x~02 sin=cos =
2772
- - X
lim (cosx — cotx) = lim tan—
x =0 x =0 2

=0

Question 22

. o . . tan 2 x
Evaluate the given limit: lim__ ~—=

2 2

Solution:

>
l
[
>
|
|
o

Letx - (m/2) =y
Thenx - (m/2)=y—> 0
Now we get
tan 2x _ - lim tan 2 (3”*'%)
2 X—g
tan (2y+m)

y
s tan (2y)
11my H)——F

lim, _ =
= llmy -0

We know that

tan x = sin X/ cos x
sin 2y

=lim
y -0 y cos 2y

By multiplying and dividing by 2, we get
sin 2y x 2

=lim,
sin 2y . 2

= limzy -0

=1x%x2/cos0
=1x2/1
=2

Question 23
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<
Find limx -0 f (X) and limx -1 f (X) ’ where f (X) - {gx()-(l_‘f i()X_>O 0

Solution:

. . _(2x+3x <0
Given function is f (x) = {3 (x+ 1)x >0
lirr(lJ f(x):
1ir(r)17 f(x) = lirré (2x+3)
=2(0)+3
=0+3
=3
Xll_)rglJr f(x)= ilil‘(l) 3(x+1)
=3 (0+1)
=3(1)
=3
Hence,
xll)HOl— f(x) = Xll)rrol+ f(x) = }1{12(1) f(x) =3
Now, for lim, _; f(x)
lirgli f(x) = lin} 3(x+1)
=3 (1+1)
=3(2)
=6
xh—>n11+ f(x) = il_r)nl 3(x+1)
=3(1+1)
=3(2)
=6
Hence, lim, _, - f (x) = lim, 1+ f (x) = lim, 1 f(x) = 6
lirr(l)f(x) = 3 and lirqf(x) =6
X = X =

Question 24

Find limx 1 f (x), where

x2-1x <1
f(){ —1x>1

Solution:

Given function is:

—-1x <1
f(X){X )ix>1
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ll_rg f (x):

lim f(x) = limx?—1

x—-1" x -1
=12-1

=1-1

=0

xll»n11+ f(x) = )l(l_rg(—xz - 1)
= (=12 -1)

=—-1-1

= =2

We find

Xli_,rr11+ f(x) = Xli_,r?+ f (%)

Hence, lim, _;+ f (x) does not exist

Question 25 ,
L =0
Evaluate lim, _ f(x), where f(x) = { y
0,x=0

Solution:

x|’
—x #0
Give function is f (x) =1

0,x=0
We know that,
lim f (x) exists only when lim f(x) = lim f(x)
X —a X —a X—a

Now, we need to prove that: lim, (- f (x) = lim, _, o+ f (X)

We know
|| =%, ifx>=,-x,ifx<0
Hence,

. x|
lim f(x) = lim —
x -0~ x—-0" X

. X .
fimy~ = S

= -1

lim f(x) = lim ﬂ
X —>0J;( x -0t X
iy = lim (2

=1

We find here,

lim £() # lim, £ ()
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Hence, lim, _,, f (x) does not exist.

Question 26

Find lim, _, f (x), where f (x) = X% 0

Solution:

X
—,x #0

_ JIxl
f(x) x#* 0

0

lim f(x):
x =0 %
g 0=

. X . 1
=lim, ¢ o= lim, _, n
=-1
lim f(x) = lim —
X 1—>r51* T x>0+ |X|
lim, _ — =lim, _,o(1)
=1
We find here,
lim f(x) # lim f(x)
x =0~ x—- 0t

Hence, limy o f(X) does not exist
Question 27

Find lim, _¢ f (x), where f (x) = |x| — 5
Solution:

Given function is:
f(x)=Ix| =5

lin}) f (x):

lir{_)lif(x) = 1ir?7|X| -5
lirré(x—S) =5-5

=0

XlLr?+ f(x) = Xli_)rEr_)1+|x| -5
=lim,_5(x — 5)

=5-5
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=0
Hence, lim, _5- f (x) = lim, g+ f(x) = limy, 5 f(x) =0

Question 28
a+bxx<l1
Supposef (x) ={ 4, x=1 andiflim,_;f (x) = f (1) what are possible values ofa and b
b—axx>1
Solution:
Given function is:
a+bxx<l1
f(x) =4 4 x=1 and
b—ax x>1

lim £ () = £ (1)

lim f(x) lim a + bx
x -1~ x -1

=a+b (1)

=a+b

lim f(x)limb — ax

x >1F x -1

=b-a (1)

=b+a

Here

F(1)=4

Hence, limy ;- f (X) = lim, 4+ f (X) lim, 1 f(x) = f(1)
Then,a+b=4andb-a=4

By solving the above two equation we get

a=0andb=4

Therefore, the possible values of a and b is 0 and 4 respectively

Question 29

Letag, ay ......... a,be fixed real numbers an define a function f(x) = (x —a;)(x —az) ... . . .. (X —
an.What is limr -al/x?For some a #al, aZ2......... an, compute limx —af (x)

Solution:

Given function is:

f(x) = (x— a))X— az) e o (x— a,)

Xli_)rgl f(x):

Xli_)rgl f(x) = X1i_r)£1 [(x—a))x—ay) ... (x— a,)]

= [limX Sa (X — al)][limX Sa (X — az)] ......... [limX s, (X — an)]
We get
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=(a; —ay(a;—az)......(ay—a,) =0

Hence, lim, ,,, f(x) =0

lim, _,, f (x):

)l(i_rg f(x) = )l(i_rg[(x —ap)(x—ay) ... (x— a,)]

= [lim, _,,(x — ay)][lim, ,(x — ay)] ... ... ... [lim, _,,(x —a,)]
We get

=(a—ay)(a—ay)......(a—a,)

Hence, lim, _, f(x) = (a—a;)(@a—ay) ... (a— a,)

Therefore, lim, _, ,, f(x) = 0 and lim, _,, f(x)(a —a;)(a — ay) ....

Question 30

x| +1, x<0
Iff(x)z{ 0, x=0
x| —1,x>0

Solution:

Given function is:

x| +1,x <0
f(x) = { 0, x=0
x| —1,x>0
There three cases.
Case 1:
Whena=0
lim f(x):
x =0

lim f(x) = lim (|x| + 1)
x =0 x -0~
lirr(1)(—x+ 1)=-0+1
=1
XlH{)H f(x) = XILH(}+(|X| +1)
= lim(x—1)=0-1

x =0
=-1
Here, we find
Xll,n(}+ f(x) # Xll)nler(le -1
=lim, ,p(x—1)=0-1
=-1
Here, we find
Xlir{)1+ f(x) # Xll)r{)l+ f(x)
Hence, lim, _,, f(x) does not exit
Case: 2
When a <0

(a - an)
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lim f(x):

X —a

lim f(x) = lim (x| +1)
X—a X—a
lim(—x+1)= —a+1

X—a
lim f(x) = lim (|x| + 1)
x—»at x—at
lim(—x+1)= —a+1
X—a
Hence, lim, _,- f(x) = lim, |+ f(X) = lim, _, f(x) = —a+1
Therefore, lim (f(x)) existsatx=aanda<0
Case 3:
Whena >0
lim f(x):
X —a
lim f(x)= lim (|x|—=1)
X—a X —a
lim(x—1)=a—-1
X —a
lim f(x) = lim (|x] — 1)
x—>at x—>at
lim(x—1)=a—-1
X —a
Hence, limy _,- f(x) = lim, .+ f(x) = lim, ,,f(x) =a—1
Therefore, lim (f(x)) existsatx=aanda>0

Question 31

f(x)—2

If the function f(x) satisfies lim, _,; b il evaluate lim, _, f (X)

Solution:

f(x)-2

Given function that f (x) satisfies lim, _,; =

fx)—2
Xl_l’g X2 -1 8
lim(f(x) — 2) = n (limx? —1)
x -1 x -1
Substituting x = 1, we get
lirq(f x)—-2)=n(1?2-1)
lirq(f(x) —-2)=mn(1-1)
lirq(f x)—2)=0
limf(x)— lim2=0
x =1 x =1
limf(x)—2=0
x =1
=2

Question 32
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mx? +n,x<0
Iff(x)inx+ m, 0 <x < 1 for what integers m and n does both lim, _,, f(x) and lim, _,; f(x)exist?

mx2+m.x > 1

Solution:

mx? +n,x<0
Given functionis f(x)inx+m, 0 <x <1
mx? + m.x > 1

lirr(lJ f(x):

11%17 f(x) = lirr(l)(mx2 + n)
=m (0) +n
=0+n
=n
Xll)r51+ f(x) = llir(l)(nx + m)
=n (0)+m
=0+m
=m
Hence,

lirr(l) f (x)exists ifn = m
X =

Now,

lirri f(x):

lirgli f(x)= lirq(nx + m)

=n(1l)+m

=n+m
xh—>n11+ f(x) = ll_rg(nx + m)

=n(1)3+m

=n(1)+m

=n+m
Therefore lim, - f (x) = lim, _, 1+ f (x) = lim, _; f(X)
Hence, for any integral value of m and n lim,, _,; f(x) exists

Exercise 13.2

Question 1
Find the derivatives of x* — 2 atx = 10

Solution:
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Let f (x) =x? — 2

From first principal

From first principal

f(x+h) —fx)
h

f(x)= %12(1)
Putx =10, we get

P (10) = limy, f (10+h)—f (10)
[(10+h)2-2]- (102-2)

= hmh -0 h
10242 x10 xh+h2—2—10%2+2
h

= hmh -0

. 20h+h?
=limy, Lo -

:limh _)0(20 ar h)
=20+0
=20

Question 2

Find the derivative of xatx =1
Solution:

Let f(x) =x

Then,

From first principal

f(x+h) —f(x)
h

f'(x) = }lli_r%

Letf(x) =x

f(x+h) —f(10)
h

f'(x) = lim
h =0

Putx = 1 we get

f(x+h)—f(1)
h

f(1)= }111_r>r(1)
= limy, o -1
: 1+h-1
=limy, o —

: h
=limy, o o
= hmh -0 1
=1

Question 3

Find the derivative of 99x at x = 100.
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Solution:

Let f (x) = 99x,

From first principle

f(x+h) - f(x)
h

f'(x) = }llirr(l)
Putx =100, we get

, f(100 +h) — (100
f(100)=lim( ) ~ £(100)
h -0 h

99 (100 + h) — 99 x 100
m

h -0 h
99 x100+99h—99 x 100

= lim
h -0
99 Xh

= lim

h -0 h
= lim 99

h -0
=99

Question 4

Find the derivative of the following functions from first principle
(i) x3-27

(i) (x-1) (x-2)

(iii) 1 / x2

(iv)x+1/x-1

Solution:

(i) Let f (x) = x3- 27

From first principle

f(x+h)—fx)
h

f'(x) = lim
. [(x+h)3—27] - (x3—=27)

h -0 h
x3 4+ 3x% h + 3xh? — %3

= lim

h -0 h

~ h3+3x%h + 3xh?

= lim

h -0 h
= llin})(h3 + 3x% h + 3xh?)
= 0 + 3x?
= 3x?
(i) Letf(x)=(x-1) (x-2)
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From first principal
f(x+h) —fx)

f'(x) = lim
- x+h-1DEE+h-2)— x-1E-2)
i

h

(x?4+ hx—2x+hx+ h®*-2h—-x—-h+2)—- x*-2x—x+2)
h -0 h
~ hx+hx+ h?-2h—-h

= lim
h -0 h

= }lll_r%(h+2X—3)

=0+2x—3

=2x—3

(iii) Let f (x) = 1 /x*

From first principal, we get

f(x+h) —f(x)

f'(x) = lim

h
1
. (x+h)? x2
= fim = .
x? — (x+ h)?

}lll—r% hx2(x + h)?
1 Ixz — x% — h? Zth
= lim —

h-0h x2(x + h)?

. 1[-h? — 2hx

b0 lxz (x+ h)zl

= (0 —2%)/ [x*(x + 0)*]

= (=2/x)

(iv) Letf(x)=x+1/x-1

From first principle, we get

f(x+h) — f(x)
h

f'(x) = lim
.
x+h+1 x+1

— 1imx+h—1 x—1
h =0
o x—1DE+h+1D)—- +1DEE+h-1)
= hD h(x— D(x+h-1)
_ 1 1[(x*+hx+ x—x—h—-1)—(x*+hx+x—x+h—-1)
~ 2 50h x—1D(x+h—-1)

’ —2h
R0 h(x — 1)(x + h — 1)
=2

I S D&+h=1)
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_ 2
T x-DE-1)
2

T x-1)?

Question 5

x100

99 2 ’
For the function f (x) = + );—9 + - X? + x+ 1 Prove thatf (1) = 100 f, (0).

100

Solution:

Given function is:

X100 X99 XZ

(x) 100+ 99+ > +x+

By differentiating both sides, we get

d d [x100 599 %2
—f(xX)= —|—+ — ... 1
ax 0= lioo t oot Tzt l

_dx100+dxg9+ +dX2+d()+d1
~dx\100/ " dx\ 99 S o Rl SO el O

We know that
i(x“) = nx2-1
dx

u 100x%?  99x™
i = o0 o9 T 2
f(x) =exOlpax 28 ¢ 1

Atx =0, we get

f(0)=0+04+--+0+1

£(0)=1

Atx =1, we get

f(1)= 124 198 L1+ 214 1 ... $ '1)400kimes = 1 %100'="100
Hence, f (1) = 100 f'(0)

Question 6

Find the derivative of x" + ax" ! + a?x" 2 +.....+ a" 1 x + a" for some fied real number a.
Solution:

Given function is;

f(x)=x"+ ax" 1+ a?x" 2+ + a" 1x+ a"
By differentiating both sides, we get
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! d n n—1 2,n—2 n—1 n
f(x)=&(x + ax" 4+ ax"“+ - +a" x4+ a")

d d ,d . d ., d
= —Ex"D+a—Ex"DN+a =" )+ Fa"TT =+ " —(1)
dx dx

dx dx dx
We know that
i(x“) = nx"1
dx

f'(x) = nx"T4+an—1Dx"2+ a?2(n—2)x"3 4 ..+ a"ta" (0)
fx)=nx"T4+am—-1Dx"2+ a?(n—2)x"3 4 ..+ a" 1"

Question 7

For some constants a and b, find the derivative of
(i) (x-a) (x-b)

(ii) (ax2 + b)2

(iii)x-a/x-b

Solution:

(i) (x-a) (x-b)

Letf (x) = (x -a) (a-b)
F(x)=x*—(a+b)x+ab

Now, by differentiating both sides we get
b%(x?> — (@a+b) x + ab)

- L Fb)~ ) + ! i
= G- @+b)=( + =(b)
We know that

= — (") = nx"!
. dx
f(x)=2x—(a+b)+0
(ii) (ax? + b)?
Let f(x) = a®x* + 2ax? + b?
By differentiating both sides we get

) d d d

f(x) = —x"+ (2ab) —x*) + —(b?)
dx dx dx

We know that

— (") = nx"!

dx

f'(x) = a® x 4x% +2ab x2x+0
= 4a%x3 + 4abx

= 4ax (ax® + b)

(iii)x-a/x-b

Let f (x) = E’; :‘;3
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By differentiating both sides and using quotient rule, we get
fl( ) . d (X - a)
= dx

x b .
f’(x) _ (X—b)&(x— a)— (x— a)&(x— b)
(x —b)?
_ x=b)(1) - x—a)1)
a (x —b)?
By further calculation, we get
_ X— b—x+a
(x —b)?
_a- b
~ (x—=b)?
Question 8
Find the derivative of xl;:n for some constant a.
Solution:
xN— gl
Let f(x) N

By differentiating both sides and using quotient rule we, get
: d (x" — a"
f(x)—&< X—a ) )
) o x—a) (" —a")~(x—a)
(x—a)?
By further calculation we get
(x—a)@@anx"'—0)— (x"— a")

(x —a)?
nx" — anx® ! — x% + a"
a (x —a)?
Question 9

Find the derivative of
(i)2x-3/4

(ii) (5x3+3x-1) (x-1)
(iii) x-3 (5 + 3x)

(iv) x5 (3 - 6x-9)

(v) x-4 (3 - 4x-5)
(vi)(2/x+1)-x2/3x-1
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Solution:

(1)
Letf(x) 2x-3 /4
By differentiating both sides we get

f'(x) = %(ZX —§)

4
d d /3

=2 dx (x) dx (4)

=2-0

=2

(ii)

Letf(x)=(5x3+3x-1) (x-1)
By differentiating both sides and using the product rule, we get

f'(x) = (6x3 +3X—1)%(X—2)+ (X—l)%(5X3+3X+ 1)

= 5x3+3x—-1) x 1+ (x—1) x (15x%* +3)

(5x3 +3x+ 1)+ (x—1)(15%% + 3)
=5x3+3x—1+15x3+3x—15x* - 3

= 20x> — 15x% + 6x — 4

(iii)

Let f (x) x-3 (5 + 3x)

By differentiating both sides and using Leibnitz product rule we get

f'(x) = x73 i(5 +3x) + (5+ 3x)£(x_3)
dx dx

= x30+3)+ (5+3x)(=3x31)
By further calculation, we get

= x33) + (5+3x)(-3x%)

= 3x 3 —15x*%—- —9x73

= —6x 3 — 15x*

(iv)
Let f (x) =x° (3 - 6x-9)
By differentiating both sides and using Leibnitz product rule, we get

f(x)= XS%(:% —-6x )+ (3- 6x_9)%(x5)

= x°{0—-6(-9)x "1} + (3- 6x?)(5x%)
By further calculation we get

= x°(54x10) + 15x* — 30x~°

= 54x7°> + 15x* — 30x*

= 24x7° + 15x*
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24
= 15X4 + =
X
(v)
Let f (x) =x-4(3 - 4x-°)
By differentiating both sides and using Leibnitz product rule, we get
' d d
fX=x*—0B-4x>)+@B-4x)—x
dx dx
= x M0 -4 (-5)x "1} + 3-4x°)(—4)x~*!
By further calculation, we get
= x*20x %)+ (3—4x°)(—4x7°)
=20x1% — 12x7° 4+ 16x7 10
=36x 10 — 12x7°
12 36
T

(vi)

(2/x+1)-x2%2/3x-1
e x?

Letfx) =3 = 335

By differentiating both sides we get,

') = d 2 x?
f Cdx\x—1 3x-—1
Using quotient rule we get
424 1L x?) — 2L (3x =
(X+1)dx(2) ZdX(x+1) - (3x 1)dX(X) X dX(3X 1)

’

f x+1)? Bx- 1)
_ [&x+1)(0) -2 (1) (Bx—1)(2x) — (x?) x 3
- (x + 1) - [ (3x— 1)?

2 x (3x —2)

T x+1D? (Bx—1)2

Question 10

Find the derivative of cos x from first principle
Solution:

Let f (x) = cos x

Accordingly, f (x + h) = cos (x + h)

By first principal, we get

f(x+h)—fx)
h

f'(x) = lim

So, we get
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1
= }lll_r% H [COS(X +h) — COS(X)]

i 1 2 s <X+h+X> _ (X+h—x>
- h‘i%ﬁ[_ ST )T ]
By further calculation we get

i 1[ 2 s <2x+h) _ (h
= 1mh sin > sin

h -0
1/2x+h _Sin(
(52) < fm—
2

hl—% h 2

 (2x+0
=—sm< > >><1

—sin(2x/2)
= —sin(x)

Question 11

Find the derivative of the following functions:
(i) sin x cos x

(ii) sec x

(iii) 5 secx + 4 cos x

(iv) cosec x

(v) 3 cotx + 5 cosec x

(vi) 5sinx-6cosx + 7

(vii) 2 tanx - 7 sec x

Solution:

(i) sin x cos x
Let f (x) = sin x cos x
Accordingly, from the first principal

f+h)—fx)
h

f'() = lim
sin(x + h) cos(x + h) — sinx cos x
h -0 h

1 .
= }lll_r%ﬁ [2sin(x + h) cos(x + h) — 2 sinx cos x|

1 .
= Al_r%ﬁ[51n2(x+h)—sm2x]

_ 1[2 2x +2h+2x | 2x+2h—2x
= lim o |2 cos > .sin >

By further calculation, we get

_ 1 1[ 4x +2h _ 2h

= lim —|cos ——sin—
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1

= }lll_r% 7 [cos(2x + h) sin k]

= lim cos(2x + h). lim
h -0 h -0

= cos(2x + 0).1

= cos 2x

(ii) sec x

Let df (x) = secx

=1/ cosx

By differentiating both sides, we get

£ (x) = d ( 1 )
*) = dx \cos x
Using quotient rule, we get

sinh
h

d d
COS X &(1) -1 o (cosx)

f'(x) = .
COS“ X
cosx X 0 — (—sinx)

cos? x
We get
sin x

cos? x
sin X 1
= X
COSX = COSX
= tan x sec X
(iii) 5 sec x + 4 cos x
Letf(x) =5 sexx + 4 cos x

By differentiating both sides we get

. d
f(x)= &(SSGCX-I- 4 cosx)
By further calculation, we get
d d
=5 —(secx) + 4 — (cosx)
dx dx

=5secxtanx + 4 x (- sin x)
=5secxtan X - 4 sin x
(iv) cosec x
Let f(x) = cosec x
Accordingly, f (x + h) = cosec (x + h)
By first principal, we get
f &+h)—f (x)
h
cosec (x + h) — cosecx

f (x) =limy, g

= lim
h -0

I 1( 1 1 )
h 00 A sin(x + h) sinx
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[smx —sin(x + h)]
h g h sin(x + h)

x+x+h . x—x—h\]
2 cos —,—)sin 5

1
sinxh g E sin(x + h)

1 y 1 2 cos (X+Z+h) sin (x_;_h):

im
sinxh-0h sin(x + h)

By further calculation, we get

1 1 -2 cos (?) sin (_Th)

im
- - hY .
sinxh-0h . (E) sin(x + h)

1 . 1 sin (g) - cos (Zx;h)

= — — im—
sinxh—-0h I h-0sin(x + h)
2
7o (2x+h)
B 2
sin x sin(x + 0)
1 COS X

sin x . sin x

(v) 3cotx + 5 cosec x

Letf (x) =3 cot x 5 cosec x

F (x)’' = (Cotx)" + 5 (cosec x)’

Let f; (x) = cot

Accordingly, f; (x + h) = cot(x + h)
By using first principal, we get
f(x) = )1(1_% fikx +h) — f1(x)

cot(x + h) — cotx
N h -0 h
. (cos(x+h) cosx
= lim ( : . )
h-0\sin(x+h) sinx
By further calculation, we get
1 (sinx cos(x + h) — cosxsin(x + h))

= lim -
b0 h sinxsin(x + h)

1(sin(x—x—h)>

im —
h-0h sinxsin(x + h)

sin(—h) ]

=1 1
/sinx Toh [sm(x + h)

1 (1_ smh><l )
~ sinx\h-0 h h—»osm(x+h)
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1 1 1
= — X X —————
sinx sin(x + 0)
1
sin? x
= cosec? x

Let f,(x) = cosec x,
Accordingly, f,(x + h) = cot(x + h)
By using first principal, we get

f(x +h) — H(x)

h
cosec (x + h) — cosecx

fo(x) = lirr(l)

h -0

I 1 ( 1 1 )
~ 2D sin(x + h) sinx
. 1ysinx — sin(x + h)
= lim —[ - - ]
h-0hl sinxsin(x + h)
By further calculation, we get
1 | 112 cos (c=x;:x+h) sin (x_;c_h)

sinxh=0h sin(x + h)

1 1]|2cos (ﬂ) sin (_—h)
m&l—%ﬁ sinéx +h) :

L [sm)es(D)

= —— lim
- - .
SIn Xh'=0 (E) sin(x + h)

1 i) eos(5)

B sinxrllli% E A }1115% sin(x + h)
¢ 2x+0
1 cos( > )
sinx sin(x + 0)
1 cos x
=—-—— X

sin x sin x
= —cosec Xcotx

Now, substitute the value of (cotx)’ and (cosec)’ in f’ (x) we get
f(x) =3 (cotx)’ + 5 (cosec x)’

f(x) =3 x (—cosec’x) + 5 X (—cosec X cotx)

f (x) = —3 cosec? x — 5 cosec cotx

(vi) 5sinx-6 cosx+7

Letf(x)=5sinx-6cosx+7

Accordingly, from the first principle,
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' - f(x+h) —f(x)
-
= }llirr%)E[Ztan(x + h) —7sec(x + h) —2tanx + 7 sec x|

1
= }llirr(l) 7 [2 {tan(x + h) — tanx} — 7{sec(x + h ) — sec x}]

1 1
=2 }PL'%E [tan(x + h) —tanx] — 7 %12})% [sec(x + h) — secx]

By further calculation, we get

. 1psin(x+h) sinx 1 1
:211m—[ — ]— 1m—[ — ]
h-0hlcos(x +h) cosx h-0hlcos(x + h) cosx
~1[sin(x + h) cos x — sin x cos(x + h) . 1ycosx —cos(x + h)
=2 lim — — 7/ | —[
h =0 h cos x cos(x + h) h-0hl cosxcos(x+ h)
. x—x—h\ . x—x—h
Aysin(x+h—x) |- 2sin(5)sin ()
=2 lim —[ — 7 lim
h -0 h Lcos x cos(x + h) h -0 cosx cos(x + h)
Now we get
. (2x+h\ . h
_ [/sinh 1 _1|—2sin (XT) St (_ 5)
=211m[( ) — 7 lim —
h=0l\ h /cosxcos(x+ h) h-0h cos x cos(x + h)
.1 . 2x+h
~ sinhy /. 1 I [ sm( 2 )
=2 (llm )(llm )—7 lim—— || lim
h-0 h h' -0 cos x cos(x + h) "o = h -0 cos x cos(x + h)
2
sinx
—21 —— =71 ()
COS X COS X COS X COS

= 2sec®x— 7secxtanx

Miscellaneous exercise

Question 1

Find the derivative of the following functions from first principle:
(i) x

(i) (-x) 1

(iii) sin (x + 1)

- T
(iv) cos (x — E)
Solution:

(i) -x
Letf(x)=-x
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Accordingly, f (x + h) =- (x + h)
Using first principal, we get
f (x+h)—f(x),

f (x) =limy, 9 -

— (x+h) - (=x)
N h =0 h
Now we get
i —x—h+x
~ a0 h
~ w30 h
= lim(-1) = -1

Accordingly, f (x + h) = )

Using first principal we get
, - f(x+h)—f(x)

fx =1 h

—x+h)—(=x)

N h -0 h

Now, we get

— lim — x—h+x

) h

B hl—%T

= llm( 1)= —

(11)( X) -
Letf(x) = (%) 1=—= —

X

Accordingly, f (x + h) =— 757

Using first principal, we get
; f(x+h)—f
F (9 = lim (x +h) —f(x)

h
-l ()
_h1—>oh_x+h X
1t +1]
_hl—%h_x+h X
1[—x+ (x+h)

h-0hl x(x+h)
By further calculation we get,
1f—x+x+ h]

 h-0hl x (x +h)

For more Info Visit - www.KITest.in

6262969699

13.31




For Enquiry — 6262969604

= im [
hlinohx(x+h)
1
= lim ————
ho0 x (X + h)
1

X. X
(iii) sin (x + 1)
Let f (x) = sin (x+1)
Accordingly, f (x + h) = sin (x+h+1)
By using first principal, we get
F () = limy, o )
1
= }llir%ﬁ [sin(x+h+ 1) —sin(x+ 1)]
1 x+h+1+x+1 x+h+1—-x-1
= lim — [2 cos ( ) sin ( )]
h-0h 2 2

_ i 12 2x+h+2\  (h
- i RESESE NG )|
. (h
2x+h+2> Sln(g)
2 e
G)

2x +2h + 2) Jin sin (%)

S0

= lim cos(
h -0

We get

= lim cos (
h -0
We know that

h

2x +h+ 2
=COS<T>.1

= cos (x+1)
(iv) cos (x — %)
Let f (x) = cos (x — %)

Accordingly, f (x + h) = cos (x + h— %)
By using first principal, we get
f (x+h)—f(x)

£ (x) limy, o ——

= Aiir(l)%[cos (x+h— g) — cos (x— g)]
We get
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:}lll_%ﬁ—Zsm >

T s T b
(x+h—§—x+ E)Sin<x+h—g—x+ E)
2

Further we get

_ [ _ 2x+h—% h
= }lllir%) —sin — smz

- T . h
2x+h— - sin (=
= lim [—sin <—4>].lim (2)

h =0 2 h 0 (E)
! 2 2

h
[Ash -0 :>§—>0]

2x+0—§
= —sin|——%|.1
Sin 2

Hence, we get
= —sin (x = g)

Find the derivative of the following functions (it is to be understood thata, b, c, d, p, q, r and s are fixed
non-zero constants and m and n are integers):

Question 2
(x+a)
Solution:

Letf(x)=x+a
Accordingly, f(x+h)=x+h +a
Using first principal, we get
f(x+h) —f(x)

h

fx)= lim
So, now we get
. X+h+a—x—a
= lim
h -0 h
~ <E>

- ()

Question 3

(px+q)(r/x+5s)
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Solution:

: r
f'@) = @x+q)(-+s)
Using Leibnitz product rule, we get
F@=@r+q)(c+s)+ (S+s)px+q)

X X

We get
=(px+qx"+s)+ (; + s) (p)
By further calculation, we get

r
= (px + @) (rx=%) + (; -+ S) p
- (px+q)(;—2r)+ (£+s) p
Now, we get

_-pr g pr

——— =+ —+ps
X x2  x p

Question 4
(ax+b) (cx+d) 2
Solution:
Let f(x) = (ax +b) (cx + d) 2
By using Leibnitz product rule, we get

. d d
f (x) = (ax +b)—(cx + d)? + (cx + d)*>— (ax + b)

dx dx
We get,
d d
= (ax +b) e (c?x% + 2cdx + d?) + (cx + d)? . (ax + b)
By differentiating separately, we get
d

= ( +b)d(22)+d(2d)+dd2]+( +d)2[d + b
= (ax dx c™X dx cax dx cX dx ax dx
So,

= (ax+b)(2c?x+2cd) + (cx+ d?)a
=2c(ax+b)(cx+d)+ a(cx + d)?

Question 5

(ax+b) / (cx+d)
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Solution:

Let f (x) = 22

Using quotient rule, we get
(cx + d)%(ax +b) — (ax + b)%(cx +d)
(cx +d)?

fx)=
Further we get
B (cx+d)(a) — (ax + b)(c)

(cx + d)?
So, now we get
acx + ad — acx — bc

- (cx + d)?
Hence,
ad — bc

- (cx +d)*

Question 6
1+1/x)/(A—-1/x)

Solution:

1 x+1 1

- D

X Zr = —1,wherex * 0
N

1+
Let f (x)= 1=

X

Using quotient rule, we get
(11— &+ 1-(x—1)

f(x)= = o x#0,1
Further, we get

x—DD) -+
= , X F 0,1

(x — 1)?
So,
_x= 1—-x—-1 £ 01
a-nz 77

= — % 0,1

- D"
Question 7

1/ (ax* + bx + ¢)

Solution:
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Letf (x) ==
ax “+bx+c
Using quotient rule, we get
(ax? + bx + ¢) = (1) — L (ax? + bx + ¢)
f’ (X') — dx dx
(ax? + bx + ¢)?
By further calculation, we get
(ax? + bx + ¢)(0) — (2ax + b)

(ax? + bx + ¢)?
—(2ax + b)

(ax? + bx + c¢)?

Question 8
(ax+b) /px2+qgx+r

Solution:

ax+b
Let f (X) = m

Using quotient rule, we get
(px* + qx + r)%(ax+ b) — (ax + b);ix(px2 + gqx + 1)
(px? + gx + r)?

fx)=
Further we get
_ (px* 4 agx + 1)(a) = (ax +b)2 px + q)
B (px?+ qx + 1)?
Again, by further calculation, we get

apx? + aqx + ar + —2apx? — aqx — 2 bpx — bq

(px? + gx + 1r)?
— apx? — 2 bpx — ar — bq
(px? + gx + 1r)?

Question 9
(px2+qgx+r)/ax+b
Solution:

2
px“+gx+r
Let f (X) = W

Using quotient rule, we get
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(ax+b)%(px2 +qgx +1)— (px? +qx+r);—x(ax+b)

f = (ax + b)?
By further calculation, we get

_ (ax+b)2px+q) — (px* +qx +71)(a)
B (ax + b)?

So, we get

2apx® + aqx + 2bpx + bq — apx* — aqx — ar
- (ax + b)?

apx? + 2bpx + bq — ar
- (ax + b)?

Question 10
(a/x*)-(b/x2)+coxx

Solution:

Letf(x) = :—4— }%+cosx
By differentiating we get
, d sa d d\ d
o= gzt G@)mees
On further calculation, we get
(b =2 + = (cosx)
a g X = X = COS X
We know that
d d _
[— (x™) = nx"!and — (cosx) = —sin X]
dx dx
So,
= a(~4x72) = b (—2x3) 4+ (—sinx)
—4a 2b

+ — —sinx
x5 x3

Question 11
4+x—-2

Solution:

Letf(x)=4+x —2
By differentiating we get,

. d d d
f&x)= a(4ﬁ—2) = §(4\/§)— a(z)
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Further, we get

:4%(5)_0

=4 (%1x§‘1>
- (ax)

Rl

Question 12
(ax+b)n
Solution:

Letf(x)=(ax+b)"
Accordingly, f (x + h) = {a (x + b) + b}" = (ax + ah + b)"
Using first principal, we get

fx+h-fK)

fx)= lim A

14 (ax+ah+b)"™ (ax+b)"

= limy 59 -
Further we get,

n ah \" i n
-k (ax + b) (1 + ax+h) (ax + b)
h >0 h
ah \"
(1 + ) -1

— n; ax-+h
= (ax + b) }111_% n

By using binominal theorem, we get

= (ax+b)nliml_{1+n( ahb)_l_n(n—l)( ch )2+---.}—1]

h-0h ax + 2 ax—>b

Now, we get

— (@t b I 1] ( ah ) n (n — 1)a’h?
- n ot ax + b |2 (ax + b)?

1% n + ---.. (Termscontaining higher degrees of h)

So, we get

na_ n (n —1)a’h
ax+b |2 (ax + b)?
On further calculation we get

= (ax + b)" [ﬁ%— 0]

— n 1
= (ax+b) }lll_r%
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B (ax + b)"

—na (ax + b)
=na (ax + b)* !

Question 13
(ax+b)r(cx+d)m™
Solution:

Letf(x) = (ax + b)" (cx +d)™
By using Leibnitz product rule, we get
d d
fx)y=(ax+b)"—(cx'+b)"+ (cx+b)"—(ax+ b)"
dx dx

Let f; (x) = (ax + b)™

Then, fi(x + h) = (cx + ch + )™
, . fike+h) - fi (%)

fl1(x) = lim

h
(ecx+ch+d)™ — (ex+ad)™

im
h =0

By taking (cx + d)hm as common, we get

B | mch m(m—1) (c?h?)

= (ex +d) %1%—_<1+(cx+d)+ > (cx+d)2+m">"'1l

Now, we get

B . 1] mch m (m — 1)c?h? -

= (ex+d) }lllir(l)ﬁ (ex + d) + 2 (cx )2 + ---.. (Terms containing higher degrees of h)

We know that,

d

—(cx+d)™ =mc (cx+d)" !
dx

d
Similarly,a (ax + b)* =na (ax + b)* !

(x4 d)M i mch . m (m — 1)c?h?
B ) (cx + d) 2 (cx + d)?

Now, we get
= (cx+d)’”[ me +0]
cx +d
_ mc(ex +d)™
 (cx+d)
=mc (cx +d)™ !
Hence, we get
f (x) = (ax + b)*"{mc(cx + d)™ 1} + (cx + d)™{na (ax + b)* 1}
= (ax +b)" (cx + d)" 1 [mc (ax + b) + na (cx + d)]
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Question 14
Sin (x + a)
Solution:

Let f (x) =sin (x + a)
f(x+h)=sin(x+h+a)

By using first principal, we get
f (e+h)—f (x)

f (x) = limy, -

sin(x + h +a) —sin(x +a)
m
h -0 h

On further calculation, we get

Ay x+h+a+x+a\  (x+h+a—x—a
= lim— 2cos< )sm( )]
h-0hl 2 2
So, we get
i 1'2 2x+2a+h>_ h)
= Jim [2eos (55 =) sin(:)|
i . (h

o1 2x+2a+h Sln(g)
=11m—cos( )

h-0h 2

h
| G)
By taking limits we get

2x + za + h) = sin (%)

h h
oy (5)

= lim cos(
h -0

Hence, we get

2x + 2a
=cos< > )Xl

= cos(x + a)

Question 15

cosecx cotx
Solution:

Let f(x) cosec x cot x

By using first principal, we get

f(x) =cosecx (cotx) +cotx (cosec) = i (D
Let f'1(x) = cotx

Accordingly, f'1(x + h) = cot(x + h)

By using first principal we get
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filx+h) — f | (x)

fl1(x) = }111_1% n
cot(x + h) — cotx
N h -0 h
On further calculation we get
1 (cos(x +h) cos x)
A0 R sin(x + h) sinx
Now we get
o1 [sinx cos(x + h) — cos x sin(x + h)l
RS0 R

sinx sinx (x + h)

- 1psin(sin—x —x —h)
= lim —[ : : ]
h-0hl sinxsin(x + h)

We get
1 11 sin(—h)

Sin x h =0 h sin(x + h)

1 <1_ sinh)(l_ 1 )
~ sinx \WS0 h ha sin(x + h)
So, we get

1 1
 sinx (sin(x + O))

1
~ sinZx
= — cosec’x
Hence, we get
(Cotx)'= — cosec’x ' eveenn. (2)
Now let f, (x) = cosec x Accordingly f,(x + h) = cosec (x + h)
By using first principal, we get
fz(x + h) - fz (X)

h

1
= }LILI}) A [cosec (x + h) — cosec x]

By calculation further, we get

f,(x) = }Li_r{(l)

I 1[ 1 1 ]
R0 R sin(x +h) sinx
. 1ysinx — sin(x + h)
= lim —[ ; : ]
h-0hl sinxsin(x + h)

So,

1 112 cos (@) sin (x_z_h)
— lim — ,

sinxh-0h sin(x — h)
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1 1|2cos (ﬂ) sin (_—h)
- ﬁ%l—%ﬁ sinzx + h) :
_ L . —sin (%) cos (Zx;h)

sin x h >0 (ﬁ) “sin(x + h)
2
We get

-1 i sin(%)_ cos(zx;h)

sin x h -0 (ﬁ) h-0sin(x + h)
2

-1 . cos (Zx;h)

sinx "~ sin(x + 0)

—1 cosx
"~ sinx sinx
= —cosec X.cotx
Hence,
(cosec)’=-cosecx.cotx e (3)

From equation (1) (2) and (3) we get
f (x) = cosec x (— cosec ? x) + cotx (—cosec x cot x)
= — cosec ®x — cot® X cosex X

Question 16
CcOoS X
1+ sinx
Solution:
Let £ (x) COS X
etf(x) —
1+ sinx

By using quotient rule we get
(1+ sinx) % (cosx) — (cosx) % (1 + sinx)

frx)= (1 + sin)?
B (1 + sinx)(—sinx) — (cosx)(cosx)
B (1 + sin)?
We get
_ —sinx — sin®x — cos * x
(1 + sin)?
_ —sinx — (sin® x + cos * x)
(1 + sin)?

Now, we get
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—sinx—1

(1 + sin)?
— (1 +sinx)

(1 + sin)?
-1
(1 + sinx)

Question 17

sinx+ cosx
sinx — cos

Solution:

sin x+cos x
Letf (X) " sin x—cos
By differentiating and using quotient rule, we get

. o . B
(sinx — cos x) y (sinx + cosx) — (sinx + cos x) s (sinx — cos x)

fx)=

On further calculation, we get
(sinx — cosx)(cosx — sinx) — (sinx + cosx)(cosx + sinx)

(sinx — cosx)?

(sinx — cos x)?
— (sinx — cosx)? — (sinx + cos x)?

(sinx — cos x)?

By expanding the terms we get
2 2

[sin® x + cos? x — 2sinxcosx + sin® x + cos? x + 2 sinx cos x]
- (sinx — cos x)?
We get
1[1+1]

~ (sinx — cos x)2

(sinx — cos x)?2

Question 18

secx—1
secx+ 1

Solution:

Let ,( )secx—l
etf x secx+1

Now this can be written as
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1
! COoS X
f =
Cos x
By differentiating and using quotient rule, we get’

) (1+cosx)i(1—cosx)—(1—cosx)i(1+cosx)
f (x) — dx dx
(1 + cos x)?2
_ (I +cosx)(sinx) — (1 —cos x)(— sin x)
B (1 + cosx)?

On multiplying we get
sin x + cos x sin x + sin x — sin x cos x

(1 + cos x)?

1—cosx

+1 1+cosx

2sinx

(1 +cosx)?
This can be written as
2sinx

2
(1+ )
sec X

On taking L.C.M. we get

2sinx
T (sec x+1)2

sec? x
On further calculation, we get

2 sin x sin? x

- (secx + 1)2

2 sin x

ecx
€os X

- (secx + 1)2
2secxtanx

" (secx + 1)7

Question 19

sin" x

Solution:

Lety =sin" x

Accordingly, forn=1,y =sin x

We know that,
d d

— = Cc0SX,l.e.—sSInX = cosSX
dx ’ dx
Forn=2,y=sin?x
d d
So,— = —(sinxsinx
’ dx dx( )
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By Leibnitz product rule, we get

= cosx sinx + sinx cos x
=2sinxcosx e (1)

Forn =3,y =sin® x

d
So, d—z = = (sinx sin? x)
By Leibnitz product rule, we get

From equation (1) we get

= cos x sin®x + sin x (2 sin x cos x)
= cosx sin’x + 2sin % x cos x

= 3sin*xcosx

We state that, ;—x (sin™ x) = n sin® D x cosx

For n =k, let our assertion be true

ie. % (sinf x) = k sin* D xcosx .o (2)
Now consider

P (sin**1 x) = :—x (sin sin® x)

By using Leibnitz product rule, we get

= (sinx)' sin* x + sin x (sin* x)’

From equation (2) we get

= cos x sink x + sinx (k sin®~Dx cos x)
= cos x sin® x ksin® x cos x

= (k + 1)sin* x cos x

Hence, our assertion is true forn=k + 1

- . d , . . (e
Therefore, by mathematical induction, ™ (sin"x) =n sin®™™D x cosx

Question 20

a+ bsinx
c+dcosx

Solution:

a+bsinx

Letf(x) =
c+dcosx
By differentiating and using quotient rule, we get

, (c+dcosx)i(a+bsinx)— (a+bsinx)i(c+dcosx)
f(X) — dx dx
(c + d cos x)?
_ (c+dcosx)(bcosx) — (a+ bsinx)(—dsinx)
B (c + d cos x)?
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On multiplying we get
ch cos x + ad cos? x + ad sin x + bd sin® x
(¢ + d cos x)?
Now taking bd as common we get
bc cos x + ad sin x + bd (cos? x + sin? x)

(¢ + d cos x)?
bc cosx + ad sinx + bd

(¢ + d cos x)?

Question 21

sin (x + a)
cos x

Solution:

Letﬂx) i sin (x+a)

CoS X

By differentiating and using quotient rule. We get
cos x % [sin(x + a)] — sin(x + a) %cos X

frx) = ) cos? x

' cos x —[sin (x+a)]—sin (x+a)(—sin x)
f (X) - = cos? x
Let g (x) =sin (x + a) Accordingly, g (x+ h) =sin (x+h + a)

g; (X) = hmh 50 g (X+h}3_g (X)

=limy, % [sin(x + h + a) — sin(x + a)]

On further calculation we get

1 x+h+a+x+a x+h+a—x—a
= lim—[Zcos( )sin( )]
h-0h 2 2
_ 1 ) 2x 27\ M 11
= fim [2cos (<=5——) sin )

2x+2a+h> sin(%)

’ ()

= lim |2 cos(
h -0

Now, taking limits we get

. (1
_ 2x+2a+hy_, Sm(g) h
= lim cos (—) lim [As h--- 0]
h -0 2 l_)() (1) 2
h h

We know that
Y sinh "
[hl—% h ]
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2x + 2a
= (cos > ) X1
=cos(x+a) (ii)

From equation (i) an (ii) we get
, cos x.cos(x + a) + sin x sin(x + a)
f &)=

cos(x +a—x)

cos? x

cos? x
cosa

cos? x
Question 22
x4 (5sinx - 3 cos x)
Solution:
Letf(x) =x4(5 sin x - 3 cos X)
By differentiating and using product rule, we get
. d d
f (x) = x*—(5sinx — 3cosx) + (5sinx — 3 cosx)— (x*)
dx dx
On further calculation we get
d | d : d
= x*|5 —(sinx) — 3 — (cosx)| + (5sinx — 3 cos x) — (x*)
dx dx dx

So, we get

= x*[5cosx — 3 (—sinx)] + (5sinx — 3 cos x) (4x>)
By taking x3 as common we get

= x3[5x cosx + 3 x sinx + 20 sinx — 12 cos x]

Question 23

(x2+1)cosx

Solution:

Letf(x)=(x2%2+1)cosx

By differentiating and using product rule, we get

f(x)= (x*+ 1)i(cos x) + cos x i(x2 +1)
dx dx

On further calculation, we get

= (x* + 1)(=sinx) + cosx (2x)
By multiplying we get

= —x?sinx —sinx + 2 x cos x
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Question 24
(ax2 + sin x) (p + q cos x)
Solution:

Let f (x) (ax2 + sin x) (p + q cos x)

By differentiating and using product rule, we get

Let f(x)= (ax? + sin x) % (p+qcosx)+ (p+ qcosx) % (ax? + sinx)
On further calculation, we get

= (ax?® +sinx) — (—gsinx) + (p + g cosx) + (2ax + cos x)

= —gsinx (ax? +sinx) + (p + gcosx) + (2ax + cos x)

Question 25

(x + cosx) (x — tanx)

Solution:

Let f (x) = (x + cos x) (X - tan x)

By differentiating and using product rule, we get

f(x) = (x+cosx)%(x—tanx) + (X—tanx)%(x+ COS X)

d d
= x+ [—(x) . —(tanx)] NG ) (12 siny)
dx dx
Now, we get
d
= (x+ cosx) [1 — &tanx] + (xtanx)(1 — sinx)

Let g (x) = tan x.Accordingly g (x + h) = tan (x + h)
By using first principal we get

g () limy, o S

_ <tan(x +h) — tan x>
lim
h -0 h

On further calculation, we get
. 1psin(x+h) sinx
= lim — [ - ]
h-o0hlcos(x+h) cosx
1 [sin(x + h) cosx — sinx cos(x + h)l

= limy

Now we get
1 1[sin(x +h —x)

— lim —
cosxh =0 h cos(x + h)

cos(x + h) cos x
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1 y 1[ sinh
B cosxhl—%h cos(x + h)
So, we get
1 (1' sinh)(l_ 1 )
~ cosx b0 h b0 cos(x + h)
We get

1 1

1.
cosx cos(x+0)

cos? x
= sec’X e (ii)
Hence from equation (i) and (ii) we get
f(x) = (x+ cosx)(1 — sec?x) + (x— tanx)(1 — sinx)
= (x+ cosx)(— tan? x) + (x —tanx)(1 — sinx)
= —tan’x (X + cosx) +(x — tanx)(1 — sinx)

Question 26

4x + 5sinx
3x+7cosx

Solution:

4x+5 sin x
Let f (x) X
3 x+7 cos x

By differentiating and using product rule, we get
(3x + 7cosx)%(4x + 5sinx) — (4x + SSinx)%(Sx + 7 cosx)

(3x + 7 cos x)?

fx) =
On further calculation we get
(3x + 7 cos x) [4 %(x) +5 ;—x (sinx)] — (4x + 5sinx) [3 % x+7 %cosx]
(3x + 7 cos x)?
(3x + 7cosx)(4x + 5sinx) — (4x + +5sinx) (3 — 7sinx)

(3x + 7 cos x)?
12x+ 15xcosx + 28 cosx + 35 cos? x — 12 x + 28 x sinx — 15 sin x 35 sin? x

(3x + 7 cos x)2

We get
15 xcosx + 28 cosx + 28 xsinx — 15sinx + 35 (cos? x + sin? x)

(3x + 7 cos x)?2
35+ 15xcosz+ 28cosx + 28 xsinx — 15sinx

(3x+ 7 cosx)?

Question 27
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T
x2 cos (—)
_ \4J

sin x

Solution:

XZCOS E
Let f (x) weos(3)

sinx
By differentiating and using product rule, we get

od ooy ogd o
o |sinx dX(X) X dX(smx)

f (x) =cos—.

4 sin? x

By further calculation we get

m [sinx.2x — X% cosx

= coS—. -
4 sin? x

By taking x as common, we get
Vs .
X cos [2 sinx — x cos x]

sin? x

Question 28

X
1+tanx

Solution:

X
Let —

ety 1+ tanx
By differentiating and using product rule, we get

d d
1+ tanx)a(x) =% E(l + tanx)
(1 + tan x)?2

fx)=

(1+tan x )—x % (1+tan x)

f’(x) - (1+tan x)2
Let g (x) = 1 + tan x. Accordingly,g (x + h) = 1 tan x (x + h)
’(X) _ hrn g (X +.h) _-g (X)
& "~ h-0 h
_ 1+tan(x+h)—1—tanxl

= lim

h -0 h

1[sin(x+h) sinx

b0 h |cos (x+h) cosx
By taking L.C.M. we get
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1 [sin(x + h) cos x — sin x cos(x + h)
h—>OE
We get
1y sin(x+h+x)
lim —[ ]
h-0h lcos(x + h) cos x
I 1[ sinh ]
b0 1 cos(x + h) cosx
So, we get

cos(x + h) cos x

1

= (im =) (1 )
(hli% h b0 cos(x + h) cosx
1
=1 X —— = sec’ x
cos’ x

4 — cpc2 .
—(LtgISiEccbages GRS E— (ii)

From equation (i) and (ii) we get
) ltanx — x sec’ x
ffx) =

sec? x
Question 29

(x + secx) (x - tan x)
Solution:

Let f (x)(x + secx) (X - tan x)
By differentiating and using product rule, we get

, d d
fx)=x+ secx)a(x— tanx) + (x - tanx)a(x— sec X)
So, we get

d d d d
= (x- secx) [a(x) —(T3 tanx] + (x —tanx) [a(x) + Y secx]
= (X—secx) [1— %tanx]+ (x —tanx) [1+ dd—xsecx] ........... (i)
Let fi = tanx, f,(x) = secx
Accordingly,f; (x + h) = tan(x + h)and f,(x + h) = sec(x + h)
. (filc+h)— fi(x)
fikx) = lim .
_ <tan (x+h)— tan)
= lim
h -0 h
By further calculation, we get
~ [tan(x + h) —tanx
- i

h
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= lim — —
b0 hlcos(x +h) cosx

Now, by taking L.C.M. we get
. 1[sin(x + h) cos x — sin x cos(x — h)l
= lim —

1 [sin(x + h) sinx]

1

h-0h | cos(x + h) cos x

1 1'sin(x+h—x)]

h-0h lcos(x + h) cos x
1r
h

-1 sinh ]
= a0 [cos(x + h) cos x
_ (l' sinh) (1_ 1 )
— WS WS cos(x + h) cosx
1
=1 X ——= sec’x
coS*x
Hence, we get
d i 2 .
—tanx = sect X........... (ii)
Now take , ,
! . fz(x+h)_f2(x)

_ <sec(x + h) — sec x)

= lim
h -0 h

This can be written as

_ [ 1 1 ]
~ 100 [cos(x + h)  cosx
By taking L.C.M. we get

1 [cos x —cos(x + h)
h 50 hl cos(x + h)cosx
On further calcu_lation, we get

1 - 1|—2sin (HZM) .sin (x_)zc_h)
= lim —
cosx h-0h cos(x + h)
[ . (2x+h\ . (~h
1 1 —ZSIH(T) .sm(T)
= lim —
cosx h-0h cos(x + h)
We get -
[z [sin(3)]]
L [y
= i
cosx h 20 cos(x + h) |

I |

By taking limits, we get
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{&i_r% sin (@)} {E_r))g %}
2

}1112% cos(x + h)

= SsecXx.

We get
sinx .1

= Secx
COsS Xx

%secx =secXxtanXx  ..oeeiienen (iii)
From equation (i) (ii) and (iii) we get
f (x) = (x +secx) (1 — sec?x) + (x + tanx) (1 + secx tan x)

Question 30

X

sin™ x

Solution:

Letf(x) =

By differentiating and using product rule, we get

sin® x

. d d .
sm“x—x—xd—sm“x
X

f )= & 5

sin“™ x
Easily, it can be shown that
d N o n—1
—sin™ x = nsin X COS X
dx
Hence,

) d d .
sin” x — x —x —sin™ x
! _ dx dx
sin4? x

By further calculation we get
sin"x.1 — x (n sin® ! x cos x)

sin?" x
By taking common terms we get
sin®'x.1 — x ( sinx — nx cos x)

sin2n x
Hence, we get
sinX — nxcosx

sinn*+1 x
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