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Chapter 13 
Limits And Derivatives 

 
Exercise 13.1 

 
Question 1 
 
Evaluate the Given limit: 𝐥𝐢𝐦𝒙 →𝟑 𝒙 + 𝟑 
 
Solution:  
 
Given  
lim
𝑥  →3

𝑥 + 3 

Substituting x = 3, we get  
= 3 + 3  
= 6 
 
Question 2 
 

Evaluate the Given limit: 𝐥𝐢𝐦𝒙 →𝝅  𝒙 −  
𝟐𝟐

𝟕
  

 
Solution:  
 

Given limit: lim𝑥  →𝜋  𝑥 −  
22

7
  

Substituting x = π, we get  

lim𝑥  →𝜋  𝑥 −  
22

7
 = (π – 22 / 7) 

 
Question 3 
 
Evaluate the Given limit: 𝐥𝐢𝐦𝒓 →𝟏 𝒓

𝟐 
 
Solution:  
 
Given limit: limr →1 r2  
Substituting r = 1, we get 
lim𝑟  →1 𝑟

2 = π (1)2 
 = π 
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Question 4 
 

Evaluate the Given limit: 𝐥𝐢𝐦𝒙→𝟒
𝟒𝒙+𝟑

𝒙 −𝟐
 

 

Solution:  
 

Given limit: lim𝑥→4
4𝑥+3

𝑥  −2
 

Substituting x = 4, we get  

lim𝑥→4
4𝑥+3

𝑥  −2
= [4(4) + 3] / (4 – 2) 

= (16 + 3)/2 
= 19 /32 
 
Question 5 
 

Evaluate the Given limit: 𝐥𝐢𝐦𝒙 → −𝟏
𝒙𝟏𝟎+ 𝒙𝟓+𝟏

𝒙−𝟏
 

 
Solution:  
 

Given limit: lim𝑥  → −1
𝑥10 + 𝑥5+1

𝑥−1
 

Substituting x = -1, we get  

lim
𝑥  → −1

𝑥10 +  𝑥5 + 1

𝑥 − 1
 

= [(-1)10 + (-1)5 + 1] / (-1 – 1)  
= (1 – 1 + 1) / - 2  
= - 1 / 2 
 

Question 6 
 

Evaluate the Given limit: 𝐥𝐢𝐦𝒙 →𝟎
 𝒙+𝟏 𝟓−𝟏

𝒙
 

 
Solution: 
 

Given limit: lim𝑥  →0
 𝑥+1 5−1

𝑥
 

= [(0 + 1)5 – 1] / 0  
=0  
Since, this limit is undefined  
Substitute x + 1 = y, then x = y – 1 

lim
𝑦→1

 𝑦 5 − 1

𝑦 − 1
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lim
𝑦→1

 𝑦 5 − 15

𝑦 − 1
 

 
We know that 

lim
x →a

x𝑛 − an

x − a
=  nan−1 

Hence 

lim
y−1

 y 5 − 15

y − 1
 

= 5 (1)5−1 
= 5 (1)4 
= 5 
 
Question 7 
 

Evaluate the Given limit: 𝐥𝐢𝐦𝒙 →𝟐
𝟑𝒙𝟐−𝒙−𝟏𝟎

𝒙𝟐−𝟒
 

 
Solution: 
 
By evaluating the limit at x = 2, we get 

lim𝑥  →2
3𝑥2−𝑥−10

𝑥2−4
 =  3 (2)2 − 𝑥 − 10 /4 − 4 

= 0 
Now, by factorizing numerator, we get 

lim
𝑥  →2

3𝑥2 − 𝑥 − 10

𝑥2 − 4
=  lim

𝑥  →2

3𝑥2 − 6𝑥 + 5𝑥 − 10

𝑥2 −  22
 

We know that 
a2 −  b2 =   a − b  a + b  

= lim𝑥  →2
 𝑥−2 (3𝑥+5)

 𝑥−2 (𝑥+2)
 

= lim𝑥  →2
(3𝑥+5)

(𝑥+2)
 

By substituting x = 2, we get 
= [3(2) +5] / (2+2) 
= 11 / 4 
 
Question 8 
 

Evaluate the Given limit: 𝐥𝐢𝐦𝒙 →𝟑
𝒙 𝟒−𝟖𝟏

𝟐𝒙𝟐−𝟓𝒙−𝟑
 

 
Solution: 
 
First substitute x = 3 in the given limit we get 
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= lim⁡ 𝑥  →3
 3 4−81

2  3 2−5 ×3−3
 

= (81-81) / (18-8) 
= 0 / 0 
Since the limit is of the from 0/0, we need to factories the numerator and denominator  

= lim⁡ 𝑥  →3
 𝑥2−9  𝑥2+9 

2 𝑥2−6𝑥+𝑥−3
=  lim𝑥  →3

 𝑥−3  𝑥+3 (𝑥2+9)

 2 𝑥+1  𝑥−3 
 

= lim𝑥  →3
𝑥4−81

2 𝑥2−5𝑥−3
=  lim𝑥  →3

 𝑥+3 (𝑥2+9)

 2 𝑥+1 
 

Now substituting x = 3, we get 

= 
 3+3 (32+9)

(2 ×3+1)
 

= 108/7 
= Hence 

lim
𝑥  →3

𝑥4 − 81

2𝑥2 − 5 𝑥 − 3
 

= 108 / 7 
 
Question 9 
 

Evaluate the Given limit: 𝐥𝐢𝐦𝐱 →𝟎
𝐚𝐱+𝐛

𝐜𝐱+𝟏
 

 
Solution: 
 

lim
x →0

ax + b

cx + 1
 

= [a (0) + b] / c (0) + 1  
= b / 1  
= b 
 
Question 10 
 

Evaluate the Given limit: 𝐥𝐢𝐦𝐳 →𝟏
𝐳
𝟏
𝟑−𝟏

𝐳
𝟏
𝟔−𝟏

 

 
Solution: 
 

limz →1
z

1
3−1

z
1
6−1

  = (1 – 1) / (1 – 1) 

= 0 
Let the value of z1/6  be x 

 z1/6 
2

x2 

z1/3 =  x2  
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Now, substituting z1/3 =  x2we get 

lim
x →1

x2 − 1

x − 1
=  

x2 −  12

x − 1
 

We know that, 

lim
x →a

xn −  an

x − a
=  nan−1 

lim
x →1

x2 −  12

x − 1
=  (1)2−1 

= 2 
 
Question 11 
 

Evaluate the Given limit: 𝐥𝐢𝐦𝐱 →𝟏
𝐚𝐱𝟐+𝐛𝐱+𝐜

𝐜𝐱𝟐+𝐛𝐱+𝐚
,𝐚 + 𝐛 + 𝐜 ≠ 0 

 
Solution: 
 

Given limit: limx →1
ax 2+bx +c

cx 2+bx +a
, a + b + c ≠ 0 

Substituting x = 1 

lim
x →1

ax2 + bx + c

cx2 + bx + a
 

= [a (1)2 + b (1) + c] / [c (1)2 + b (1) + a]  
= (a + b + c) / (a + b + c) 
Given 
[a + b + c ≠ 0] 
= 1 
 
Question 12 
 

Evaluate the given limit: 𝐥𝐢𝐦𝐱 → −𝟐

𝟏

𝐱
+ 
𝟏

𝟐

𝐱+𝟐
 

 
Solution: 
 
By substituting x = - 2, we get 

limx → −2

1

x
+ 

1

2

x+2
 = 0/0 

Now 

limx → −2

1

x
+ 

1

2

x+2
 = 

2+x

2x

x+2
 

= 1 / 2 x 
= 1 /2 (-2) 
= - 1/4 
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Question 13 
 

Evaluate the Given limit: 𝐥𝐢𝐦𝐱 →𝟎
𝐬𝐢𝐧 𝐚𝐱 

𝐛𝐱
 

 
Solution:   
 

Given  limx →0
sin  ax  

bx
 

Formula used here  

lim
x →0

sin x

x
= 1 

By applying the limits in the given expression  

lim
x →0

sin ax 

bx
=  

0

0
 

By multiplying and dividing by `a’ in the given expression, we get 

lim
x →0

sin ax 

bx
 ×  

a

a
 

We get 

lim
x →0

sin ax 

ax
 ×  

a

b
 

We know that 

lim
x →0

sin ax 

x
= 1 

=  
a

b
lim

ax  →0

sin ax 

ax
=  

a

b
 × 1 

= a/b 
 
Question 14  
 

Evaluate the given limit:  𝐥𝐢𝐦𝐱 →𝟎
𝐬𝐢𝐧 𝐚𝐱 

𝐬𝐢𝐧 𝐛𝐱
,𝐚,𝐛,≠ 𝟎 

 
Solution: 
 

limx →0
sin  ax  

sin  bx
 = 0/0 

By multiplying ax and bx in number and denominator, we get 

lim
x →0

sin ax 

sin bx
=  lim

x →0

sin ax

ax
 × ax

sin bx

bx
 × bx

 

Now we get 

a

b

lim
x →0

sin ax

ax

lim
x →0

sin bx

bx

 

We know that 
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lim
x →0

sin x

x
= 1 

Hence, a/b × 1 
= a /b 
 
Question 15 
 

Evaluate the Given limit: 𝐥𝐢𝐦𝐱 → 𝛑
𝐬𝐢𝐧  𝛑−𝐱 

𝛑  𝛑−𝐱 
 

 
Solution: 
 

lim
x → π

sin  π − x 

π  π − x 
 

limx → π
sin   π−x 

π   π−x 
= limπ  →0

sin   π−x 

π   π−x 
 ×  

1

𝜋
 

=
1

𝜋
lim

x → π

sin  π − x 

π  π − x 
 

We know that 

lim
x →0

sin x

x
= 1 

1

π
lim
x →0

sin  π − x 

π  π − x 
=  

1

π
 × 1 

= 1 / π 
 
Question 16 
 

Evaluate the given limit: 𝐥𝐢𝐦𝐱 →𝟎
𝐜𝐨𝐬 𝐱

𝛑−𝐱
 

Solution: 
 

lim
x →0

cos x

π − x
=  

cos 0

π − x
 

= 1/ π 
 
Question 17 
 

Evaluate the given limit: 𝐥𝐢𝐦𝐱 →𝟎
𝐜𝐨𝐬𝟐 𝐱−𝟏

𝐜𝐨𝐬 𝐱−𝟏
 

 
Solution: 
 

lim
x →0

cos2 x − 1

cos x − 1
=  

0

0
 

Hence 
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lim
x →0

cos2 x − 1

cos x − 1
=  lim

x →0

1 − 2 sin2 x − 1

1 − 2 sin2 x

2
− 1

 

 cos 2x = 1 −  2 sin2 x  

lim
x →0

sin2x

sin2 x

2

=  lim
x →0

sin 2  x × x2

x2

sin 2x

2
 × 

x 2

4

 
x

2
 

2

 

= 4 
lim x  →0

sin 2 x

x 2

lim x  →0
sin 2x

2

 
x
2
 

2

 

= 4 
lim x →0 

sin 2 x

x 2  
2

lim x  →0 
sin 2x

2

 
x
2
 

2  

2 

We know that, 

lim
x →0

sin x

x
= 1 

= 4 ×12  / 12 
= 4 
 
Question 18 
 

Evaluate the given limit: 𝐥𝐢𝐦𝐱 →𝟎
𝐚𝐱+𝐱 𝐜𝐨𝐱 𝐱

𝐛 𝐬𝐢𝐧 𝐱
 

 
Solution: 
 

lim
x →0

ax + x cox x

b sin x
=  

0

0
 

Hence, 

limx →0
ax +x cos x

b sin x
 = 

1

b
limx →0

x  a+cosx  

sin x
 

= 
1

b
limx →0× limx →0 a + cos x  

= 
1

b
 ×

1

lim x  →0
sin x

x

 × limx →0 a + cos x  

We know that, 

lim
x →0

sin x

x
= 1 

= 
1

b
 ×   a + cos 0  

= (a + 1) / b 
 
Question 19 
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Evaluate the given limit: 𝐥𝐢𝐦𝐱 →𝟎 𝐱 𝐬𝐞𝐜 𝐱 
 
Solution: 
 

lim
x →0

x sec x =  lim
x →0

x

cos x
 

= limx →0
0

cos 0
=  

0

1
 

= 0 
 
Question 20 
 

Evaluate the given limit: 𝐥𝐢𝐦𝐱 →𝟎
𝐬𝐢𝐧 𝐚𝐱+𝐛𝐱

𝐚𝐱+𝐬𝐢𝐧 𝐛𝐱
 𝐚,𝐛,𝐚 + 𝐛 ≠ 𝟎 

 
Solution: 
 

lim
x →0

sin ax + bx

ax + sin bx
=  

0

0
 

Hence, 

lim
x →0

sin ax + bx

ax + sin bx
=  lim

x →0 

 sin
ax

ax
  ax + bx

ax +   sin
bx

bx
 

 

= 
 lim ax  →0 sin

ax

ax
  × lim x →0 ax + lim x →0 bx

lim x  →0 ax + lim x  →0 bx  × lim bx  →0 sin
bx

bx
 
 

We know that, 

lim
x →0

sin x

x
= 1 

= 
lim x  →0 ax + lim x →0 bx

lim x  →0 ax + lim x →0 bx
 

We get 

= 
lim x  →0 ax +bx  

lim x  →0 ax +bx  
 

= 1 
 
Question 21 
 
Evaluate the given limit: 𝐥𝐢𝐦𝐱 →𝟎 𝐜𝐨𝐬𝐞𝐜 𝐱 − 𝐜𝐨𝐭 𝐱  
 
Solution: 
 
lim
x →0

 cosec x − cot x  

Applying the formulas for cosec x and cot x, we get 

Cosec x = 
1

sin x
 and cot x =  

cos x

sin x
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lim
x →0

 cosec x − cot x =  lim
x →0

 
1

sin x
−  

cos x

sin x
  

lim
x →0

 cosec x − cot x =  lim
x →0

1 − cos x

sin x
 

Now by applying the formula we get, 

1 − cos x = 2 sin2
x

2
 and sin x = 2 sin

x

2
cos

x

2
 

lim
x →0

(cos x − cot x) = lim
x →0

2 sin2 x

2

2 sin
x

2
cos

x

2

 

lim
x →0

(cos x − cot x) = lim
x →0

tan
x

2
 

= 0 
 
Question 22 
 

Evaluate the given limit: 𝐥𝐢𝐦𝐱 → 
𝛑

𝟐

𝐭𝐚𝐧 𝟐 𝐱

𝐱− 
𝛑

𝟐

 

 
Solution: 
 

lim
x → 

π

2

tan 2 x

x −  
π

2

=  
0

0
 

Let x – (π/2) = y 
Then x → (π/2) = y → 0 
Now we get 

limx → 
π

2

tan 2x

x− 
π

2

 = limy →0

tan 2  y+ 
π

2
 

y
 

= limy →0
tan (2y+π)

y
 

= limy →0
tan (2y)

y
 

We know that 
tan x = sin x/ cos x 

= limy →0
sin 2y

y cos 2y
 

By multiplying and dividing by 2, we get 

= limy →0
sin 2y

2y
 ×  

2

cos 2 y
 

= lim2y →0
sin 2 y

2 y
 ×  limy →0

2

cos 2 y
 

= 1 × 2/ cos 0 
= 1 × 2 / 1 
= 2 
 
Question 23 
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Find 𝐥𝐢𝐦𝐱 →𝟎 𝐟 (𝐱)  𝐚𝐧𝐝 𝐥𝐢𝐦𝐱 →𝟏 𝐟 (𝐱) ,𝐰𝐡𝐞𝐫𝐞 𝐟  𝐱 =   
𝟐𝐱 + 𝟑 𝐱 ≤ 𝟎    
𝟑  𝐱 + 𝟏 𝐱 > 0

  

 
Solution: 
 

Given function is f (x) =  
2x + 3 x ≤ 0    
3  x + 1 x > 0

  

lim
x →0

f x : 

lim
x →0−

f  x =  lim
x →0

 (2x + 3) 

= 2 (0) + 3 
= 0 + 3 
= 3 
lim

x →0+
f  x =  lim

x →0
3 (x + 1) 

= 3 (0+1) 
= 3 (1) 
= 3 
Hence, 
lim

x → 0−
f (x) =  lim

x → 0+
f (x) = lim

x →0
f x = 3 

Now, for limx →1 f x  
lim

x →1−
f x =  lim

x →1
3 (x + 1) 

= 3 (1+1) 
= 3 (2) 
= 6 
lim

x →1+
f x =  lim

x →1
3 (x + 1) 

= 3 (1+1) 
= 3 (2) 
= 6 
Hence, limx → 1− f  x =  limx → 1+ f (x) =  limx →1 f x = 6 
lim
x →0

f  x = 3  and lim
x →1

f  x = 6 

 
Question 24 
 
Find 𝐥𝐢𝐦𝒙 →𝟏 𝒇 (𝒙), where 

𝒇  𝒙  𝒙
𝟐 − 𝟏 𝒙 ≤ 𝟏  

− 𝒙𝟐 − 𝟏 𝒙 > 1
  

 
Solution: 
 
Given function is: 

f  x  x2 − 1 x ≤ 1  
− x2 − 1 x > 1

  



For Enquiry – 6262969604                                                                                                 6262969699  

 

For more Info Visit - www.KITest.in 
   13. 12  
   
 

lim
x →1

f  x : 

lim
x → 1−

f(x) =  lim
x →1

x2 − 1 

=  12 − 1 
= 1 − 1 
=  0 
lim

x → 1+
f(x) =  lim

x →1
(−x2 − 1) 

=  (−12 − 1) 
= −1 − 1 
=  −2 
We find 
lim

x → 1+
f  x =  lim

x →1+
f (x) 

Hence, limx →1+ f (x) does not exist 
 
Question 25 

Evaluate 𝐥𝐢𝐦𝐱 →𝟎 𝐟(𝐱) ,𝐰𝐡𝐞𝐫𝐞 𝐟 𝐱 =   

 𝐱 

𝐱

′

𝐱 ≠ 𝟎

𝐱               
𝟎, 𝐱 = 𝟎   

  

 
Solution: 
 

Give function is f (x) =  

 x 

x

′

x ≠ 0

x               
0, x = 0   

  

We know that, 
lim
x →a

f (x) exists only when lim
x →𝑎−

f (x) =  lim
x → a+

f (x) 

Now, we need to prove that: limx →0− f (x) =  limx → 0+ f (x) 
We know  
 x  = x, if x > =, -x, if x < 0 
Hence, 

lim
x →0−

f (x) =  lim
x →0−

 x 

x
 

lim
x →0

−x

x
=  lim

x →0
(−1) 

=  −1 

lim
x →0+

f (x) =  lim
x →0+

 x 

x
 

lim
x →0

x

x
=  lim

x →0
(1) 

= 1 
We find here, 
lim

x →0−
f (x) ≠  lim

x →0+
f (x) 
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Hence, limx →0 f (x) does not exist. 
 
Question 26 
 

Find 𝐥𝐢𝐦𝐱 →𝟎 𝐟 (𝐱) ,𝐰𝐡𝐞𝐫𝐞 𝐟  𝐱 =   

𝐱

 𝐱 
, 𝐱 ≠ 𝟎

      𝐱 ≠   𝟎
𝟎

  

Solution: 
 

f  x =   

x

 x 
, x ≠ 0

      x ≠   0
0

  

lim
x →0

f x : 

lim
x →0−

f x =  lim
x → 0−

x

 x 
 

= limx →0
x

−x
=  limx →0

1

−1
 

= - 1 

lim
x →0−

f x =  lim
x →0+

x

 x 
 

limx →0
x

x
 = limx →0(1) 

= 1 
We find here, 
lim

x →0−
f (x)  ≠  lim

x → 0+
f (x) 

Hence, limx →0 f(x) does not exist 
 
Question 27 
 
Find 𝐥𝐢𝐦𝐱 →𝟓 𝐟 (𝐱) ,𝐰𝐡𝐞𝐫𝐞 𝐟  𝐱 =   𝐱 − 𝟓 
 
Solution: 
 
Given function is: 
f (x) =  x − 5 
lim
x →5

f  x : 

lim
x →5−

f  x =  lim
x →5−

 x − 5 

lim
x →5

 x − 5 = 5 − 5 

= 0 
lim

x →5+
f  x =  lim

x →5+
 x − 5 

= limx−5(x − 5) 
= 5 – 5 
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= 0 
Hence, limx →5− f  x =  limx →5+ f  x =  limx →5 f  x = 0 
 
Question 28 
 

Suppose 𝐟  𝐱 =   
𝐚 + 𝐛𝐱,𝐱 < 1
𝟒,   𝐱 = 𝟏 

𝐛 − 𝐚𝐱  𝐱 > 1

  and if 𝐥𝐢𝐦𝐱 →𝟏 𝐟  𝐱 = 𝐟 (𝟏) what are possible values of a and b 

 
Solution: 
 
Given function is: 

f  x =   
a + bx, x < 1

4,   x = 1 
b − ax  x > 1

  and 

lim
x →1

f (x) = f (1) 

lim
x →1−

f (x) lim
x →1

a + bx 

= a + b (1) 
= a + b 
lim

x →1+
f (x) lim

x →1
b −  ax 

= b – a (1) 
= b + a 
Here 
F(1) = 4 
Hence, limx →1− f (x) =  limx →1+ f (x) limx →1 f x = f(1) 
Then, a + b = 4 and b – a = 4 
By solving the above two equation we get 
a = 0 and b = 4 
Therefore, the possible values of a and b is 0 and 4 respectively 
 
Question 29 
 
Let 𝐚𝟏,𝐚𝟐………𝐚𝐧be fixed real numbers an define a function f(x) =  𝒙 − 𝐚𝟏  𝒙 − 𝐚𝟐 ………… 𝒙 −
𝐚𝐧.What is 𝐥𝐢𝐦𝒙 →𝐚𝟏𝒇 𝒙? For some a ≠𝐚𝟏, 𝐚𝟐………𝐚𝐧, 𝐜𝐨𝐦𝐩𝐮𝐭𝐞 𝐥𝐢𝐦𝐱 →𝐚𝐟 (𝐱) 

Solution: 
 
Given function is: 
f x =  x −  a1  x −  a2 ……… (x −  an) 
lim

x →a1

f x : 

lim
x →a1

f x =  lim
x →a1

  x − a1  x − a2 … .   x −  an   

=  limx →a1
 x − a1   limx →a1

 x − a2  ………  limx →a1
 x − an   

We get 
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=  a1 − a1  a1 − a2 …… . .  a1 − an = 0 
Hence, limx →a1

f  x = 0 

limx →a f  x : 
lim
x →a

f x =  lim
x →a

  x − a1  x − a2 … .   x −  an   

=  limx →a x − a1   limx →a x − a2  ………  limx →a x − an   
We get 
=  a − a1  a − a2 …… . .  a − an  
Hence, limx →a f(x) =  a − a1  a − a2 … .   a −  an  
Therefore, limx → a1

f x = 0  and limx →a f x  a − a1  a − a2 … .   a −  an  

 
Question 30 
 

If 𝐟  𝐱 =   
 𝐱 + 𝟏, 𝐱 < 0  
𝟎,     𝐱 = 𝟎

 𝐱 − 𝟏, 𝐱 > 0   

  

 
Solution: 
 
Given function is: 

f  x =   
 x + 1, x < 0  

0,     x = 0
 x − 1, x > 0   

  

There three cases. 
Case 1: 
When a = 0 
lim
x →0

f x : 

lim
x →0

f x =  lim
x → 0−

  x + 1  

lim
x →0

 −x + 1 =  −0 + 1 

= 1 
lim

x → 0+
f x =  lim

x → 0+
  x + 1  

=  lim
x →0

 x − 1 = 0 − 1 

= -1 
Here, we find 
lim

x → 0+
f x ≠  lim

x → 0+
( x − 1) 

= limx →0 x − 1 = 0 − 1 
= - 1 
Here, we find  
lim

x → 0+
f(x) ≠ lim

x → 0+
f(x) 

Hence, limx →0 f(x) does not exit 
Case: 2 
When a <0 
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lim
x →a

f x : 

lim
x → a−

f (x) =  lim
x → a−

  x + 1  

lim
x → a

(−x + 1) =  −a + 1 

lim
x → a+

f (x) =  lim
x → a+

  x + 1  

lim
x → a

(−x + 1) =  −a + 1 

Hence, limx →a− f x =  limx →a+ f(x) =  limx →a f(x) =  −a + 1 
Therefore, lim (f(x)) exists at x = a and a < 0 
Case 3: 
When a > 0 
lim
x →a

f x : 

lim
x → a−

f (x) = lim
x → a−

  x − 1  

lim
x →a

 x − 1 = a − 1 

lim
x → a+

f (x) = lim
x → a+

  x − 1  

lim
x →a

 x − 1 = a − 1 

Hence, limx →a− f x =  limx →a+ f(x) =  limx →a f(x) = a − 1 
Therefore, lim (f(x)) exists at x = a and a > 0 
 
Question 31 
 

If the function f(x) satisfies 𝐥𝐢𝐦𝐱 →𝟏
𝐟 𝐱 −𝟐

𝐱𝟐−𝟏
=  𝛑, 𝐞𝐯𝐚𝐥𝐮𝐚𝐭𝐞 𝐥𝐢𝐦𝐱 →𝟏 𝐟 (𝐱) 

 
Solution: 
 

Given function that f (x) satisfies limx →1
f x −2

x2−1
=  π 

lim
x →1

f x − 2

x2 − 1
=  π 

lim
x →1

 f  x − 2 =  π (lim
x →1

x2 − 1) 

Substituting x = 1, we get 
lim
x →1

 f  x − 2 = π  12 − 1  

lim
x →1

 f  x − 2 = π  1 − 1  

lim
x →1

 f  x − 2 = 0 

lim
x →1

f  x −  lim
x →1

2 = 0 

lim
x →1

f  x − 2 = 0 

= 2 
 
Question 32 
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If 𝐟 𝐱  
𝐦𝐱𝟐 + 𝐧, 𝐱 < 0  

𝐧𝐱 + 𝐦,   𝟎 ≤ 𝐱 ≤ 𝟏

𝐦𝐱𝟐 + 𝐦. 𝐱 > 1

  for what integers m and n does both 𝐥𝐢𝐦𝐱 →𝟎 𝐟(𝐱) and 𝐥𝐢𝐦𝐱 →𝟏 𝐟(𝐱)exist? 

 
Solution:  
 

Given function is f x  
mx2 + n, x < 0  

nx + m,   0 ≤ x ≤ 1

mx2 + m. x > 1

  

lim
x →0

f x : 

lim
x → 0−

f x =  lim
x →0

 mx2 + n  

= m (0) + n 
= 0 + n 
= n 
lim

x → 0+
f(x) =  lim

x →0
 nx + m  

= n (0) + m 
= 0 + m 
= m 
Hence, 
lim
x →0

f  x exists if n = m 

Now, 
lim
x →1

f x : 

lim
x →1−

f  x =  lim
x →1

(nx +  m) 

= n (1) + m 
= n+ m 
lim

x →1+
f  x =  lim

x →1
(nx +  m) 

= n (1)3 + m 
= n (1) + m 
= n + m 
Therefore limx →1− f  x =  limx → 1+ f (x) =  limx →1 f(x) 
Hence, for any integral value of m and n limx →1 f(x) exists 
 

Exercise 13.2 
 

Question 1 
 
Find the derivatives of 𝐱𝟐 − 𝟐 𝐚𝐭 𝐱 = 𝟏𝟎 
 
Solution: 
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Let f (x) = x2 − 2 
From first principal 
From first principal 

f ′ x =  lim
h →0

f  x + h − f (x)

h
 

Put x = 10, we get 

f’ (10) = limh →0
f  10+h −f (10)

h
 

= limh →0
  10+h 2−2 −  102−2 

h
 

= limh →0
102+2 ×10 ×h+ h2−2− 102+2

h
 

= limh →0
20h+ h2

h
 

= limh →0 20 + h  
= 20 + 0 
= 20 
 
Question 2 
 
Find the derivative of x at x = 1 
 
Solution: 
 
Let f(x) = x 
Then, 
From first principal 

f ′ x =  lim
h →0

f  x + h − f (x)

h
 

Let f (x) = x 

f ′ x =  lim
h →0

f  x + h − f (10)

h
 

Put x = 1 we get 

f ′ 1 =  lim
h →0

f  x + h − f (1)

h
 

= limh →0
 1+h −1

h
 

= limh →0
1+h−1

h
 

= limh →0
h

h
 

= limh →0 1 
= 1 
 
Question 3 
 
Find the derivative of 99x at x = 100. 
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Solution: 
 
Let f (x) = 99x,  
From first principle 

f ′ x =  lim
h →0

f x + h − f (x)

h
 

Put x = 100, we get 

f ′ 100 =  lim
h →0

f  100 + h − f (100)

h
 

=  lim
h →0

99  100 + h − 99 × 100

h
 

=  lim
h →0

99 × 100 + 99 h − 99 × 100

h
 

=  lim
h →0

99 × h

h
 

=  lim
h →0

99 

= 99 
 
Question 4 
 
Find the derivative of the following functions from first principle  
(i) x3 – 27  
(ii) (x – 1) (x – 2) 
(iii) 1 / x2  
(iv) x + 1 / x – 1  
 
Solution:  
 
(i) Let f (x) = x3 - 27  
From first principle 

f ′ x =  lim
h →0

f  x + h − f (x)

h
 

=  lim
h →0

  x + h 3 − 27 −   x3 − 27 

h
 

=  lim
h →0

x3 + 3x2 h + 3xh2 −  x3

h
 

=  lim
h →0

h3 + 3x2 h + 3xh2

h
 

=  lim
h →0

 h3 + 3x2 h + 3xh2  

= 0 + 3x2  
= 3x2 
(ii) Let f (x) = (x – 1) (x – 2) 
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From first principal 

f ′ x =  lim
h →0

f  x + h − f (x)

h 
 

=  lim
h →0

 x + h − 1  x + h − 2 −   x − 1  x − 2 

h
 

=  lim
h →0

 x2 +   hx − 2x + h x + h2 − 2h − x − h + 2 −   x2 − 2x − x + 2 

h
 

=  lim
h →0

hx + hx + h2 − 2h − h

h
 

=  lim
h →0

 h + 2x − 3  

= 0 + 2x − 3 
= 2x − 3 
(iii) Let f (x) = 1 /x2 
From first principal, we get 

f ′ x =  lim
h →0

f  x + h − f (x)

h
 

=  lim
h →0

x2

 x+h 2 −  
1

x2

h
 

=  lim
h →0

x2 −   x + h 2

hx2 x + h 2
 

=  lim
h →0

1

h
 
x2 −  x2 −  h2 2hx

x2 x + h 2
  

=  lim
h →0

1

h
 
−h2 − 2hx

x2 x + h 2
  

=  0 − 2x /  x2 x + 0 2  
=   −2/x3  
(iv) Let f (x) = x + 1 / x – 1 
From first principle, we get 

f ′ x =  lim
h →0

f x + h − f (x)

h
 

=  lim
h →0

x+h+1

x+h−1
−  

x+1

x−1

h
 

=  lim
h →0

 x − 1  x + h + 1 −   x + 1  x + h − 1 

h  x − 1  x + h − 1 
 

=  lim
h →0

1

h
 
 x2 + hx +  x − x − h − 1 −  x2 + hx + x − x + h − 1 

 x − 1  x + h − 1 
  

=  lim
h →0

−2h

 h x − 1  x + h − 1 
 

=  lim
h →0

−2

 x − 1  x + h − 1 
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= −
2

 x − 1  x − 1 
 

=  −  
2

 x − 1 2
 

 
Question 5 
 

For the function 𝐟  𝐱 =  
𝐱𝟏𝟎𝟎

𝟏𝟎𝟎
+  

𝐱𝟗𝟗

𝟗𝟗
+ ⋯

𝐱𝟐

𝟐
+ 𝐱 + 𝟏 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 𝐟′ 𝟏 = 𝟏𝟎𝟎 𝐟, (𝟎). 

 
Solution: 
 
Given function is: 

f  x =  
x100

100
+  

x99

99
+ ⋯

x2

2
+ x + 1 

By differentiating both sides, we get 
d

dx
 f x =  

d

dx
 
x100

100
+  

x99

99
+ ⋯

x2

2
+ x + 1   

=
d

dx
 

x100

100
 +  

d

dx
 

x99

99
 + ⋯… . + 

d

dx
 

x2

2
 + 

d

dx
 x + 

d

dx
 (1) 

We know that 
d

dx
 xn =  nxn−1 

∴  
d

dx
 f x =  

100 x99

100
+  

99 x98

99
+ ⋯ . + 

2x

2
+ 1 + 0 

f ′ x =  x99 +  x98 + ⋯+ x + 1 
At x = 0, we get 
f ′ 0 = 0 + 0 + ⋯+ 0 + 1 
f ′ 0 = 1 
At x = 1, we get 
f ′ 1 =  199 +  198 + ⋯ . . +1 + 1 =   1 + 1…+ 1  100 times = 1 × 100 = 100 
Hence, f ′ 1 = 100 f ′(0) 
 
Question 6 
 
Find the derivative of 𝐱𝐧 +  𝐚𝐱𝐧−𝟏 +  𝐚𝟐𝐱𝐧−𝟐 + ⋯ . . + 𝐚𝐧−𝟏 𝐱 + 𝐚𝐧 𝐟𝐨𝐫 𝐬𝐨𝐦𝐞 𝐟𝐢𝐞𝐝 𝐫𝐞𝐚𝐥 number a. 
 
Solution: 
 
Given function is; 
f (x) = xn + axn−1 +  a2xn−2 + ⋯+  an−1 x +  an  
By differentiating both sides, we get 
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f ′ x =  
d

dx
 xn + axn−1 +  a2xn−2 + ⋯ . . + an−1 x + an  

=  
d

dx
 xn + a

d

dx
 xn−1 + a2

d

dx
 xn−2 + ⋯ . + an−1

d

dx
 x +  an−1

d

dx
 1  

We know that 
d

dx
 xn =  nxn−1 

f ′ x =  nxn−1 + a  n − 1 xn−2 +  a2 n − 2 xn−3 + ⋯…+  an−1an  (0) 
f ′ x =  nxn−1 + a  n − 1 xn−2 +  a2 n − 2 xn−3 + ⋯…+  an−1an  
 
Question 7 
 
For some constants a and b, find the derivative of  
(i) (x − a) (x − b)  
(ii) (ax2 + b)2  
(iii) x – a / x – b  
 
Solution:  
 
(i) (x – a) (x – b) 
Let f (x) = (x -a) (a-b) 
F (x) = x2 −  a + b x + ab 
Now, by differentiating both sides we get 
b2 x2 −   a + b  x + ab  

=  
d

dx
 x2 −   a + b 

d

dx
 x +  

d

dx
 ab  

We know that 

=  
d

dx
 xn =  nxn−1 

f ′ x = 2x −  a + b + 0 
(ii) (ax2 + b)2  

Let f(x) = a2x4 + 2ax2 +  b2 
By differentiating both sides we get 

f ′ x =  
d

dx
 x4 +  2ab 

d

dx
 x2 +  

d

dx
 b2  

We know that 
d

dx
 xn =  nxn−1 

f ′ x =  a2 × 4x2 + 2ab × 2x + 0 
= 4a2x3 + 4abx 
= 4ax  ax2 + b  
(iii) x – a/x – b 

Let f (x) = 
 𝑥−𝑎 

 𝑥−𝑏 
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By differentiating both sides and using quotient rule, we get 

f ′ x =  
d

dx
 

x − a

x − b
  

f ′ x =  
 x − b 

d

dx
 x − a −   x − a 

d

dx
 x − b 

 x − b 2
 

=  
 x − b  1 −   x − a  1 

 x − b 2
 

By further calculation, we get 

=  
x − b − x + a

 x − b 2
 

=  
a − b

 x − b 2
 

 
Question 8 
 

Find the derivative of 
𝐱𝐧− 𝐚𝐧

𝐱−𝐚
 for some constant a. 

 
Solution: 
 

Let f(x)
xn− an

x−a
 

By differentiating both sides and using quotient rule we, get 

𝑓 ′ 𝑥 =  
d

dx
 

xn −  an

x − a
  

𝑓 ′ 𝑥 =  
 𝑥 − 𝑎 

𝑑

𝑑𝑥
 𝑥𝑛 − 𝑎𝑛 

𝑑

𝑑𝑥
 𝑥 − 𝑎 

 x − a 2
 

By further calculation we get 

=  
 x − a  anxn−1 − 0 −   xn −  an 

 x − a 2
 

=  
nxn −  anxn−1 −  x9 +  an

 x − a 2
 

 
Question 9 
 
Find the derivative of  
(i) 2x – 3 / 4  
(ii) (5x3 + 3x – 1) (x – 1)  
(iii) x-3 (5 + 3x) 
(iv) x5 (3 – 6x-9)  
(v) x-4 (3 – 4x-5)  
(vi) (2 / x + 1) – x 2 / 3x – 1 
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Solution: 
 
(i)  
Let f(x) 2x – 3 / 4 
By differentiating both sides we get 

f ′ x =  
d

dx
 2x −

3

4
  

= 2 
d

dx
 x −  

d

dx
 

3

4
  

= 2 – 0 
= 2 
(ii)  
Let f (x) = (5x3 + 3x – 1) (x – 1)  
By differentiating both sides and using the product rule, we get 

f ′ x =   5x3 + 3x − 1 
d

dx
 x − 2 +   x − 1 

d

dx
 5x3 + 3x + 1  

=   5x3 + 3x − 1  ×  1 +   x − 1  ×   15 x2 + 3  
 5x3 + 3x + 1 +   x − 1  15 x2 + 3  
= 5x3 + 3x − 1 + 15x3 + 3x − 15x2 − 3 
= 20x3 − 15x2 + 6x − 4 
(iii)  
Let f (x) x-3 (5 + 3x)  
By differentiating both sides and using Leibnitz product rule we get 

f ′ x =  x−3
d

dx
 5 + 3x +   5 + 3x 

d

dx
 x−3  

=  x−3 0 + 3 +  5 + 3x  −3x−3−1  
By further calculation, we get 
=  x−3 3 +   5 + 3x  −3x−4  
=  3x−3 − 15x−4 −  −9x−3 
=  − 6x−3 −  15x−4 

= − 3x−3  2 +
5

x
  

=  
− 3x−3

x
 2x + 5  

(iv)  
Let f (x) = x5 (3 – 6x-9)  
By differentiating both sides and using Leibnitz product rule, we get 

𝑓 ′ x =  x5
d

dx
 3 − 6 x−9 +   3 − 6 x−9 

d

dx
 x5  

=  x5 0 − 6 −9 x−9−1 +   3 −  6x−9  5x4  
By further calculation we get 
=  x5 54x−10 +  15x4 −  30x−5 
= 54x−5 + 15x4 − 30x4  
= 24x−5 + 15x4 
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= 15x4 +  
24

x5
 

(v)  
Let f (x) = x-4 (3 – 4x-5)  
By differentiating both sides and using Leibnitz product rule, we get 

𝑓 ′ x =  x−4
d

dx
 3 − 4x−5 +  3 − 4x−5 

d

dx
 x−4  

=  x−4 0 − 4  −5 x−5−1 +  3 − 4x−5  −4 x−4−1 
By further calculation, we get 
=  x−4 20 x−6 +   3 − 4x−5  − 4 x−5  
= 20x−10 − 12x−5 + 16x−10  
= 36x−10 −  12x−5 

=  −  
12

x5
+  

36

x10
 

(vi)  
(2 / x + 1) – x 2 / 3x – 1 

Let f(x) = 
2

x−1
−  

x2

3x−1
 

By differentiating both sides we get, 

𝑓 ′ x =
d

dx
 

2

x − 1
−  

x2

3x − 1
  

Using quotient rule we get 

𝑓 ′ x  
 x + 1 

d

dx
 2 − 2 

d

dx
 x + 1 

 x + 1 2
 −   

 3x − 1 
d

dx
 x2 − x2 d

dx
 3x − 1 

 3x − 1 2
  

=   
 x + 1  0 − 2  1 

 x + 1 2
 −   

 3x − 1  2x −   x2  × 3

 3x − 1 2
  

=  −  
2

 x + 1 2
−  

x  3x − 2 

 3x − 1 2
 

 
Question 10 
 
Find the derivative of cos x from first principle  
 
Solution: 
 
Let f (x) = cos x 
Accordingly, f (x + h) = cos (x + h) 
By first principal, we get 

f ′ x =  lim
h →0

f  x + h − f (x)

h
 

So, we get 
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= lim
h →0

1

h
 cos x + h − cos(x)  

= lim
h →0

1

h
 −2 sin  

x + h + x

2
 sin  

x + h − x

2
   

By further calculation we get 

= lim
h →0

1

h
 −2 sin  

2x + h

2
 sin  

h

2
   

=  lim
h →0

1

h
 

2x + h

2
  × lim

h →0

sin  
h

2
 

h

2

 

=  − sin  
2𝑥 + 0

2
  × 1 

=  − sin(2x/2) 
=  − sin(x) 
 
Question 11 
 
Find the derivative of the following functions:  
(i) sin x cos x  
(ii) sec x  
(iii) 5 sec x + 4 cos x  
(iv) cosec x  
(v) 3 cot x + 5 cosec x  
(vi) 5 sin x – 6 cos x + 7  
(vii) 2 tan x – 7 sec x  
 
Solution: 
 

(i) sin x cos x  
Let f (x) = sin x cos x 
Accordingly, from the first principal 

𝑓 ′ 𝑥 =  lim
h →0

𝑓  𝑥 + ℎ − 𝑓(𝑥)

ℎ
 

=  lim
h →0

sin 𝑥 + ℎ cos 𝑥 + ℎ − sin 𝑥 cos 𝑥

ℎ
 

=  lim
h →0

1

2h
 2 sin x + h cos x + h − 2 sin x cos x  

=  lim
h →0

1

2ℎ
 sin 2  𝑥 + ℎ − sin 2𝑥  

=  lim
h →0

1

2ℎ
 2 cos

2𝑥 + 2ℎ + 2𝑥

2
. sin

2𝑥 + 2ℎ − 2𝑥

2
  

By further calculation, we get 

=  lim
h →0

1

ℎ
 cos

4𝑥 + 2ℎ

ℎ
sin

2ℎ

ℎ
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=  lim
h →0

1

ℎ
 cos 2𝑥 + ℎ sinℎ  

=  lim
h →0

cos 2𝑥 + ℎ . lim
h →0

sinℎ

ℎ
 

= cos 2𝑥 + 0 . 1 
= cos 2𝑥 

(ii) sec x  
Let df (x) = sec x 
= 1/ cos x 
By differentiating both sides, we get 

f ′ x =  
d

dx
 

1

cos x
  

Using quotient rule, we get 

f ′ x =  
cos x 

d

dx
 1 − 1 

d

dx
 (cosx)

cos2 x
 

=  
cos x × 0 − (−sinx)

cos2  x
 

We get 

=  
sin𝑥

cos2 x
 

=  
sin x

cos x
 × 

1

cos x
 

= tan x sec x  
(iii) 5 sec x + 4 cos x  
Let f (x) = 5 sex x + 4 cos x 
By differentiating both sides we get 

f ′ x =  
d

dx
 5 sec x + 4 cos x  

By further calculation, we get 

= 5 
d

dx
 sec x + 4 

d

dx
 cos x  

= 5 sec x tan x + 4 × (- sin x) 
= 5 sec x tan × - 4 sin x 
(iv) cosec x  
Let f(x) = cosec x 
Accordingly, f (x + h) = cosec (x + h) 
By first principal, we get 

f’ (x) = limℎ  →0
𝑓   𝑥+ℎ −𝑓  (𝑥)

ℎ
 

=  lim
h →0

cosec  x + h − cosec x

h
 

=  lim
h →0

1

ℎ
 

1

sin(𝑥 + ℎ)
−  

1

sin 𝑥
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=  lim
ℎ  →0

1

ℎ
 
sin 𝑥 − sin(𝑥 + ℎ)

sin(𝑥 + ℎ)
  

=  
1

sin 𝑥
lim
h →0

1

ℎ
 
2 cos  

𝑥+𝑥+ℎ

2
 sin  

𝑥−𝑥−ℎ

2
 

sin(𝑥 + ℎ)
  

=  
1

sin 𝑥
lim
h →0

1

ℎ
 
2 cos  

𝑥+𝑥+ℎ

2
 sin  

𝑥−𝑥−ℎ

2
 

sin(𝑥 + ℎ)
  

By further calculation, we get 

=  
1

sin 𝑥
lim
h →0

1

ℎ
 
2 cos  

2𝑥+ℎ

2
 sin  

−ℎ

2
 

 
ℎ

2
 sin(𝑥 + ℎ)

  

= −  
1

sin 𝑥
lim
h →0

1

ℎ

sin  
ℎ

2
 

ℎ

2

 ×  lim
h →0

cos  
2𝑥+ℎ

2
 

sin(𝑥 + ℎ)
 

= −  
1

sin 𝑥
 × 1 × 

cos  
2𝑥+ℎ

2
 

sin(𝑥 + 0)
 

= −  
1

sin 𝑥
 ×  

cos 𝑥

sin 𝑥
 

(v) 3 cot x + 5 cosec x 
Let f (x) = 3 cot x 5 cosec x 
F (x)’ = (Cot x)’ + 5 (cosec x)’ 
Let f1 x = cot 
Accordingly, f1 x + h = cot x + h  
By using first principal, we get 

f1 x =  lim
x →0

f1 x + h −  f1 x 

h
 

=  lim
h →0

cot x + h − cot x

h
 

=  lim
h →0

 
cos(x + h)

sin(x + h)
−  

cos x

sin x
  

By further calculation, we get 

=  lim
h →0

1

h
 

sin x cos x + h − cos x sin x + h 

sin x sin(x + h)
  

=  lim
h →0

1

h
 

sin(x − x − h)

sin x sin(x + h)
  

= 1 / sin x lim
h →0

1

h
 

sin(−h)

sin(x + h)
  

=  
1

sin x
 lim

h →0

sin h

h
  lim

h →0

1

sin x + h 
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=  −  
1

sin 𝑥
 ×   1 × 

1

sin(𝑥 + 0)
 

=  −  
1

sin2 𝑥
 

=  cosec2 x 
Let 𝑓2(x) = cosec x, 
Accordingly, f2 x + h = cot x + h  
By using first principal, we get 

f′2 x =  lim
x →0

f2 x + h −  f2 x 

h
 

=  lim
h →0

cosec  x + h − cosec x

h
 

=  lim
h →0

1

ℎ
 

1

sin(𝑥 + ℎ)
−  

1

sin 𝑥
  

=  lim
h →0

1

ℎ
 
sin 𝑥 − sin(𝑥 + ℎ)

sin 𝑥 sin(𝑥 + ℎ)
  

By further calculation, we get 

=
1

sin 𝑥
lim
h →0

1

ℎ
 
2 cos  

𝑐=𝑥+𝑥+ℎ

ℎ
 sin  

𝑥−𝑥−ℎ

2
 

sin(𝑥 + ℎ)
  

=  
1

sin 𝑥
lim
h →0

1

ℎ
 
2 cos  

2𝑥+ℎ

2
 sin  

−ℎ

2
 

sin(𝑥 + ℎ)
  

=  
1

sin x
lim
h →0

 
− sin  

h

2
 cos  

2x+h

2
 

 
h

2
 sin x + h 

  

= −
1

sin 𝑥
lim
h →0

sin  
ℎ

2
 

ℎ

2

 ×  lim
h →0

cos  
2𝑥+ℎ

2
 

sin(𝑥 + ℎ)
 

= −
1

sin 𝑥
 × 1 × 

cos  
2𝑥+0

2
 

sin(𝑥 + 0)
 

= −
1

sin 𝑥
 ×  

cos 𝑥

sin 𝑥
 

=  −cosec x cot x 
Now, substitute the value of (cot x)′ and (cosec)′ in f′ (x) we get 
f’(x) = 3 (cot x)’ + 5 (cosec x)’ 
f’(x) = 3 ×   −cosec2x + 5 × (−cosec x cot x) 
f ′ x =  −3 cosec2 x − 5 cosec cot x 
(vi) 5 sin x – 6 cos x + 7  
Let f (x) = 5 sin x – 6 cos x + 7 
Accordingly, from the first principle, 
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f ′ x =  lim
h →0

f x + h − f(x)

h
 

=  lim
h →0

1

ℎ
 2 tan 𝑥 + ℎ − 7 sec 𝑥 + ℎ − 2 tan 𝑥 + 7 sec 𝑥  

=  lim
h →0

1

ℎ
 2  tan 𝑥 + ℎ − tan 𝑥 − 7 sec 𝑥 + ℎ  − sec 𝑥   

= 2 lim
h →0

1

ℎ
 tan 𝑥 + ℎ − tan 𝑥 − 7 lim

h →0

1

ℎ
 sec 𝑥 + ℎ − sec 𝑥  

By further calculation, we get 

= 2 lim
h →0

1

ℎ
 

sin(𝑥 + ℎ)

cos(𝑥 + ℎ)
−  

sin 𝑥

cos 𝑥
 − 7 lim

h →0

1

ℎ
 

1

cos(𝑥 + ℎ)
−  

1

cos 𝑥
  

= 2 lim
h →0

1

ℎ
 
sin 𝑥 + ℎ cos 𝑥 − sin 𝑥 cos(𝑥 + ℎ)

cos 𝑥 cos(𝑥 + ℎ)
 −7 lim

h →0

1

ℎ
 
cos 𝑥 − cos(𝑥 + ℎ)

cos 𝑥 cos(𝑥 + ℎ)
  

= 2 lim
h →0

1

ℎ
 

sin(𝑥 + ℎ − 𝑥)

cos 𝑥 cos(𝑥 + ℎ)
 − 7 lim

h →0
 
− 2 sin  

𝑥−𝑥−ℎ

2
 sin  

𝑥−𝑥−ℎ

2
 

cos 𝑥 cos(𝑥 + ℎ)
  

Now we get 

= 2 lim
h →0

  
sin ℎ

ℎ
 

1

cos 𝑥 cos(𝑥 + ℎ)
 − 7 lim

h →0

1

ℎ
 
−2 sin  

2𝑥+ℎ

2
 sin  −

ℎ

2
 

cos 𝑥 cos(𝑥 + ℎ)
  

= 2  lim
h →0

sinℎ

ℎ
  lim

h →0

1

cos 𝑥 cos(𝑥 + ℎ)
 − 7  lim

ℎ

2
→0

𝑠𝑖𝑛
1

ℎ
ℎ

2

  lim
h →0

sin  
2𝑥+ℎ

2
 

cos 𝑥 cos 𝑥 + ℎ 
  

= 2.1 
1

cos 𝑥 cos 𝑥
− 7.1  

sin𝑥

cos 𝑥 𝑐𝑜𝑠
  

= 2 sec2 x − 7 sec x tan x 
 

Miscellaneous exercise  
 

Question 1 
 
Find the derivative of the following functions from first principle:  
(i) –x  
(ii) (–x) –1 
(iii) sin (x + 1) 

(iv) 𝐜𝐨𝐬  𝒙 −  
𝝅

𝟖
  

 
Solution: 
 
(i) –x  
Let f (x) = - x 
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Accordingly, f (x + h) = - (x + h) 
Using first principal, we get 

f’ (x) = limh →0
f  x+h −f(x)

h
’ 

=  lim
h →0

−  x + h − (−x)

h
 

Now we get 

=  lim
h →0

− 𝑥 − ℎ + 𝑥

ℎ
 

=  lim
h →0

− ℎ

ℎ
 

=  lim
h →0

 −1 =  −1 

(ii) (–x) –1 

Let f (x) =  −x −1 =  
1

−x
=  

− 1

x
 

Accordingly, f  𝑥 + ℎ =  
− 1

(𝑥+ℎ)
 

Using first principal we get 

f ′ x =  lim
h →0

f  x + h − f(x)

h
 

=  lim
h →0

−  x + h − (−x)

h
 

Now, we get 

=  lim
h →0

− 𝑥 − ℎ + 𝑥

ℎ
 

=  lim
h →0

− ℎ

ℎ
 

=  lim
h →0

 −1 =  −1 

(ii) (–x) –1 

Let f (x) = (–x) –1 = 
1

−𝑥
=  

−1

𝑥
 

Accordingly, f (x + h) =
− 1

(𝑥+ℎ)
 

Using first principal, we get 

f ′ x =  lim
h →0 

f  x + h − f(x)

h
 

=  lim
h →0

1

ℎ
 
−1

𝑥 + ℎ
−   

− 1

𝑥
   

=  lim
h →0

1

ℎ
 
−1

𝑥 + ℎ
+ 

1

𝑥
  

=  lim
h →0

1

ℎ
 
− 𝑥 + (𝑥 + ℎ)

𝑥 (𝑥 + ℎ)
  

By further calculation we get, 

=  lim
h →0

1

ℎ
 
− 𝑥 + 𝑥 + ℎ

𝑥 (𝑥 + ℎ)
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=  lim
h →0

1

ℎ
 

ℎ

𝑥 (𝑥 + ℎ)
  

=  lim
h →0

1

𝑥 (𝑥 + ℎ)
 

=  
1

x. x
 

(iii) sin (x + 1) 
Let f (x) = sin (x+1) 
Accordingly, f (x + h) = sin (x+h+1) 
By using first principal, we get 

f’ (x) = limh →0
f x+h −f(x)

h
 

=  lim
h →0

1

h
 sin x + h + 1 − sin(x + 1)  

=  lim
h →0

1

h
 2 cos  

x + h + 1 + x + 1

2
 sin  

x + h + 1 − x − 1

2
   

=  lim
h →0

1

h
 2 cos  

2x + h + 2

2
 sin  

h

2
   

=  lim
h →0

 cos  
2𝑥 + ℎ + 2

2
 .

sin  
ℎ

2
 

 
ℎ

2
 

  

We get 

=  lim
ℎ  →0

𝑐𝑜𝑠  
2𝑥 + ℎ + 2

2
 . lim

ℎ

2
→0

sin  
ℎ

2
 

 
ℎ

2
 

 

We know that 

ℎ → 0 ⇒  
ℎ

2
 → 0 

= cos  
2𝑥 + ℎ + 2

2
 . 1 

= cos (x+1) 

(iv) cos  𝑥 −  
𝜋

8
  

Let f (x) = cos  𝑥 −  
𝜋

8
  

Accordingly, f (x + h) = cos  𝑥 + ℎ −  
𝜋

8
  

By using first principal, we get 

f’ (x) limh →0
f  x+h −f(x)

h
 

=  lim
ℎ  →0

1

ℎ
 𝑐𝑜𝑠  𝑥 + ℎ −  

𝜋

8
 − 𝑐𝑜𝑠  𝑥 −  

𝜋

8
   

We get 
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=  lim
ℎ  →0

1

ℎ
 − 2 sin

 𝑥 + ℎ −  
𝜋

8
− 𝑥 +  

𝜋

8
 

2
sin 

𝑥 + ℎ −  
𝜋

8
− 𝑥 +  

𝜋

8

2
   

Further we get 

=  lim
ℎ  →0

 − sin 
2 𝑥 + ℎ −  

𝜋

4

2
 sin

ℎ

2
  

=  lim
ℎ  →0

 − sin 
2 𝑥 + ℎ −  

𝜋

4

2
  . lim

ℎ

2
→0

sin  
ℎ

2
 

 
ℎ

2
 

 

 As h → 0 ⇒  
h

2
 → 0  

=  −sin  
2 x + 0 −  

π

4

2
 . 1 

Hence, we get 

=  − sin  𝑥 −  
𝜋

8
  

 
Find the derivative of the following functions (it is to be understood that a, b, c, d, p, q, r and s are fixed 
non-zero constants and m and n are integers):  
 
Question 2 
 
 (x + a) 
 
Solution: 
 
Let f (x) = x + a 
Accordingly, f (x + h) = x + h + a 
Using first principal, we get 

𝑓 ′ 𝑥 =  lim
h →0

f  x + h − f (x)

h
 

So, now we get 

=  lim
h →0

x + h + a − x − a

h
 

=  lim
h →0

 
ℎ

ℎ
  

=  lim
h →0

(1) 

= 1 
 
Question 3 
 
(px + q) (r / x + s) 
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Solution: 
 

𝑓 ′ 𝑥 =  𝑝𝑥 + 𝑞  
𝑟

𝑥
+ 𝑠  

Using Leibnitz product rule, we get 

𝑓 ′ 𝑥 =  𝑝𝑥 + 𝑞  
𝑟

𝑥
+  𝑠 +  

𝑟

𝑥
+  𝑠  𝑝𝑥 + 𝑞 ′ 

We get 

=  𝑝𝑥 + 𝑞  𝑟𝑥−1 + 𝑠 +   
𝑟

𝑥
+  𝑠  (𝑝) 

By further calculation, we get 

=  𝑝𝑥 + 𝑞  𝑟𝑥−2 +   
𝑟

𝑥
+ 𝑠  𝑝 

=  𝑝𝑥 + 𝑞  
−𝑟

𝑥2
 +   

𝑟

𝑥
+ 𝑠  𝑝 

Now, we get 

=  
−𝑝𝑟

𝑥
−  
𝑞𝑟

𝑥2
+  
𝑝𝑟

𝑥
+ 𝑝𝑠 

= 𝑝𝑠 −  
𝑞𝑟

𝑥2
 

 
Question 4 
 
(ax + b) (cx + d) 2 
 
Solution: 
 
Let f(x) = (ax +b) (cx + d) 2 
By using Leibnitz product rule, we get 

𝑓 ′ 𝑥 =   𝑎𝑥 + 𝑏 
𝑑

𝑑𝑥
 𝑐𝑥 + 𝑑 2 +   𝑐𝑥 + 𝑑 2

𝑑

𝑑𝑥
 𝑎𝑥 + 𝑏  

We get, 

=   𝑎𝑥 + 𝑏 
𝑑

𝑑𝑥
 𝑐2𝑥2 + 2𝑐𝑑𝑥 + 𝑑2 +  𝑐𝑥 + 𝑑 2

𝑑

𝑑𝑥
 𝑎𝑥 + 𝑏  

By differentiating separately, we get 

=   𝑎𝑥 + 𝑏  
𝑑

𝑑𝑥
 𝑐2𝑥2 +  

𝑑

𝑑𝑥
 2 𝑐𝑑𝑥 +  

𝑑

𝑑𝑥
𝑑2 +   𝑐𝑥 + 𝑑 2  

𝑑

𝑑𝑥
 𝑎𝑥 +  

𝑑

𝑑𝑥
 𝑏  

So,  
=  ax + b  2c2 x + 2 cd +   cx +  d2  a 
= 2𝑐  𝑎𝑥 + 𝑏  𝑐 𝑥 + 𝑑 + 𝑎  𝑐𝑥 + 𝑑 2 
 
Question 5 
 
(ax + b) / (cx + d) 
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Solution: 
 

Let f (x) = 
ax +b

cx +d
 

Using quotient rule, we get 

𝑓 ′ 𝑥 =  
 𝑐𝑥 + 𝑑 

𝑑

𝑑𝑥
 𝑎𝑥 + 𝑏 −   𝑎𝑥 + 𝑏 

𝑑

𝑑𝑥
 𝑐𝑥 + 𝑑 

 𝑐𝑥 + 𝑑 2
 

Further we get 

=  
 𝑐𝑥 + 𝑑  𝑎 −   𝑎𝑥 + 𝑏  𝑐 

 𝑐𝑥 + 𝑑 2
 

So, now we get 

=  
𝑎𝑐𝑥 + 𝑎𝑑 − 𝑎𝑐𝑥 − 𝑏𝑐

 𝑐𝑥 + 𝑑 2
 

Hence, 

=  
𝑎𝑑 − 𝑏𝑐

 𝑐𝑥 + 𝑑 2
 

 
Question 6 
 
 𝟏 + 𝟏 /𝐱  /  𝟏 − 𝟏/𝐱  
 
Solution: 
 

Let f (x)= 
1+ 

1

x

1− 
1

x

=   
x +1

x
x−1

x

=  
x+1

x−1
, where x ≠ 0 

Using quotient rule, we get 

f ′ x =  
 x−1 

d

dx
 x+1 −  x+1 

d

dx
 x−1 

 x−1 2 , x ≠ 0,1 

Further, we get 

=  
 𝑥 − 1  1 −  𝑥 + 1  1 

 𝑥 − 1 2
, x ≠  0,1 

So,  

=  
𝑥 − 1 − 𝑥 − 1

 𝑥 − 1 2
x ≠  0,1 

=  
−2

 𝑥 − 1 2
x ≠  0,1 

 
Question 7 
 
1/  𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄  
 
Solution: 
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Let f (x) =
1

𝑎𝑥 2+𝑏𝑥+𝑐
 

Using quotient rule, we get 

𝑓 ′ 𝑥 =  
 𝑎𝑥2 + 𝑏𝑥 + 𝑐 

𝑑

𝑑𝑥
 1 −  

𝑑

𝑑𝑥
 𝑎𝑥2 + 𝑏𝑥 + 𝑐 

 𝑎𝑥2 + 𝑏𝑥 + 𝑐 2
 

By further calculation, we get 

=  
 𝑎𝑥2 + 𝑏𝑥 + 𝑐  0 −   2𝑎𝑥 + 𝑏 

 𝑎𝑥2 + 𝑏𝑥 + 𝑐 2
 

=  
− 2𝑎𝑥 + 𝑏 

 𝑎𝑥2 + 𝑏𝑥 + 𝑐 2
 

 
Question 8 
 
(ax + b) / px2 + qx + r 
 
Solution: 
 

Let f (x) =  
𝑎𝑥+𝑏

𝑝𝑥 2+ qx  + r
 

Using quotient rule, we get 

𝑓 ′ 𝑥 =  
 𝑝𝑥2 +  qx +  r 

𝑑

𝑑𝑥
 𝑎𝑥 + 𝑏 −   𝑎𝑥 + 𝑏 

𝑑

𝑑𝑥
 𝑝𝑥2 +  qx +  r 

 𝑝𝑥2 +  qx +  r 2
 

Further we get 

=  
 𝑝𝑥2 +  qx +  r  𝑎 −   𝑎𝑥 + 𝑏  2 𝑝𝑥 + 𝑞 

 𝑝𝑥2 +  qx +  r 2
 

Again, by further calculation, we get 

=  
𝑎𝑝𝑥2 + 𝑎𝑞𝑥 + 𝑎𝑟 + −2𝑎𝑝𝑥2 − 𝑎𝑞𝑥 − 2 𝑏𝑝𝑥 − 𝑏𝑞

 𝑝𝑥2 +  qx +  r 2
 

=  
− 𝑎𝑝𝑥2 − 2 𝑏𝑝𝑥 − 𝑎𝑟 − 𝑏𝑞

 𝑝𝑥2 +  qx +  r 2
 

 
Question 9 
 
(px2 + qx + r) / ax + b 
 
Solution: 
 

Let f (x) = 
𝑝𝑥 2+𝑞𝑥+𝑟

𝑎𝑥+𝑏
 

Using quotient rule, we get 
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𝑓 ′ 𝑥 =  
 𝑎𝑥 + 𝑏 

𝑑

𝑑𝑥
 𝑝𝑥2 + 𝑞𝑥 + 𝑟  −   𝑝𝑥2 + 𝑞𝑥 + 𝑟 

𝑑

𝑑𝑥
 𝑎𝑥 + 𝑏 

 𝑎𝑥 + 𝑏 2
 

By further calculation, we get 

=  
 𝑎𝑥 + 𝑏  2 𝑝𝑥 + 𝑞 −   𝑝𝑥2 + 𝑞𝑥 + 𝑟   𝑎 

 𝑎𝑥 + 𝑏 2
 

So, we get 

=  
2𝑎𝑝𝑥2 + 𝑎𝑞𝑥 + 2𝑏𝑝𝑥 + 𝑏𝑞 −  𝑎𝑝𝑥2 − 𝑎𝑞𝑥 − 𝑎𝑟

 𝑎𝑥 + 𝑏 2
 

=  
𝑎𝑝𝑥2 + 2𝑏𝑝𝑥 + 𝑏𝑞 − 𝑎𝑟

 𝑎𝑥 + 𝑏 2
 

 
Question 10 
 
(a / x4) – (b / x2) + cox x 
 
Solution: 
 

Let f (x) =  
a

x4 −  
b

x2 + cos x 

By differentiating we get 

𝑓 ′ 𝑥 =  
𝑑

𝑑𝑥
 
𝑎

𝑥4
 −  

𝑑

𝑑𝑥
+   

𝑑

𝑥2
 
𝑑

𝑑𝑥
 cos 𝑥  

On further calculation, we get 

= a 
d

dx
 x−4 − b 

d

dx
 x−2 + 

d

dx
 cos x  

We know that 

 
d

dx
 xn =  nxn−1 and 

d

dx
 cos x =  − sin x  

So, 
= 𝑎 −4𝑥−5 − 𝑏  −2𝑥−3 +   − sin 𝑥  

=  
− 4𝑎

𝑥5
+  

2𝑏

𝑥3
− sin 𝑥 

 
Question 11 
 

𝟒  𝒙 − 𝟐 
 
Solution: 
 

Let f (x) = 4  𝑥 − 2 
By differentiating we get, 

𝑓 ′ 𝑥 =  
𝑑

𝑑𝑥
 4  𝑥 − 2 =  

𝑑

𝑑𝑥
 4 𝑥 −  

𝑑

𝑑𝑥
 2  
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Further, we get 

= 4 
𝑑

𝑑𝑥
 𝑥

1

2 − 0 

= 4  
1

2
𝑥

1

2
−1  

=   2𝑥
1

2  

 

=  
2

 𝑥
 

 
Question 12 
 
(ax + b) n 

 

Solution: 
 
Let f (x) = (ax + b) n 

Accordingly, 𝑓  𝑥 + ℎ =   𝑎  𝑥 + 𝑏 + 𝑏 𝑛 =   𝑎𝑥 + 𝑎ℎ + 𝑏 𝑛  
Using first principal, we get 

𝑓 ′ 𝑥 =  lim
ℎ  →0

𝑓  𝑥 + ℎ − 𝑓  𝑥 

ℎ
 

 =  limℎ  →0
 𝑎𝑥+𝑎ℎ+𝑏 𝑛   𝑎𝑥+𝑏 𝑛  

ℎ
 

Further we get, 

=  lim
ℎ  →0

 𝑎𝑥 + 𝑏 𝑛  1 +  
𝑎ℎ

𝑎𝑥+ℎ
 
𝑛

−   𝑎𝑥 + 𝑏 𝑛

ℎ
 

=   𝑎𝑥 + 𝑏 𝑛 lim
ℎ  →0

 1 +  
𝑎ℎ

𝑎𝑥+ℎ
 
𝑛

− 1

ℎ 
 

By using binominal theorem, we get 

=   𝑎𝑥 + 𝑏 𝑛 lim
ℎ  →0

1

ℎ
  1 + 𝑛  

𝑎ℎ

𝑎𝑥 + 𝑏
 +  

𝑛 (𝑛 − 1)

2
 

𝑎ℎ

𝑎𝑥 − 𝑏
 

2

+ ⋯ .  − 1  

 
Now, we get 

=   𝑎𝑥 + 𝑏 𝑛 lim
ℎ  →0

1

ℎ
 𝑛  

𝑎ℎ

𝑎𝑥 + 𝑏
 +  

𝑛  𝑛 − 1 𝑎2ℎ2

 2  𝑎𝑥 + 𝑏 2  + ⋯ . . (Termscontaining higher degrees of h)  

So, we get 

=   𝑎𝑥 + 𝑏 𝑛 lim
ℎ  →0

 
𝑛𝑎

𝑎𝑥 + 𝑏
+
𝑛  𝑛 − 1 𝑎2ℎ

 2  𝑎𝑥 + 𝑏 2  + ⋯  

On further calculation we get 

=   𝑎𝑥 + 𝑏 𝑛  
𝑛𝑎

 𝑎𝑥 + 𝑏 
+ 0  
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= 𝑛𝑎 
 𝑎𝑥 + 𝑏 𝑛

 𝑎𝑥 + 𝑏 
 

= 𝑛𝑎  𝑎𝑥 + 𝑏 𝑛−1 
 
Question 13 
 
(ax + b) n (cx + d) m 

 

Solution: 
 
Let f (x) =  𝑎𝑥 + 𝑏 𝑛 𝑐𝑥 + 𝑑 𝑚  
By using Leibnitz product rule, we get 

𝑓  𝑥 =   𝑎𝑥 + 𝑏 𝑛
𝑑

𝑑𝑥
 𝑐𝑥 + 𝑏 𝑛 +   𝑐𝑥 + 𝑏 𝑚

𝑑

𝑑𝑥
 𝑎𝑥 + 𝑏 𝑛  

Let 𝑓1 𝑥 =   𝑎𝑥 + 𝑏 𝑚  
Then, 𝑓1 𝑥 + ℎ =  (𝑐𝑥 + 𝑐ℎ + 𝑑)𝑚  

𝑓′1 𝑥 =  lim
ℎ  →0

𝑓1 𝑥 + ℎ −  𝑓1 (𝑥)

ℎ
 

lim
ℎ  →0

(𝑐𝑥 + 𝑐ℎ + 𝑑)𝑚 −  (𝑐𝑥 + 𝑑)𝑚

ℎ 
 

By taking (𝑐𝑥 + 𝑑)𝑚  as common, we get 

=  (𝑐𝑥 + 𝑑)𝑚 lim
ℎ  →0

1

ℎ
  1 +  

𝑚𝑐ℎ

(𝑐𝑥 + 𝑑)
+ 
𝑚 (𝑚− 1)

2

 𝑐2ℎ2 

 𝑐𝑥 + 𝑑 2
+ ⋯ . .  … 1  

Now, we get 

=   𝑐𝑥 + 𝑑 𝑚 lim
ℎ  →0

1

ℎ
 

𝑚𝑐ℎ

(𝑐𝑥 + 𝑑)
+  

𝑚  𝑚 − 1 𝑐2ℎ2

2  𝑐𝑥 + 𝑑 2
+ ⋯ . .  (Terms containing higher degrees of h)  

We know that, 
𝑑

𝑑𝑥
 𝑐𝑥 + 𝑑 𝑚  = 𝑚𝑐  𝑐𝑥 + 𝑑 𝑚−1 

Similarly,
𝑑

𝑑𝑥
 𝑎𝑥 + 𝑏 𝑛  = 𝑛𝑎  𝑎𝑥 + 𝑏 𝑛−1 

=   𝑐𝑥 + 𝑑 𝑚 lim
ℎ  →0

 
𝑚𝑐ℎ

(𝑐𝑥 + 𝑑)
+  
𝑚  𝑚 − 1 𝑐2ℎ2

2  𝑐𝑥 + 𝑑 2
+ ⋯ . .   

Now, we get 

=   𝑐𝑥 + 𝑑 𝑚  
𝑚𝑐

𝑐𝑥 + 𝑑
+ 0  

=  
𝑚𝑐 𝑐𝑥 + 𝑑 𝑚

(𝑐𝑥 + 𝑑)
 

= 𝑚𝑐  𝑐𝑥 + 𝑑 𝑚−1 
Hence, we get 
𝑓 ′ 𝑥 =   𝑎𝑥 + 𝑏 𝑛 𝑚𝑐 𝑐𝑥 + 𝑑 𝑚−1 +  𝑐𝑥 + 𝑑 𝑚 𝑛𝑎  𝑎𝑥 + 𝑏 𝑛−1  
 =   𝑎𝑥 + 𝑏 𝑛−1 𝑐𝑥 + 𝑑 𝑚−1 𝑚𝑐  𝑎𝑥 + 𝑏 + 𝑛𝑎 (𝑐𝑥 + 𝑑)  
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Question 14 
 
Sin (x + a) 
 
Solution: 
 
Let f (x) = sin (x + a) 
f (x + h) = sin (x + h + a) 
By using first principal, we get 

f’ (x) =  limℎ  →0
𝑓   𝑥+ℎ −𝑓(𝑥)

ℎ
 

=  lim
ℎ  →0

sin  𝑥 + ℎ + 𝑎 − sin(𝑥 + 𝑎)

ℎ
 

On further calculation, we get 

=  lim
ℎ  →0

1

ℎ
 2 cos  

𝑥 + ℎ + 𝑎 + 𝑥 + 𝑎

2
 sin  

𝑥 + ℎ + 𝑎 − 𝑥 − 𝑎

2
   

So, we get 

=  lim
ℎ  →0

1

ℎ
 2 cos  

2𝑥 + 2𝑎 + ℎ

2
 sin  

ℎ

2
   

=  lim
ℎ  →0

1

ℎ
 cos  

2𝑥 + 2𝑎 + ℎ

2
  

sin  
ℎ

2
 

 
ℎ

2
 

   

By taking limits we get 

=  lim
ℎ  →0

cos  
2𝑥 + 2𝑎 + ℎ

2
 lim
ℎ

2
 →0

 
sin  

ℎ

2
 

 
ℎ

2
 

  

Hence, we get 

= cos  
2𝑥 + 2𝑎

2
  × 1 

= cos(𝑥 + 𝑎) 
 
Question 15 
 
cosec x cot x 
 
Solution: 
 
Let f (x) cosec x cot x 
By using first principal, we get 
f (x) = cosec x (cot x)’ + cot x (cosec)’                       ……………. (1) 
Let 𝑓′1 𝑥 = cot 𝑥 
Accordingly, 𝑓′1 𝑥 + ℎ = cot(𝑥 + ℎ) 
By using first principal we get 
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𝑓′1 𝑥 = lim
ℎ  →0

𝑓′1 𝑥 + ℎ −  𝑓 ′
1

  (𝑥)

ℎ
 

=  lim
ℎ  →0

cot 𝑥 + ℎ − cot 𝑥

ℎ
 

On further calculation we get 

=  lim
ℎ  →0

1

ℎ
 

cos(𝑥 + ℎ)

sin(𝑥 + ℎ)
−  

cos 𝑥

sin 𝑥
  

Now we get 

=  lim
ℎ  →0

1

ℎ
 
sin 𝑥 cos 𝑥 + ℎ − cos 𝑥 sin(𝑥 + ℎ)

sin 𝑥 sin 𝑥 (𝑥 + ℎ)
  

=  lim
ℎ  →0

1

ℎ
 
sin(sin−𝑥 − 𝑥 − ℎ)

sin 𝑥 sin(𝑥 + ℎ)
  

We get 

=  
1

sin 𝑥
lim
ℎ  →0

1

ℎ
 

sin(−ℎ)

sin(𝑥 + ℎ)
  

=
1

sin 𝑥
 lim
ℎ  →0

sin ℎ

ℎ
  lim

ℎ  →0

1

sin(𝑥 + ℎ)
  

So, we get 

=
1

sin 𝑥
 

1

sin(𝑥 + 0)
  

=
1

sin2 𝑥
 

=  − 𝑐𝑜𝑠𝑒𝑐2𝑥 
Hence, we get 
(Cot x)’ = − 𝑐𝑜𝑠𝑒𝑐2𝑥                          ………… (2) 
Now let f2 x = cosec x Accordingly f2 x + h = cosec (x + h) 
By using first principal, we get 

f2 𝑥 =  lim
ℎ  →0

f2 𝑥 + ℎ −  f2 (𝑥)

ℎ
 

=  lim
ℎ  →0

1

ℎ
 𝑐𝑜𝑠𝑒𝑐  𝑥 + ℎ − 𝑐𝑜𝑠𝑒𝑐 𝑥  

By calculation further, we get 

=  lim
ℎ  →0

1

ℎ
 

1

sin(𝑥 + ℎ)
−  

1

sin 𝑥
  

=  lim
ℎ  →0

1

ℎ
 
sin 𝑥 − sin(𝑥 + ℎ)

sin x sin(𝑥 + ℎ)
  

So, 

=  
1

sin 𝑥
lim
ℎ  →0

1

ℎ
 
2 cos  

𝑥+𝑥+ℎ

2
 sin  

𝑥−𝑥−ℎ

2
 

sin(𝑥 − ℎ)
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=  
1

sin 𝑥
lim
ℎ  →0

1

ℎ
 
2 cos  

2 𝑥+ℎ

2
 sin  

− ℎ

2
 

sin(𝑥 + ℎ)
  

=  
1

sin 𝑥
lim
ℎ  →0

 
− sin  

ℎ

2
 

 
ℎ

2
 

 .
cos  

2𝑥+ℎ

2
 

sin(𝑥 + ℎ)
  

We get 

=  
−1

sin 𝑥
lim
ℎ  →0

sin  
ℎ

2
 

 
ℎ

2
 

lim
ℎ  →0

cos  
2𝑥+ℎ

2
 

sin(𝑥 + ℎ)
 

=  
−1

sin 𝑥
. 1.

cos  
2𝑥+ℎ

2
 

sin(𝑥 + 0)
 

=  
−1

sin 𝑥
.
cos 𝑥

sin 𝑥
 

=  −cosec x. cot x 
Hence,  
(cosec)’ = - cosec x. cot x                         ……………. (3) 
From equation (1) (2) and (3) we get 
𝑓 ′ 𝑥 = 𝑐𝑜𝑠𝑒𝑐 𝑥  − 𝑐𝑜𝑠𝑒𝑐 2 𝑥 + cot 𝑥 (−𝑐𝑜𝑠𝑒𝑐 𝑥 cot 𝑥) 
=  − cosec 2x −  cot2 x cosex x 
 
Question 16 
 
𝐜𝐨𝐬 𝐱

𝟏 + 𝐬𝐢𝐧 𝐱
 

 
Solution: 
 

Let f (x) 
cos x

1 + sin x
 

By using quotient rule we get 

𝑓 ′ 𝑥 =  
 1 + sin 𝑥 

𝑑

𝑑𝑥
 cos 𝑥 −   cos 𝑥 

𝑑

𝑑𝑥
 1 + sin 𝑥 

 1 + 𝑠𝑖𝑛 2
 

=  
 1 + sin 𝑥  − sin 𝑥 −   cos 𝑥  cos 𝑥 

 1 + 𝑠𝑖𝑛 2
 

We get 

=  
− sin 𝑥 −  𝑠𝑖𝑛2 𝑥 −  𝑐𝑜𝑠 2 𝑥

 1 + 𝑠𝑖𝑛 2
 

=  
− sin 𝑥 −  (𝑠𝑖𝑛2 𝑥 + 𝑐𝑜𝑠 2 𝑥)

 1 + 𝑠𝑖𝑛 2
 

Now, we get 
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=  
− sin x − 1

 1 + sin 2
 

=  
− (1 + sin 𝑥)

 1 + 𝑠𝑖𝑛 2
 

=  
−1

(1 + sin 𝑥)
 

 
Question 17 
 
𝒔𝒊𝒏 𝒙 + 𝒄𝒐𝒔 𝒙

𝒔𝒊𝒏 𝒙 − 𝒄𝒐𝒔 
 

 
Solution: 
 

Let f (x) = 
𝑠𝑖𝑛  𝑥+𝑐𝑜𝑠  𝑥

𝑠𝑖𝑛  𝑥−𝑐𝑜𝑠  
 

By differentiating and using quotient rule, we get 

𝑓 ′ 𝑥 =  
(sin 𝑥 − cos 𝑥) 

𝑑

𝑑𝑥
 (sin 𝑥 + cos 𝑥) − (sin 𝑥 + cos 𝑥) 

𝑑

𝑑𝑥
 (sin 𝑥 − cos 𝑥)

 sin 𝑥 − cos 𝑥 2
 

On further calculation, we get 

=  
 sin𝑥 − cos 𝑥  cos 𝑥 − sin 𝑥 −   sin 𝑥 + cos 𝑥  cos 𝑥 + sin 𝑥 

 sin𝑥 − cos 𝑥 2
 

=  
−  sin𝑥 − cos 𝑥 2 −   sin 𝑥 + cos 𝑥 2

 sin𝑥 − cos 𝑥 2
 

By expanding the terms we get 

=  
 𝑠𝑖𝑛2 𝑥 +  𝑐𝑜𝑠2 𝑥 − 2 sin 𝑥 cos 𝑥 +  𝑠𝑖𝑛2 𝑥 +  𝑐𝑜𝑠2 𝑥 + 2 sin 𝑥 cos 𝑥 

 sin𝑥 − cos 𝑥 2
 

We get 

=  
1  1 + 1 

 sin𝑥 − cos 𝑥 2
 

=  
−2

 sin𝑥 − cos 𝑥 2
 

 
Question 18 
 
sec x − 1

sec x + 1
 

 
Solution: 
 

Let 𝑓 ′ x 
sec x − 1

sec x + 1
 

Now this can be written as 
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𝑓 ′ x 

1

cos 𝑥
− 1

1

cos 𝑥
+ 1

=  
1 − cos 𝑥

1 + cos 𝑥
 

By differentiating and using quotient rule, we get’ 

𝑓 ′ 𝑥 =  
(1 + cos 𝑥) 

𝑑

𝑑𝑥
 (1 − cos 𝑥) − (1− cos 𝑥) 

𝑑

𝑑𝑥
 (1 + cos 𝑥)

 1 + cos 𝑥 2
 

=  
 1 + 𝑐𝑜𝑠 𝑥  𝑠𝑖𝑛 𝑥 −   1 − 𝑐𝑜𝑠 𝑥  − 𝑠𝑖𝑛 𝑥 

 1 + cos 𝑥 2
 

On multiplying we get 

=  
sin 𝑥 + cos 𝑥 sin 𝑥 + sin 𝑥 − sin 𝑥 cos 𝑥

 1 + cos 𝑥 2
 

=  
2 sin 𝑥

 1 + cos 𝑥 2
 

This can be written as 

=  
2 sin 𝑥

 1 +  
1

sec 𝑥
 

2 

On taking L.C.M. we get 

=  
2 sin 𝑥
 sec 𝑥+1 2

𝑠𝑒𝑐 2  𝑥

 

On further calculation, we get 

=  
2 sin 𝑥 𝑠𝑖𝑛2 𝑥

 sec 𝑥 + 1 2
 

=  

2 sin 𝑥

cos 𝑥
sec 𝑥

 sec 𝑥 + 1 2
 

=  
2 sec 𝑥 tan 𝑥 

 sec𝑥 + 1 2
 

 
Question 19 
 
𝐬𝐢𝐧𝐧 𝐱 
 
Solution: 
 
Let y = sinn  x 
Accordingly, for n = 1, y = sin x 
We know that, 
d

dx
= cos x, i. e.

d

dx
sin x = cos x 

For n = 2, y = sin2 x 

So, 
𝑑

𝑑𝑥
=  

𝑑

𝑑𝑥
 sin 𝑥 sin 𝑥  
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By Leibnitz product rule, we get 
= (sin 𝑥)′ sin⁡ 𝑥 + sin⁡ 𝑥 (sin 𝑥)′ 
= cos 𝑥 sin 𝑥 + sin 𝑥 cos 𝑥 
= 2 sin 𝑥 cos 𝑥                                                …………… (1) 
For n = 3, y =sin3 x 

So,
dy

dx
=  

d

dx
 sin x sin2 x  

By Leibnitz product rule, we get 
= (sin x)′ sin2 + sin⁡ x  sin2 x ′ 
From equation (1) we get 
= cos 𝑥 𝑠𝑖𝑛2𝑥 + sin 𝑥 (2 sin 𝑥 cos 𝑥) 
= cos 𝑥 𝑠𝑖𝑛2𝑥 + 2𝑠𝑖𝑛 2  𝑥 cos 𝑥 
=   3 𝑠𝑖𝑛2 𝑥 cos 𝑥 

We state that, 
𝑑

𝑑𝑥
 𝑠𝑖𝑛𝑛  𝑥 = 𝑛 𝑠𝑖𝑛(𝑛−1) 𝑥 cos 𝑥 

For n = k, let our assertion be true 

i. e.
𝑑

𝑑𝑥
 𝑠𝑖𝑛𝑘  𝑥 = 𝑘 𝑠𝑖𝑛 𝑘−1  𝑥 cos 𝑥           ………….. (2) 

Now consider 
𝑑

𝑑𝑥
 𝑠𝑖𝑛𝑘+1 𝑥 =  

𝑑

𝑑𝑥
 sin 𝑠𝑖𝑛𝑘 𝑥  

By using Leibnitz product rule, we get 
= (sin 𝑥)′ 𝑠𝑖𝑛𝑘  𝑥 + sin 𝑥  𝑠𝑖𝑛𝑘  𝑥 ′ 
From equation (2) we get 
= cos 𝑥 𝑠𝑖𝑛𝑘  𝑥 + sin 𝑥  𝑘 𝑠𝑖𝑛(𝑘−1)𝑥 cos 𝑥  

= cos 𝑥 𝑠𝑖𝑛𝑘  𝑥 𝑘𝑠𝑖𝑛𝑘  𝑥 cos 𝑥 
=   𝑘 + 1 𝑠𝑖𝑛𝑘  𝑥 cos 𝑥 
Hence, our assertion is true for n = k + 1 

Therefore, by mathematical induction, 
𝑑

𝑑𝑥
 𝑠𝑖𝑛𝑛  𝑥 = 𝑛 𝑠𝑖𝑛(𝑛−1) 𝑥 cos 𝑥 

 
Question 20 
 
𝒂 + 𝒃 𝐬𝐢𝐧𝒙

𝒄 + 𝒅𝐜𝐨𝐬 𝒙
 

 
Solution: 
 

Let f (x) =
𝒂+𝒃𝐬𝐢𝐧𝒙

𝒄+𝒅𝐜𝐨𝐬 𝒙
 

By differentiating and using quotient rule, we get 

𝑓 ′ 𝑥 =  
 𝑐 + 𝑑 cos 𝑥 

𝑑

𝑑𝑥
 𝑎 + 𝑏 sin 𝑥 −   𝑎 + 𝑏 sin 𝑥 

𝑑

𝑑𝑥
 𝑐 + 𝑑 cos 𝑥 

 𝑐 + 𝑑 cos 𝑥 2
 

=  
 𝑐 + 𝑑 cos 𝑥  𝑏 cos 𝑥 −   𝑎 + 𝑏 sin 𝑥  − 𝑑 sin 𝑥 

 𝑐 + 𝑑 cos 𝑥 2
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On multiplying we get 

=  
𝑐𝑏 cos 𝑥 + 𝑎𝑑 𝑐𝑜𝑠2  𝑥 + 𝑎𝑑 sin 𝑥 + 𝑏𝑑 𝑠𝑖𝑛2 𝑥

 𝑐 + 𝑑 cos 𝑥 2
 

Now taking bd as common we get 

=  
𝑏𝑐 cos 𝑥 + 𝑎𝑑 sin 𝑥 + 𝑏𝑑  𝑐𝑜𝑠2 𝑥 +  𝑠𝑖𝑛2 𝑥 

 𝑐 + 𝑑 cos 𝑥 2
 

=  
𝑏𝑐 cos 𝑥 + 𝑎𝑑 sin 𝑥 + 𝑏𝑑

 𝑐 + 𝑑 cos 𝑥 2
 

 
Question 21 
 
𝒔𝒊𝒏 (𝒙 + 𝒂)

𝒄𝒐𝒔 𝒙
 

 
Solution: 
 

Let f(x) = 
𝑠𝑖𝑛  (𝑥+𝑎)

𝑐𝑜𝑠  𝑥
 

By differentiating and using quotient rule. We get 

𝑓 ′ 𝑥 =  
cos 𝑥 

𝑑

𝑑𝑥
 sin 𝑥 + 𝑎  − sin 𝑥 + 𝑎 

𝑑

𝑑𝑥
cos 𝑥

𝑐𝑜𝑠2  𝑥
 

𝑓 ′ 𝑥 =  
cos 𝑥  

𝑑

𝑑𝑥
 sin  𝑥+𝑎  −sin  𝑥+𝑎  − sin 𝑥 

𝑐𝑜𝑠2  𝑥
                       ……… (i) 

Let g (x) = sin (x + a) Accordingly, g (x + h) = sin (x + h + a) 

g’ (x) = limh →0
g  x+h −g (x)

h
 

= limℎ  →0
1

ℎ
 sin 𝑥 + ℎ + 𝑎 − sin(𝑥 + 𝑎)  

On further calculation we get 

=  lim
ℎ  →0

1

ℎ
 2 cos  

𝑥 + ℎ + 𝑎 + 𝑥 + 𝑎

2
 sin  

𝑥 + ℎ + 𝑎 − 𝑥 − 𝑎

2
   

= lim
ℎ  →0

1

ℎ
 2 cos  

2 𝑥 + 2𝑎 + ℎ

2
 sin  

1

ℎ
   

= lim
ℎ  →0

 2 cos  
2 𝑥 + 2𝑎 + ℎ

2
  

sin  
1

ℎ
 

 
1

ℎ
 

   

Now, taking limits we get 

=  lim
ℎ  →0

cos  
2 𝑥 + 2𝑎 + ℎ

2
 lim

1

ℎ
→0
 

sin  
1

ℎ
 

 
1

ℎ
 

  As h →  
h

2
 → 0  

We know that 

 lim
ℎ  →0

sin ℎ

ℎ
= 1  
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=   cos
2𝑥 + 2𝑎

2
  × 1 

= cos(𝑥 + 𝑎)                                       ……………… (ii) 
From equation (i) an (ii) we get 

𝑓 ′ 𝑥 =  
cos 𝑥. cos 𝑥 + 𝑎 + sin  𝑥 𝑠𝑖𝑛(𝑥 + 𝑎)

𝑐𝑜𝑠2 𝑥
 

=  
cos(𝑥 + 𝑎 − 𝑥)

𝑐𝑜𝑠2 𝑥
 

=  
cos 𝑎

𝑐𝑜𝑠2 𝑥
 

 
Question 22 
 
x 4 (5 sin x – 3 cos x) 
 
Solution: 
 
Let f (x) = x 4 (5 sin x – 3 cos x) 
By differentiating and using product rule, we get 

𝑓 ′ 𝑥 =  𝑥4
𝑑

𝑑𝑥
 5 sin 𝑥 − 3 cos 𝑥 +   5 sin 𝑥 − 3 cos 𝑥 

𝑑

𝑑𝑥
 𝑥4  

On further calculation we get 

=  𝑥4  5 
𝑑

𝑑𝑥
 sin 𝑥 − 3 

𝑑

𝑑𝑥
 cos 𝑥  +  5 sin 𝑥 − 3 cos 𝑥 

𝑑

𝑑𝑥
 𝑥4  

So, we get 
=  𝑥4 5 cos 𝑥 − 3 (− sin 𝑥) +  5 sin 𝑥 − 3 cos 𝑥  4𝑥3  
By taking 𝑥3  as common we get 
= 𝑥3 5𝑥 cos 𝑥 + 3 𝑥 sin 𝑥 + 20 sin 𝑥 − 12 cos 𝑥  
 
Question 23 
 
(x 2 + 1) cos x 
 
Solution: 
 
Let f (x) = (x 2 + 1) cos x 
By differentiating and using product rule, we get 

𝑓 ′ 𝑥 =   𝑥2 + 1 
𝑑

𝑑𝑥
 𝑐𝑜𝑠 𝑥 + 𝑐𝑜𝑠 𝑥 

𝑑

𝑑𝑥
 𝑥2 + 1  

On further calculation, we get 
=   𝑥2 + 1  − sin 𝑥 + cos 𝑥  2𝑥  
By multiplying we get 
=  − 𝑥2 sin 𝑥 − sin 𝑥 + 2 𝑥 𝑐𝑜𝑠 𝑥 
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Question 24 
 
(ax2 + sin x) (p + q cos x) 
 
Solution: 
 
Let f (x) (ax2 + sin x) (p + q cos x) 
By differentiating and using product rule, we get 

Let f (x)=  𝑎𝑥2 + sin 𝑥 
𝑑

𝑑𝑥
 𝑝 + 𝑞 cos 𝑥 +   𝑝 + 𝑞 cos 𝑥 

𝑑

𝑑𝑥
 𝑎𝑥2 + sin 𝑥  

On further calculation, we get 
=   𝑎𝑥2 + sin 𝑥 −   − 𝑞 sin 𝑥 +   𝑝 + 𝑞 cos 𝑥 +   2𝑎𝑥 + cos 𝑥  
=  −𝑞 sin 𝑥  𝑎𝑥2 + sin 𝑥 +  𝑝 + 𝑞 cos 𝑥 +   2𝑎𝑥 + cos 𝑥  
 
Question 25 
 
(𝒙 + 𝐜𝐨𝐬 𝒙) (𝒙 − 𝐭𝐚𝐧𝒙) 
 
Solution: 
 
Let f (x) = (x + cos x) (x – tan x) 
By differentiating and using product rule, we get 

𝑓 ′ x =   x + cos x 
d

dx
 x − tan x +   x − tan x 

d

dx
 x + cos x  

=   x + cos x  
d

dx
 x −  

d

dx
 tan x  +   x tan x  1 − sin x  

Now, we get 

=   x + cos x  1 −  
d

dx
tan x +   x tan x  1 − sin x  

Let g  x = tan x . Accordingly g  x + h = tan (x + h) 
By using first principal we get 

g’ (x) limh →0
g  x+h −   (x)

h
 

lim
h →0

 
tan x + h − tan x

h
  

On further calculation, we get 

=  lim
h →0

1

h
 

sin(x + h)

cos(x + h)
−  

sin x

cos x
  

=  lim
h →0

1

h
 
sin x + h cos x − sin x cos(x + h)

cos x + h cos x
  

Now we get 

=  
1

cos x
lim
h →0

1

h
 
sin(x + h − x)

cos(x + h)
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=  
1

cos x
lim
h →0

1

h
 

sin h

cos(x + h)
  

So, we get 

=  
1

cos x
 lim

h →0

sin h

h
  lim

h →0

1

cos(x + h)
  

We get 

=  
1

cos x
. 1.

1

cos(x + 0)
 

=  
1

cos2 x
 

=  sec2x                                    ………… (ii) 
Hence from equation (i) and (ii) we get 
𝑓 ′ x =   x + cos x  1 −  sec2 x +   x − tan x  1 − sin x  
            =   x + cos x  − tan2 x +   x − tan x  1 − sin x  
            =  −tan2x  x + cos x +  x − tan x  1 − sin x  
 
 
Question 26 
 
𝟒𝒙 + 𝟓 𝒔𝒊𝒏 𝒙

𝟑 𝒙 + 𝟕 𝒄𝒐𝒔 𝒙
 

 
Solution: 
 

Let f (x) 
4𝑥+5 𝑠𝑖𝑛  𝑥

3 𝑥+7 𝑐𝑜𝑠  𝑥
 

By differentiating and using product rule, we get 

𝑓 x =  
 3𝑥 + 7 cos 𝑥 

𝑑

𝑑𝑥
 4𝑥 + 5 sin 𝑥 −   4𝑥 + 5 sin 𝑥 

𝑑

𝑑𝑥
 3𝑥 + 7 cos 𝑥 

 3𝑥 + 7 cos 𝑥 2
 

On further calculation we get 

=  
 3𝑥 + 7 cos 𝑥  4 

𝑑

𝑑𝑥
 𝑥 + 5 

𝑑

𝑑𝑥
 (sin𝑥) −   4𝑥 + 5 sin 𝑥  3 

𝑑

𝑑𝑥
 𝑥 + 7 

𝑑

𝑑𝑥
cos 𝑥 

 3𝑥 + 7 cos 𝑥 2
 

=  
 3𝑥 + 7 cos 𝑥  4𝑥 + 5 sin 𝑥  −   4𝑥 + +5 sin 𝑥  (3 − 7 sin 𝑥)

 3𝑥 + 7 cos 𝑥 2
 

=  
12 x + 15 x cos x + 28 cos x + 35 cos2  x − 12 x + 28 x sin x − 15 sin x 35 sin2 x

 3x + 7 cos x 2
 

We get 

=  
15 x cos x + 28 cos x + 28 x sin x − 15 sin x + 35  cos2 x +  sin2 x 

 3x + 7 cos x 2
 

=  
35 + 15 x cos z + 28 cos x + 28 x sin x − 15 sin x

 3x + 7 cos x 2
 

Question 27 
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𝐱𝟐 𝐜𝐨𝐬  
𝛑

𝟒
 

𝐬𝐢𝐧 𝐱
 

 
Solution: 
 

Let f (x) 
𝒙𝟐𝒄𝒐𝒔 

𝝅

𝟒
 

𝒔𝒊𝒏𝒙
 

By differentiating and using product rule, we get 

𝑓  𝑥 = cos
𝜋

4
.  

sin x 
d

dx
 x2 −  x2 d

dx
 sin x 

sin2 x
  

By further calculation we get 

= cos
𝜋

4
.  

sin x . 2 x −  x2 cos x

sin2 x
  

By taking x as common, we get 

=
𝑥 cos

𝜋

4
 2 sin 𝑥 − 𝑥 cos 𝑥 

𝑠𝑖𝑛2 𝑥
 

 
Question 28 
 

𝒙

𝟏 + 𝒕𝒂𝒏 𝒙
 

 
Solution: 
 

Let 𝑓 (x)
𝑥

1 + 𝑡𝑎𝑛 𝑥
 

By differentiating and using product rule, we get 

𝑓 ′ 𝑥 =  
 1 + tan 𝑥 

𝑑

𝑑𝑥
 𝑥 − 𝑥 

𝑑

𝑑𝑥
 1 + tan 𝑥 

 1 + tan 𝑥 2
 

 

𝑓 ′ 𝑥 =  
(1+tan 𝑥  )−𝑥  .

𝑑

𝑑𝑥
 (1+tan 𝑥)

 1+tan 𝑥 2
                               ………… (i) 

Let g  x = 1 + tan x. Accordingly, g  x + h = 1 tan x (x + h) 

g′ x =  lim
h →0

g  x + h − g (x)

h
 

=  lim
h →0

 
1 + tan 𝑥 + ℎ − 1 − tan 𝑥

ℎ
  

=  lim
h →0

1

h
 

sin  x + h 

cos (x + h)
−  

sin x

cos x
  

By taking L.C.M. we get 
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=  lim
h →0

1

ℎ
 
sin 𝑥 + ℎ cos 𝑥 − sin 𝑥 cos(𝑥 + ℎ)

cos 𝑥 + ℎ cos 𝑥
  

We get 

lim
h →0

1

ℎ
 

sin(𝑥 + ℎ + 𝑥)

cos 𝑥 + ℎ cos 𝑥
  

lim
h →0

1

ℎ
 

sinℎ

cos 𝑥 + ℎ cos 𝑥
  

So, we get 

=   lim
h →0

sinℎ

ℎ
  .  lim

h →0

1

cos 𝑥 + ℎ cos 𝑥
  

= 1 ×  
1

𝑐𝑜𝑠2 𝑥
=  𝑠𝑒𝑐2 𝑥 

𝑑

𝑑𝑥
 1 tan 𝑥 =  𝑠𝑒𝑐2 𝑥                                                 …………… (ii) 

From equation (i) and (ii) we get 

𝑓′  𝑥 =  
1 tan 𝑥 − 𝑥 𝑠𝑒𝑐2 𝑥

𝑠𝑒𝑐2 𝑥
 

 
Question 29 
 
(x + sec x) (x – tan x) 
 
Solution: 
 
Let 𝑓  𝑥 (x + sec x) (x – tan x) 
By differentiating and using product rule, we get 

𝑓 ′ 𝑥 =  x +  sec x 
𝑑

𝑑𝑥
 x –  tan x +   x –  tan x 

𝑑

𝑑𝑥
(x –  sec x) 

So, we get 

=   x –  sec x  
𝑑

𝑑𝑥
 𝑥 −  

𝑑

𝑑𝑥
 𝑡𝑎𝑛 𝑥  +   𝑥 − 𝑡𝑎𝑛 𝑥  

𝑑

𝑑𝑥
 𝑥 +  

𝑑

𝑑𝑥
 𝑠𝑒𝑐 𝑥  

=   x –  sec x  1 −  
𝑑

𝑑𝑥
tan 𝑥 +   𝑥 − tan 𝑥  1 +  

𝑑

𝑑𝑥
sec 𝑥                              ……….. (i) 

Let 𝑓1 = tan 𝑥,𝑓2 𝑥 = sec 𝑥 
Accordingly,𝑓1 𝑥 + ℎ = tan 𝑥 + ℎ 𝑎𝑛𝑑 𝑓2 𝑥 + ℎ = sec(𝑥 + ℎ) 

𝑓1 𝑥 =  lim
h →0

 
𝑓1 𝑥 + ℎ −  𝑓1(𝑥)

ℎ
  

= lim
h →0

 
𝑡𝑎𝑛  𝑥 + ℎ −  𝑡𝑎𝑛

ℎ
  

By further calculation, we get 

=  lim
h →0

 
tan 𝑥 + ℎ − tan 𝑥

ℎ
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=  lim
h →0

1

ℎ
 

sin(𝑥 + ℎ)

cos(𝑥 + ℎ)
−  

𝑠𝑖𝑛𝑥

cos 𝑥
  

Now, by taking L.C.M. we get 

=  lim
h →0

1

ℎ
 
sin 𝑥 + ℎ cos 𝑥 − sin 𝑥 cos(𝑥 − ℎ)

cos 𝑥 + ℎ cos 𝑥
  

=  lim
h →0

1

ℎ
 

sin(𝑥 + ℎ − 𝑥)

cos 𝑥 + ℎ cos 𝑥
  

=  lim
h →0

1

ℎ
 

sin ℎ

cos 𝑥 + ℎ cos 𝑥
  

=   lim
h →0

sinℎ

ℎ
 .  lim

h →0

1

cos 𝑥 + ℎ cos 𝑥
  

= 1 ×  
1

𝑐𝑜𝑠2𝑥
=  𝑠𝑒𝑐2𝑥 

Hence, we get 
𝑑

𝑑𝑥
tan 𝑥 =  𝑠𝑒𝑐2 𝑥…………. (ii) 

Now take 

𝑓 ′
2

(𝑥) =  lim
h →0

 
𝑓 ′

2
 𝑥 + ℎ −  𝑓 ′

2
 𝑥 

ℎ
  

=  lim
h →0

 
sec 𝑥 + ℎ − sec 𝑥

ℎ
  

This can be written as 

=  lim
h →0

 
1

cos(𝑥 + ℎ)
−  

1

cos 𝑥
  

By taking L.C.M. we get 

lim
h →0

1

ℎ
 
cos 𝑥 − cos(𝑥 + ℎ)

cos 𝑥 + ℎ cos 𝑥
  

On further calculation, we get 

=  
1

cos 𝑥
 . lim

h →0

1

ℎ
 
− 2 sin  

𝑥+𝑥+ℎ

2
  . sin  

𝑥−𝑥−ℎ

2
 

cos(𝑥 + ℎ)
  

=  
1

cos 𝑥
 . lim

h →0

1

ℎ
 
− 2 sin  

2𝑥+ℎ

2
  . sin  

−ℎ

2
 

cos(𝑥 + ℎ)
  

We get 

=  
1

cos 𝑥
. lim

h →0

 
 
 
 
 sin  

2𝑥+ℎ

2
  

sin  
ℎ

2
 

ℎ

2

 

cos(𝑥 + ℎ)

 
 
 
 
 

 

By taking limits, we get 
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= sec 𝑥 .

 lim
h →0

sin  
2𝑥+ℎ

2
   lim

ℎ

2
→0

sin  
ℎ

2
 

ℎ

2

 

lim
h →0

cos(𝑥 + ℎ)
 

 
We get  

= sec 𝑥 
sin 𝑥 .1

cos 𝑥
 

𝑑

𝑑𝑥
sec 𝑥 = sec 𝑥 tan 𝑥      ………………. (iii) 

From equation (i) (ii) and (iii) we get 
𝑓 ′ 𝑥 = (𝑥 + sec 𝑥)  1 −  𝑠𝑒𝑐2𝑥 + (𝑥 + tan 𝑥) (1 + sec 𝑥 tan 𝑥) 
 
Question 30 
 
𝐱

𝐬𝐢𝐧𝐧 𝐱
 

 
Solution: 
 

Let f (x)  =  
x

sinn  x
 

By differentiating and using product rule, we get 

𝑓 ′ 𝑥 =  
sinn  x 

d

dx
 x − x 

d

dx
sinn  x

sin2n  x
 

Easily, it can be shown that 
d

dx
sinn  x = nsin n−1 x cos x 

Hence,  

𝑓 ′ 𝑥 =  
sinn  x 

d

dx
 x − x 

d

dx
sinn  x

sin2n  x
 

By further calculation we get 

=  
sinn x. 1 − x  n sinn−1 x cos x 

sin2n  x
 

By taking common terms we get 

=  
sinn−1x. 1 − x   sinx −  nx cos x 

sin2n  x
 

Hence, we get 

=  
sin x − nx cos x

sinn+1 x
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