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Chapter 1
Relations and Functions

Exercise 1.1

Question 1

Determine whether each of the following relations are reflexive, symmetric and transitive:
(i) Relation Rin the setA={1, 2, 3....... , 13, 14} defined as

R={(x,y):3x -y =0}

(ii) Relation R in the set N of natural numbers defined as
R={(x,y):y=x+5and x <4}

(iii) Relation R in the Rin the setA={1, 2, 3,4, 5, 6} as

R ={(x, y): y is divisible by x}

(iv) Relation R in the set Z of all integers defined as

R ={(x,y): x -y is an integer}

(v) Relation R in the set A of human beings in a town at a particular time given by
(a) R = {(x, y): x and y work at the same place}

(b) R ={(x,y): xand y live in the same locality}

(c) R={(x, y): xis exactly 7 cm taller than y}

(d) R ={(x, y): x is wife of y}

(e) R={(x,y): xis father of y}

Solution:

(i) R={(x y): 3x - y =0}
A={1,2,3,45,6,...13,14}

Therefore, R={(1, 3), (2,6),(3,9), (4,12)} e (D
As per reflexive property: (X, x) €R, then R is reflexive)

Since there is no such pair, so R is not reflexive.

As per symmetric property: (%, y) € R and (y, x) € R, then R is symmetric.
Since there is so such pair, R is not symmetric

As per transitive property: If (x, y) € Rand (y, z) € R, then (x, z) € R. thus R is transitive.
From (1). (1, 3) € Rbut (1, 9) € R, RIS not transitive.

Therefore, is neither reflexive, not symmetric and nor transitive.

(ii)) R={(x,y): y =x + 5 and x<4} in set N of natural numbers.

Values of x are 1, 2, and 3

So,R={(1,6),(2,7),(3,8)}

As per reflexive property: (x, x) € R, then R is reflexive)

Since there is not such pair, R Is not reflexive.

As per symmetric property: (x,y) € R, then R is symmetric.

Since there is no much pair, so R is not symmetric

As per transitive property: If (x, y) € Rand (y, z) € R, then (x, z) € R.Thus, R is transitive.
Since there is no such pair, so R is not transitive.

Therefore, R is neither reflexive, nor symmetric and nor transitive.

(iii) R={(x, y): y is divisible by x} in A= {1, 2, 3, 4, 5, 6}
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From above we have,

R={(1,1),(1,2), (1,3), (1,4), (1,5), (1, 6), (2, 2), (2,4), (2,6), (3, 3), (3, 6), (4, 4), (5, 5), (6, 6)}
As per reflexive property: (X, x) € R, then R is reflexive.

(1,1),(2,2),(3,3)(4,4) (5 5) and (6, 6) € R. therefore, R is reflexive.

As per symmetric property: (X, y) € Rand (y, x) € R, then R is symmetric.

(1,2) eRbut (2,1) € R, So R is not symmetric.

As per transitive property: If (x, y) € Rand (y, z) € R, then (x, z) € R. thus R is transitive.
Also (1,4) e Rand (4, 4) € Rand (1, 4) € R, So R is transitive.

Therefore, R is reflexive and transitive but nor symmetric.

(iv) R={(x,y): x - yis an integer} in set Z of all integers.

Now. (x,x)say (1,1)=x-y=1-1=0 € Z of all integers.

(x,x) €eRand (y,x) €ER, ie,

X -vandv - x are integers => R is symmetric.

(x,y) €ERand (y,z) ER, then (x,z) ERi.e,

X=yandy -zand X -z are integers.

(x, z) € => R is transitive

Therefore, R is reflexive, symmetric and transitive.

(v)

(a) R={(x, y): xand y work at the same place)

For reflexive: x and x can work at same place

(x,x) ER

R is reflexive.

For symmetric: x and y work at same place so y and x also work at same place.

(x,y) ERand (y,x) ER

R is symmetric.

For transitive: x and y work at same place and y and z work at same place, then x and z also
Work at same place.

(x,y) € Rand (y, z)€ R then (x,z) ER

R is transitive

Therefore, R is reflexive, symmetric and transitive.

(b) R={(x, y): xand y live in the same locality}

(%, X) € R => R is reflexive.

(x,y) € Rand (y, x) € R => R is symmetric.

Again,

(x,y) € Rand (y, z) € R then (X, z) € R => R is transitive.

Therefore, R is reflexive, symmetric and transitive.

(c) R={(x,y): x is exactly 7 cm taller than y}

X cannot be taller than x, so R is not reflexive.

Xis taller than y then y and y is 7 cm taller than z, then x cannot be 7 cm taller than z, so
R is not transitive.

Therefore, R is neither reflexive, nor symmetric and nor transitive.

(d) R={(x, y): x is not reflexive.

X is not wife of X, so R is not reflexive.

X is wife of y but is not wife of x, so R is not symmetric.

Again, x is wife of y and y is wife of z then x cannot be wife of z, so R is not transitive.
Therefore, R is neither reflexive, nor symmetric and nor transitive.

(e) R={(x, y): xis father of y}
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X is not father of X, so R is not reflexive.

X is father of y but y is not father of x, so R is not symmetric.

Again, x is father of y and y is father of z then x cannot be father of z, so R is not transitive.
Therefore, R is neither reflexive, nor symmetric and nor transitive.

Question 2

Show that the relation R in the set R of real numbers, defined as R = {(a, b) : a < b?} is neither
reflexive nor symmetric nor transitive.

Solution:

R ={(a, b):a <b?} , Relation R is defined as the set of real numbers.

(a,a) e Rthena < a? , which is false. R is not reflexive.

(a,b)=(b,a) ERthena<b?andb = a? itis false statement. R is not symmetric.
Now, a <b? and b < c?,then a < ¢?, which is false. R is not transitive

Therefore, R is neither reflexive, nor symmetric and nor transitive.

Question 3

Check whether the relation R defined in the set {1, 2, 3, 4,5,6}asR={(a,b):b=a +1} is
reflexive, symmetric or transitive.

Solution:

R={(a,b):b=a+1}

R={(1,2),(2,3), (3, 4), (4,5), (5, 6)}

When b = a,a=a + 1: which is false, So R is not reflexive.

If (a, b) = (b, a) then b = a+1 and a = b+1: Which is false, so R is not symmetric.
Now, if (a, b), (b, ¢) and (a, c) belongs to R then

b = a+1 and c =b+1 which implies c = a +2: which is false, so R is not transitive.
Therefore, R is neither reflexive, nor symmetric and nor transitive.

Question 4

Show that the relation R in R defined as R = {(a, b): a < b}, is reflexive and transitive but not
symmetric.

Solution:
a < a: which is true, (a, a) € R, So R is reflexive.
a<bbutb <a (false): (a,b) € Rbut (b, a) € R, So R is not symmetric.

Again,a<bandb<cthena<c:(a, b) €Rand (b, c) and (a, c) €R, So Ris transitive.
Therefore, R is reflexive and transitive but not symmetric.

Question 5
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Check whether the relation R in R defined by R = {(a, b): a< b3} is reflexive,
Symmetric or transitive.

Solution:

R ={(a, b):a< b3}

a< a3: which is true, (a,a) € R, So Ris not reflexive.

a< b3 but b< a3 (false): (a, b) € Rbut (b, a) & R, So R is not symmetric.

Again, a< b3 and b < ¢3 then a< ¢3 (false): (b, ¢) € Rand (a, ¢) € Rand (a, ¢) € R, So R istransitive.
Therefore, R is neither reflexive, nor transitive and nor symmetric.

Question 6

Show that the relation R in the set {1, 2, 3} given by R = {(1, 2), (2, 1)} is symmetric but
neither reflexive nor transitive.

Solution:

R={(1,2),(2 1)}

(%, x) € R. Ris not reflexive.

(1,2) eRand (2,1) € R. R is symmetric.

Again, (x, y) € Rand (y, z) € R then (x, z) does not imply to R. R is not transitive.
Therefore, R is symmetric but neither reflexive nor transitive

Question 7

Show that the relation R in the set A of all the books in a library of a collage, given by
R = {(x, y): and y have same number of pages} is an equivalence relation.

Solution:

Books x and x have same number of pages. (%, x) € R.R is reflexive.

If (x. y) € Rand (y, X) € R, so R is symmetric.

Because, Books x and y have same number of pages and books y and x have same number
Of pages.

Again, (x, y) € Rand (y, z) € Rand (X, z) € R. Ris transitive.

Therefore, R is an equivalence relation.

Question 8

Show that the relation R in the set A = {1, 2, 3, 4, 5} given by

R ={(a, b): |a -b | is event}, is an equivalence relation. Show that all the elements of {1,3, 5}}
Are related to each other and all the elements of {2, 4} are relation to each other. But

No element of {1, 3, 5} is related to any element of {2, 4}.

Solution:
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A={1,2,3,4,5}and R={(a, b); |]a-b|is even}

We get, R={(1, 3), (1,5), (3,5), (2, 4)}

For (a, a), |a-b| =|a-a] =0is even. Therefore, R is reflexive>

If |a - b| is even, then |b - a| is also even. R is symmetric.

Again, if |a - b| and |b - c| is even then |a - c| is also even. R is transitive.
Therefore, R is an equivalence relation.

(b) We have to show that, Elements of {1, 3, 5} are related to each other.

11-3]=2
13-5]=2
|1-5| =4

All are even numbers.

Elements of {1, 3, 5} are related to each other.

Similarly, |2 - 4| = 2 (even number), elements of (2, 4) are related to each other.
Hence no element of {1, 2, 3, 5} is related to any element of {2, 4}.

Question 9

Show that each of the relation R in the set A = {x € Z: 0 < x < 12}, given by

(i) R={(a, b): |a - b| is a multiple of 4}

(i) R={(a, b):a=b}

is an equivalence relation. Find the set of all elements related to 1 in each case.

Solution:

HA={x€Z:0=<x<12}

So,A={0,1,2,3, ......... , 12}

Now R ={(a, b): |a - b| is a multiple of 4}

R={(4,0), (0,4), (5,1}, (1,5), (6, 2), (2, 6), ..., (12,9), (9, 12), ....., (8, 0), (0, 8), (4, 8),........ (12,12)}
Here, (x, X) = [4-4| = |8-8| = |12-12]| = 0: multiple of 4.

R is reflexive.

|a - b| and |b - a| are multiple of 4. (a, b) € Rand (b, a) € R.

R is symmetric.

And |a - b| and |b - c| then |a - c| are multiple of 4. (a,b) € Rand (b, c) € Rand (a, c) € RRIis
transitive.

Hence R is an equivalence relation.

(ii) Here, (a,a)=a=a.

(a,a) € R. So, Ris reflexive.

a=bandb=a.(a,b) € Rand (b,a) €R.

R is symmetric.

Anda=bandb=cthena=c.(a.b) ERand (b,c) €Rand (b, c) €Rand (a, c) €Ris transitive
Hence R is an equivalence relation.

Now set of all elements related to 1 in each case is

(i) Required set={1, 5, 9}

(ii) Required set = {1}

Question 10
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Give an example of a relation. Which is

(i) Symmetric but neither reflexive nor transitive.
(ii) Transitive but neither reflexive nor symmetric.
(iii) Reflexive and symmetric but not transitive.
(iv) Reflexive and transitive but not symmetric.
(v) Symmetric and transitive but not reflexive.

Solution:

(i) Consider a relation R ={(1, 2), (2, 1)} in the set {1, 2, 3}

(%, x) € R. Ris not reflexive.

(1, 2)ER and (2, 1) € R. R is symmetric.

Again, (x,y) € Rand (%, z) (v, z) € R them (x, z) does not imply to R. R is not transitive.
Therefore, R is symmetric but neither reflexive nor transitive

(ii) Relation R = {(a, b): a > b}

a > a (false statement).

Also,a > b butb > a (false statement) and

Ifa>b butb > c, this impliesa > ¢

Therefore, R is transitive, but neither reflexive nor symmetric.

(iii) R={a,b): ais friend of b}

a is friend of a. R is reflexive.

Also, ais friend of b and b is friend of a. R is symmetric.

Also, if a is friend of and b is friend of c then a cannot be friend of c. not transitive.
Therefore, R is reflexive and symmetric but not transitive.

(iv) Say Ris defined in Ras R={(a, b): a < b}

a < a: which is true, (a, a) € R, So R is reflexive.

a<b but b < a (false): (a, b) € R but (b, a) € R, So R is not symmetric.
Again,a<bandb <cthena<c:(a, b), ERand (b, c) and (a, c) € R, So R is transitive.
Therefore, R is reflexive and transitive but not symmetric.

(v) R={(a, b): ais sister of b} (suppose a and b are female)

a is not sister of a. R is not reflexive.

a is sister of b and b is sister of a. R is symmetric.

Again, a is sister of b and b is sister of c then a is sister of c.

Therefore, R is symmetric and transitive but not reflexive.

Question 11

Show that the relation R in the set A of point in a plane given by

R={(p, q): distance of the point P from the origin is same as the distance of the point
Q from the origin}, is an equivalence relation. Further, show that the set of all points
Related to a point P +# (0,0) is the circle passing through P with origin as centre.

Solution:
R ={(P, Q): distance of the point P from the origin is the same as the distance of the point Q from
the origin}

Say “0” is origin point.
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Since the distance of the point P from the origin is always the same as the distance of thesame point
P from the origin.

OP=0P

So (P, P) R. Ris reflexive.

Distance of the point P from the origin is the same as the distance of the point Q from the

Origin

OP =0Q then 0Q = OP

R is symmetric.

Also, OP = 0Q and 0Q = OR then OP = OR, R is transitive.

Therefore, R is an equivalent relation.

Question 12

Show that the relation R defined in the set A of all triangles as R = {(T;, T;):T;is similar to T,},
is equivalence relation. Consider three right angle triangles T, with sides 3, 4, 5, T, with
sides 5,12, 13 and T; with sides 6, 8, 10. Which triangles among T;, T, and T; are related?

Solution:

CaseI:

T;, T, are triangle.

R ={(T;,T;): Ty is similar to T,}

Check for reflexive:

As we know that each triangle is similar to itself, so (T;,T;) € R

R is reflexive.

Check for symmetric:

Also, two triangles are similar, then T; is similar to T, and T, is similar to T, so {T;, T} € R and
(Ty,T;) ER

R is symmetric.

Check for transitive:

Again, if then Tjis similar to T, and T, is similar to T3, so (T;, T;) €R
And (Tz,Tg) € R and (Tl,Tg) eR

R is transitive

Therefore, R is an equivalent relation.

Case 2: Itis given that T;, T, and T; are right angled triangles

T, with sides 3, 4, 5

T, with sides 5,12, 13 and

T; with sides 6, 8, 10

Since, two triangles are similar if corresponding sides are proportional.
Therefore, 3/6 =45/8 =56/10=1/2

Therefore, T; and T; are related.

Question 13

Show that the relation R defined in the set A of all polygons as R = {(P,, P;): P; and P, have
same number of sides}, is an equivalence relation. What is the set of all elements in A related
to the right-angle triangle T with sides 3, 4 and 5?
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Solution:

Case I:

R ={(P;, P,) and P, have same number of sides}

Check for reflexive:

P;and P;have same number of sides, So R is reflexive,

Check for symmetric:

P, and P, have same of sides then P,, P; ) € Rand (P; P3) ER

R is transitive.

Therefore, R is equivalent relation.

Since 3, 4, 5 are the sides of a triangle, the triangle is right angled triangle. Therefore, the set A is
the set of right-angledtriangles.

Question 14

Let L be the set of all lines in XY plane and R be the relationin L defined as R = {(L; L;): L, is
parallel toL;). Show that R is an equivalence relation. Find the set of all lines related to the
liney = 2x + 4.

Solution:

L, is parallel to itselfi. e. (L;, L;) ER

R is reflexive

NOW, let (Ll' Ll) ER

L, is parallel to L, and (L, is parallel to L,

(L, Ly) €R, therefore, R is symmetric

NOW, let (Lz, Lz), (LZ L3) €ER

L, is parallel to L,. Also L, is parallel to L;

L; is parallel to L3

Therefore, R is transitive

Hence, R is an equivalence relation.

Again, the set of all lines related to the line y = 2x + 4, is the set of all its parallel lines.
Slope of given line is m = 2.

As we know slope of all parallel lines are same.

Hence, the set of all related to y = 2x + 4 is y = 2x + k, where k € R.

Question 15

Let R be the relation in the set {1, 2, 3, 4} given by R = {(1, 2), (2, 2), (1, 1), (4, 4), (1, 3) (3, 3),
(3, 2)}. Choose the correct answer.

(A) Ris reflexive and symmetric but not transitive.

(B) Ris reflexive and transitive but not symmetric.

(c) Ris symmetric and transitive but not reflexive.

(D) Ris an equivalence relation.

Solution:
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Let R is be the relation in the set {1, 2, 3, 4} given by R{1, 2, 3, 4} R={(1, 2), (2, 2), (1, 1), (4, 4), (1,
3) (3, 3), (3, 2)}.

Step 1: (1, 1), (2, 2), (3, 3), (4, 4) € RR. Ris reflexive.

Step 2: (1, 2) € Rbut (2,1) € R. R is not symmetric.

Step 3: Consider any set of points, (1, 3) € and (3, 2) € Rthen (1,2) € R.SoR s

transitive.Option (B) is correct.

Question 16

Let R be the relation in the set N given by R = {(a, b): a=b - 2, b > 6}. Choose the correct
answer.(a) (2,4) R (B) (3,8) eR(C)(6,8) eR(D)(8,7) ER

Solution:

R={(a,b):a=b-2,b> 6}

(A) Incorrect: value of b = 4, not true.

(B) Incorrect:a=3andb=8>6
a=b-2=>3=8-2and 3 = 6, which is false.
(C) Incorrect:a=6 andb=8>6
a=b-2=>6=8-2and 3 = 6, which is false.
(D) Incorrect:a=8andb=7>6
a=b-2=>8=7-2and 8 =5, which is false.
Therefore, option (C) is correct.
€Rbut(2,1) €R

Exercise 1.2

Question 1

Show that function f: R. - R. defined by f(x) = 1/x is one- one and onto, where R. is the set of
all non-zero real numbers. Is the result true, if the domain R. is replaced by N with co-
domain being same as R.?

Solution:

Given: F: R, = R, defined by f(x) = 1/x
Check for One-One
flr1) =—andf (x;) =—
! 172
Iff(xq) = f (x2)then oo
This implies x; = x;
Therefore, fis one-one function.
Check for onto
f(x)=1/x
ory=1/x
orx=1/y
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f(1/y)=y

Therefore, f is onto function.
Again, If (x1) = (x3)
Say,n{,n, €R

Son;=n,

Therefore, fis one-one

Every real number belonging to co-domain may not have a pre-image in N. for example, 1/3
And 3/2 are not belong N. So N is not onto.

Question 2

Check the injective and surjective of the following functions:
(i) f: N > N given by f(x) = x?

(ii) f: Z- Zgiven by f(x) = x>

(iii) f: R — R given by f(x) =x>

(iv) f: N > N given by f(x) = x3

(v) f: Z > Z given by f(x) = x3

Solution:

(i) f: N > N given by f(x) = x?

For x,y € N => f(x) = f(y) which implies x? = y?

=Xy

Therefore, f is injective.

There are such numbers of co-domain which have no image in domain N.
Say, 3 € N, but there is no pre-image in domain of f. such that f(x) = x2 = 3.
F is not surjective.

(ii) Given, f: Z >Z given by f(x) = x?

Here,Z={0, £1, +2, +3, +4 ...... }

F(-1)=f(1)=1

But -1 not equal to 1.

F is not injective.

There are many numbers of co-domain which have no image in domain Z.
For example, -3 € co-domain Z, but -3 € domain Z

fis not surjective.

Therefore, f is neither injective nor surjective

(iii) f: R - R given by f(x) = x?

F(-1)=f(1)=1

But -1 not equal to 1.

F is not injective.

There are many numbers of co-domain which have no image in domain R.
For example, € co-domain R, but there does not exist any x in domain R where x%=-3
F is not surjective.

Therefore, f is neither injective nor surjective.

(iv) f: N > N given by f(x) = x3
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For x,y € N => f(x) = f(y) which implies x3=y3

>X=y

Therefore, f is injective.

There are many numbers of co-domain which have no image in domain N.

For example, 4 € co-domain N, but there does not exist any x in domain N where x3 = 4.
F is not surjective.

Therefore, f is injective but not surjective.

(v) f: Z - Z given by f(x) = x3

For x,y € Z => f(x) = f(y) which implies x3 = y
>X=y

Therefore, f is injective.

There are many numbers of co-domain which have no image in domain Z.

For example, 4 € co-domain N, but there does not exist any x in domain Z where x3 = 4.
F is not surjective.

Therefore, fis injective but not surjective.

3

Question 3

Prove that the Greatest Integer Function f: R — R, given by f(x) = [X], is neither one-one
onto, where [x] denotes the greatest integer less than or equal to x.
Solution:

Function f: R = R, given by f(x) = [x]

F(x) =1, because 1 <x < 2

f(1.2)=[1.2]=1

f(1.9)=[19]=1

but 1.2 # 1.9

fis not one-one.

There is no fraction proper or improper belonging to co-domain of f has any pre-image in
itsdomain.

For example, f(x) = [x] is always an integer

for 0.7 belong to R there does not exist any x in domain R where f(x) = 0.7
fis not onto.

Hence proved, the Greatest Integer Function is neither one-one nor onto.

Question 4

Show that the Modulus Function f: R — R, given by f(x) = | x |, is neither one-one nor
Onto, where | x | is X, if x is positive or 0 and | x | is - x, if x is negative.

Solution:

F: R— R, given by f(x) = | x |, defined as
f(x) = |x| ={ x,1fx =0
—x%,ifx <0
F contains values like (-1, 1), (1, 1), (-2, 2) (2,2)
F(-1) =f(1),but-11
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fis not one-one.

R contains some negative numbers which are not images of any real number since f(x) = |x]| is
always non-negative. So, f is not onto.

Hence, Modulus Function is neither one-one nor onto.

Question 5

show that the signum function f: R — R, given by
1,ifx>0

f(x) ={0,ifx =0
1,ifx<0
Is neither one-one nor onto.

Solution:

Signum Function f: R — R, given by

1,ifx > 0
fx) = {O, ifx=20
1,ifx < 0
F(1)=f(2)=1

This implies, forn >0, f(x;) =f(x;) = 1
X1 == X
fis not one-one.
f(x) has only 3 values, (-1, 0 1). Other than these 3 values of co-domain R has no any pre-Image its
domain.
f is not onto.
Hence, Signum Function is neither one-one nor onto.

Question 6

LetA-{1,2,3},B={4,5,6,7}and letf = {(1, 4), (2, 5), (3, 6)} be a function from A tob. show
that fis one-one.

Solution:

A={1,2,3}

B={4,5,6,7}and

F={(1,4),(25), (3 6)}

f(1)=4,f(2)=5andf(3)=6

Here, also distinct elements of A have distinct images in B.
Therefore, f is one-one.

Question 7

In each of the following cases, state whether the function is one-one, onto or\Bijective.
Justify your answer.
(i) f:R —» R defined by f(x) = 3 - 4x
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(ii) f: R —» R defined by f(x) = 1 + x?
Solution:

(i) f: R — R defined by f(x) = 3 - 4x
If x1,x, € Rthen

f(x1)=3-4x; and

f(XZ) =3- 4‘X2

Iff(x;)=f(x,) then x; = x,
Therefore, fis one-one,

Again,
f(x) =3 -4x
ory=3-4x

orx=(3-y)/4in R
f((3-y)/4) = 3 -4((3-y)/4) =y
fis onto.
Hence f is onto or bijective.
(ii) R - R defined by f(x) = 1 + x?
If x1, x, € R then
f(x;) =1+ x2 and
1

fx)=1+x2
2
If f (x,) = f (2r;)then x- = x2
2

This implies x; # x,
Therefore, f is not one-one
Again, if every element of co-domain is image of some element of Domain under f, such that

() =y

f(x)=1+x?
y=f(x)=1+x?
orx=4,1-y

Therefore, f(‘/ 1~ y): 2-y £y

Therefore, f is not onto or bijective.

Question 8

Let A and B be sets. Show that f: A x B — B x A such that f(a, b) = (b, a) is bijective function.
Solution:

Step 1: Check for Injectivity;

Let (aq,bq) and (ay, by) € A x B such that

F(ag,bs) = (az, by)

This implies, (b4, a;) and (b,, a;)

bl = bz and d; = 4dp

(a;,b1) =(ay, by) forall (a;,bq) and (a,,b,) € A xB
Therefore, f is injective.
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Step 2: Check for Surjectivity:

Let (b, a) be any elements of B xA,thena€ Aand b € B
This implies (a,b) €A x B

For all (b, a) € B x A, their exists (a,b) € A x B
Therefore, f: B xA is bijective function.

Question 9

Let f: N — N be defined by
"ij if n is odd

fln) =1, Foralln € N
> if nis even

State whether the function f is bijective. Justify your answer

Solution:

n—“,ifnis odd
fin) =4.2 Foralln € N

n Q .
> if n is even

Forn=1,2

f(1)=(n+1)/2=1and
f(2)=(Mm)/2=(2)/2=1

f(1) =£f(2), but 1 # 2

F is not one-one.

For a natural number, “a” in co-domain N
If nis odd

n=2k+1fork€N,then4k+ 1 € N such that
f(4k+1) = (4k+1+1)/2 =2k + 1

If nid even

n = 2k for some k € N such that

f (4k0 =4k/2 = 2k

fis onto

Therefore, f is onto but not bijective function.

Question 10

LetA=R-{3}and B =R - {1}. Consider the function f: A — B defined by
f(x) = (x-2)/(x-3)

Is f one-one and onto? Justify your answer.
Solution:

A=R-{3}and B=R- {1}

f: A — B defined by f(x) = (x-2)/(x-3)
Let (x,y) € A then
fe0="Zandf () = 2=
For f(x) = f(y)
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x—2 _y-2

x-3  y-3

(x-2) (y-3) = (y-2) (x-3)

Xy -3x -2y +6 =xy - 3y - 2x +6
—3x-2y = -3y —2x

-3X + 2X = - 3y+2y

X=-y

X=y

Again, f(x) = (x-2)/(x-3)

ory = f(x) = (x-2)/(x-3)

y = (x-2)/(x-3)

y(x-3)=x-2

Xy-3y=x-2

x(y-1)=3y-2

orx=(3y-2)/(y-1) -

Now, f((3y-20/(y-1)) = 3=z =¥

y—1
f(x) =y
Therefore, fis onto function.

Question 11

let f: R - R be defined as f(x) = x*, Choose the correct answer.

(A) fis one-one onto (B) f is many-one onto

(C) fis one-one but not onto (D) f is neither one-one nor onto.
Solution:

f: R - R be defined as f(x) = x*

Let x and y belongs to R such that, f(x) = f(y)
x* =y*orx=+y

F is not one-one function.

Now,y = f(x) = x* Orx = +y1/4
f(y"/*)=yandf(-y"*) = -y

therefore, f is not onto function.

Option D is correct.

Question 12

Let f: R — R be defined as f(x) = 3x. Choose the correct answer.

(A) fis one-one onto (B) fis many-one onto

(C) fis one-one but not onto (D)f is neither one-one nor onto.
Solution:

f: R = R be defined as f(x) = 3x
Let x and y belongs to R such that f(x) = f(y)
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3x=3yorx=y

fis one-one function.

Now, y = f(x) = 3x

orx=y/3

f(x) =f(y/3) =y

Therefore, f is onto function.
Option (A) is correct.

Exercise 1.3

Question 1

Letf: {1, 2, 3,4}- {1,2,5}and g: {1, 2, 5} — {1, 3) be given by
F={(1,2),(3,5), (4, 1)} and g = {(1, 3), (2, 3), (5, 1)}. Write down gof.

Solution:

Given function, f: {1, 3, 4} = {1, 2,5) and g: {1, 2, 5) = {1, 2, 5} — {1, 3} be given by
f={(1,2),(3,5), (4 1)} and g = {(1, 3), (2, 3), (5, 1)}

Find gof.

At(1)=2and gb (2) = 3, gofis

Gof(1) = g(f(1)) = g(2) = 3

Atf(3) =5and g(5) =1, gof is

Gof(3) = g(f(3)) =g(5) =1

Atf(4) =1and g(1) = 3, gof is

gof (4) = g(f(4)) = g(1) =3

Therefore, gof = {(1.3), (3, 1), (4, 3)}

Question 2

Letf, g and h be functions from R to R. Show that
(f + g) oh = foh + goh
(f. g) oh = (foh). (goh)

Solution:

LHS = (f+ g) oh
= (f+g) (h(x))

= f(h(x)) + g(h(x))
= foh + goh

= RHS

Again,
LHS=(f.g)o

= fg. (h(x))

= f(h(x)). g(h(x))
= (foh). (goh)
RHS
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Question 3

find gof and fog, if
(i) f(x) = |x| and g(x) = |5x - 2|
(ll) f(X) = 8x3 and g(X) = x1/3

Solution:
(i) f(x) = |x | and g (x) = [5x -2|

gof = (gof) (x) = g(f(x) = g (Ix]) = |5]x|-2|

fog = (fog) (x)=f(g(x)) = f (| 5x-2|) = ||5x -2[) ={|5%-2}| =|5x-2|
(ii) f(x) = 8x3 and g(x) = x1/3

Gof - (gof) (x) = g(f(x) = g (8x3) = (8x%)!/3 =2x

Fog = (fog) (x) = f(g(x)) = f (x'/3) = 8(x'/3)% 8x

Question 4
iff(x) = { x+3; X # 2/3, Show that fof(x) =X, for all x # 2 /3. What is the inverse of f.
Solution:
(4x+3)
m , X F 2/3
4x+3
4gra) +3
Z(4x+3\ _ 4
6(gx—s) — 4

16x+ 12+ 18x — 12

T 24x + 18 — 24x + 16
34x

34

=X
Therefore, fof(x) =x for all x # 2/3.
Again, fof =1

The inverse of the given function, fis f.

Question 5

State with reason whether following functions have inverse
(i) f: {1, 2, 3, 4} - {10} with

F={(1,10), (2,10), (3, 10), (4,10)}

(ii) g:{5, 6, 7,8} — {1, 2, 3, 4} with

g=1{(5,4), (6,3),(7,4),(8,2)

(iii) g: {2, 3,4, 5} — {7, 9, 11, 13} with

h={(2,7),(3,9), (4,11), (5, 13)}
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Solution:

(i) f: {1, 2, 3,4} - {10} with f={(1, 10) (2, 10), (3, 10), (4, 10)

f has many-one function like f (1) = f(2) = f(3) = f(4) = 10, therefore f has no inverse.

(ii) g: {5, 6, 7,8} - {1, 2, 3,4} with g = {(5, 4), (6, 3), (7, 4), (8, 2)}

g has many-one function like g (5) = g (7) = 4, therefore g has no inverse.

(iii) h: {2, 3, 4, 5} —{7,9, 11, 13} with h = {(2, 7), (3, 9), (4, 11), (5, 13)}

All elements have different images under h. So, h is one-one onto function, therefore, h has an
Inverse.

Question 6

Show that F; [-1, 1] = R, given by f (x) = x/(x+2) is one-one. Find the inverse of the function f:
[-1, 1] — Range f.(Hint: For y € Range f, y = f(x) = x/(x+2), for some xin [-1, 1], i.e.,, x = 2y/(1-
y):

Solution:

Given function: (x) = x/(x+2)

Letx,y € [-1, 1]

Let f(x) = f(y)

x/(x+2) = y/(y+2)

Xy + 2X = Xy + 2y

X=y

fis one-one.

Again,

Since f: [-1, 1]— Range f is onto

Say,y =x/(x+2)

yX + 2y =X

x(1-y)=2y

orx=2y/ (1-y)

x=f"1(y) =2y/(1-y); y not equal to 1
fis onto function, and f~(x) = 2x/(1-x).

Question 7

Consider f: R - R given by f(x) = 4x + 3. Show that f is invertible. Find the inverse of f.
Solution:

Consider f: R - R given by f(x) = 4x +3
Say, x,y €R

Let f(x) = f(y) then

4x+3 =4y +3

X=y

fis one-one function.

Lety € range of f
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y=4x+3

orx=(y-3)/4

Here, f((y-3)/4) = 4((y-3)/4) +3 =y
This implies f(x) =y

So, fis onto

Therefore, f is invertible.

Inverse of fis x = f = (y) = (y-3) /4.

Question 8

Consider F:R, - [4,” ] given by f(x) = x? + 4. Show that f is invertible with the inverse f~! of f

given by f~1(y) =,/y — 4, where R, is the set of all non-negative real numbers.
Solution:

Consider f: R, — [4, ) given by f(x) = x> + 4
Letx,y € R = [4,°) then

f(x) = x? + 4 and

fy)=y*+4

if f(x) = f(y) then x? + 4 = y? + 4

orx=y

fis one-one.
Nowy=f(x)=x*+4orx=,/y—4asx>0
f(Vy—4)=(Vy—4)y2+4=y

f(x) =y

f is onto function.

Therefore, f is invertible and inverse of fis f 7! (y) =/y — 4

Question 9
Consider f: R, — [-5, ] given by f (x) = 9x? + 6x - 5. Show that f is invertible with
i = (W81
3

Solution:

Consider f: R, = [- 5, o ) given by f (x) = 9x? + 6x - 5
Consider f: R, — [4, ) given by f(x) = x? + 4

Letx,y € R = [-5, ©0 then

f(x) = 9x? + 6x - 5 and

f(y) =9y? + 6y - 5

if f (x) = f(y) then 9x? + 6x-5=9y% + 6y - 5
Ix*-y*)+6(x-y)=0

Hx-y) x+y)}+6(x-y)=0

x-y)(O) x+y)+6)=0

Either x -y =0, then x =y, so fis one-one.
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Now, y = f(x) = 9x? + 6x - 5
Solving this quadratic equation, we have

—6+6,/y+6 Jy+6-—1
T 18 oEE T
so, f(x) = f (Z5) = 922 + 62 — 5

=y+7-2y+6+2,/ly+6-2-5=y
f(x) =y, therefore, f is onto.

f(x) is invertible and f~1(x) = %6_1

Question 10

Let f: X — Y be an invertible function. Show that f has unique inverse.
(Hint: suppose g;and g, are two inverses off. then for all y € y, fog;(y) = 1y(y) = fog,(y). Use
one-one ness of f)

Solution:

Given, f: X = Y be an invertible function. And g; and g, are two inverses of.
Forally € Y, we get

fog; (y) =1y(y) = fog(y)

f(g:1(y)) =f(g2(y))

g1 (v) = 820y

81 =82

Hence f has unique inverse.

Question 11

Consider f: {1, 2, 3} - {a, b, ¢} given by f(1) = a, f(2) = b and f(3) = c. find f"'and show that
fFH1=f

Solution:

Consider f: {1, 2,3} - {a, b, c) given by f(1) =a. f(2) =band f(3) = ¢
So, f={(a, 1), (b, 2), (¢, 3)}

Hencef (a)=1,f"*(b)=2andf™ ! (c)=3

Now, f~1 ={(a, 1), (b, 2), (c, 3)}

Therefore, inverse of f~1 = (f™1)"1 = {(1, a), (2,b), (3,c)} = f
Hence (f~1)"! =f.

Question 12
1
if f: R > R be given by f(x) = (3 - x3)3, then fof (x) is
(A) x'/3 (B) x°
(C)x (D) (3 -x°
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Solution:

F: R—R be given by f(x) =(3-x3) %,then
fof(x) =f(f(x)

=f ((3-2%5)

= [3-@-

= [3-G-)P

- (x)i=x

Option (c) is correct.

Question 13

Let f: R-{—4/3} —>R be a function defined as f(x):%. The inverse of f is theMap g: Range f—-R
- {—4/3} given by

(A) g(y)=3y/(3-4y) (B)g(y) =4y/(4-3y)
(©) g(y)=4y/(3-4y) (D)g(v)=3y/(4-3y)
Solution:

Let f: R - {—4/3} >R be a function defined as f(x)=%. And Range f >R-{—4/3}
y=((x) =5

3x+4

y(3x+4)=4x

3xy+4y=4x

x(3y-4)=-4y

x=4y/ (4-3y)

Therefore, f~ (y)=g(y)4y/(4-3y). Option (B) is the correct answer.

Exercise 1.4

Question 1

Determine whether or not each of the definition of *# given below gives a binary operation.
In the event that * is not a binary operation, give justification for this.

(i) On Z*, define xbyaxb=a-b

(ii) On Z*, define * by a * b = ab

(iii) On R, define = by * b = ab?

(iv) ON Z*, definexbyaxb=|a-b|

(v)On Z,, definexbyaxb=a

Solution:

() On Z*, define *bya*b=a-b
For more Info Visit - www.KITest.in

1.21




For Enquiry — 6262969604

OnZ*={1,2,3,4,5, ... }
Leta=1landb=2
Therefore,a*b=a-b=1-2=-1¢Z"
Operation * is not a binary operation on Z*
(ii) On Z*, define * define * by a * b= ab
OnZ*={1,2,3,4,5}

Leta=2andb=3
Therefore,a*b=ab=2%3=6€ Z*
Operation # is a binary operation on Z™*
(iii) On R, define * by a *b = ab?
R={-o00, ... ,-1,0,1, 2., o0}
Leta=12andb=2

Therefore,a *b=ab? =(1.2)x2?°=4.8 € R
Operation * is a binary operation on R.
(iv)on Z*, define *by a *b = |a - b
OnZ*={1,2,3,4,5)

Leta=2andb=3
Therefore,a*b=ab=2%*3=6€ 7"
Operation * is a binary operation on Z*
(v) onZ+, define *bya*b=a
OnZ*={1,2,3,4,5}

Leta=2andb=1

Therefore,a*b=2€c Z*

Operation * is a binary operation on Z*

Question 2

6262969699

For each operation * defined below, determine whether * is binary, commutative

0 associative.

(i) On Z, definea*b=a-b

(ii) On Q, definea*b=ab +1

(iii) On Q, define a *b = ab/2

(iv) On Z*, define a * b = 220

(v)On Z*,definea*b = a”

(vi) OnR - {-1}, definea *b =a/(b+1)

Solution:

(i) On Z, definea*b=a-b

Step 1: Check for commutative
Consider * is commutative, then
a*b=Db=xa

Which means, a -b =b - a (not true)
Therefore, * is not commutative.
Step 2: check for Associative.
Consider # is associative, then

(axb)" c=a" (b" )
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LHS=(a*b)" c=(a—b)"c
=a-b-c
RHS =a*(b* c)=a- (b-c)
=a-(b-¢)
=a-b+c
This implies LHS # RHs
Therefore, * is not associative.
(ii) On Q, definea*bab + 1
Step 1: Check for commutative
Consider * is commutative, then
a*b=Db=xa
Which means,ab+1=ba+1
Orab + 1 1 (which is true)
a*b=Db=+aforalla,be Q
therefore, * is commutative.
Step 2: Check for Associative.
Consider * is associative, then
(a*b)*c=a* (b*c)
LHS=(a*b)*c=(ab+1) *xc
=(ab+1)c+1
=abc+c+1
RHS=ax*(b*c)=ax*(bc+1)
=a(bc+1)+1
=abc+a+1
This implies LHS # RHS
Therefore, * is not associative.
(iii) On Q, define a * b = ab/2
Step 1: Check for commutative
Consider * is commutative, then
Axb=Dbxa
Which means, ab/2 = ba/2
Or ab/2 =ab/2 (which is true)
Axb=Db=xaforalla,b€eQ
Therefore, * commutative.
Step 2: check for Associative.
Consider * is associative, then
(a*b)*c=ax*(b*c)
LHS - (a*b)*c=(ab/2) *c

ab

_z

2

=abc/4

RHS=ax* (b*c)=ax*(bc/2)
ab

_z

)

=abc/4

This implies LHS = RHS

Therefore, * is associative binary operation.
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(iv) On Z*, define for commutative
Step 1: check for commutative
Consider * is commutative, then
a*b=Db=xa

which means, 2% = 2ba

or 290 = 2b@ (which is true)
a*b=b=aforallabeZ*
therefore, * is commutative.
Step 2: check for Associative.
Consider * is associative, then
(a*b)* c=ax (b *c)
LHS=(a*b)*c=(2%)"c

_ Zzab c

RHS =a* (b *c) =a* 2

i 2zab 0

This implies LHS # RHS

Therefore, * is not associative binary operation.

(v) On Z*, definea * b = a®

Step 1: Check for commutative
Consider * is commutative, then
a*b=Db=xa

which means, a?= b*

which is not true
a*b=b*aforalla,beZ"
therefore, * is not commutative.
Step 2: Check for Associative.
Consider * is associative, then
(a*b)*c=ax(b*c)

LHS = (a?) * c

- (ab)c

RHS=a=* (b *c) =* (b°)

= abc

This implies LHS # RHS
Therefore, * is not associative.
(vi) On R - {-1}, definea * b =a/(b+1)
Step 1: Check for commutative
Consider * is commutative, then
a*b=Db=xa

which means, a/(b+1) =b/(a+1)
which is not true

therefore, * is commutative.
Step 2: Check for Associative.
Consider * is associative, then
(a*b)*c=ax*(b*c)
LHS=(a+b)*c=(a/(b+1)) *xc

—_b

c+1
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=a(c+1)/b
This implies LHS # RHS
Therefore, * is not associative binary operation.

Question 3

Consider the binary operation A on the set {1, 2, 3, 4, 5} defined by a A b = min {a,b).
Write the operation table of the operation A.

Solution:

The binary operation A on the set, say A ={1, 2, 3, 4, 5} defined by a A’ b=min {a, b}.

The operation table of the operation A as follow:
" 01 12 |3 |4 |5
111 |1 ]1 |1 |1
211 [2 |2 |2 |2
311 |12 |3 [3 |3
411 [2 |3 |4 |4
511 |2 |3 |4 |5
Question 4

Consider a binary operation * on the set {1, 2, 3, 4, 5} given by the following
Multiplication table (table 1.2).

(I) Compute (2 * 3) x4 and 2 * (3% 4)

(ii) is * commutative?

(iii) compute (2 * 3) * (4 * 5).

(Hint: use the following table)

Table 1.2
*I'1 |2 |3 |4 |5
171 (1 |1 |1 |1
211 | Zd| 1 2041
311 1V |31 "1
411 |2 |1 |4 |1
5{1 |1 |1 |1 |5

Solution:

(i) Computer (2 * 3) x4 and 2 * (3 * 4)
Fromtable: (2*3)=1and (3*4)=1
(2*3)*4=1*x4=1and
2%x(3x4)=2x1=1

(ii) is * commutative

Consider 2« 3,wehave2*3=1and3*x2=1
Therefore, * is commutative.

(iii) Compute (2 * 3) * (4 * 5).

Fromtable: (2*3)=1and (4*5) =1
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So(2*3)*(4*5)=1*1

Question 5

6262969699

Let * be the binary operation on the set {1, 2, 3, 4, 5} defined by a * ‘b = H.C.F. of a and b. is

the operation *'same as the operation * defined in Exercise 4 above? Justify
Your answer.

Solution:

LetA={1,2,3,4,5}and a * ‘b H.C.F. of a and b. plot a table values, we have
1112131415

Ul [0 | =
[ U U RN N
=N (N
(SR U [SU)) IR\ JEEN
SN N (S S TN
(S5 U U\ U JEN

Operation * ‘same as the operation *.

Question 6

Let * be the binary operation on N given by a * b. Find
(i)5*7,20*16

(ii) is * commutative?

(iii)is * associative?

(iv) Find the identity of *in N

(v) Which elements of N are invertible for the operation * ?

Solution:

(i)5+-7=L.CMof5and 7 =35

20*16=L.CMof20and 16 =80
(ii) Is * commutative?

a*b=L.CM.ofaandb

b+-a=L.C.M.of band a

a*b=b*a

therefore * is commutative.

(iii) Is - associative?

Fora,bc€eN

(a*b)*c=(L.CM.ofaand b) *c=L.C.M.ofa,band c
a*(*c)=a*(L.CM.ofbandc)=L.CM.ofa bandc
(a*b) *c=a~ (b *c)
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Therefore, operation - associative.

(iv) Find the identity of -in N

Identity if *in N =1

Becausea*1=L.CM.ofaand1=a

(v) which elements of N are invertible for the operation +?

Only the element 1 in N is invertible for the operation * because 1 *1/1=1

Question 7

is *defined on the set {1, 2, 3,4, 5} by a*b = L.C.M. of a and b a binary operation?Justify your
answer.

Solution:

The operation * defined on the set {1, 2, 3,4, 5} bya*b =L.CM.ofaand b
Suppose,a=2and b =3

2*3=LCM.of2and3=6

But 6 does not belongs to the set A.

Therefore, given operation * is not a binary operation.

Question 8

Let - be the binary operation on N defined by a +b = H.C.F of a and b. is *Commutative? Is
associative? Does there exist identify for this binary operation on N?

Solution:

The operation - be the binary operation on N defined by a+b = H.C.F. ofaand b

a*b=H.CF.ofaandb=H.CF.ofbanda=b*a

therefore, operation * is commutative.

Again, (a *b) *c = (HCF of a and b) * ¢ = HCF of (HCF ofaand b)and c=a* (b * ¢)
(@a*b)*c=a*(b*c)

Therefore, the operation is associative.

Now,1*a=a*1+#a

Therefore, there does not exist any identify element.

Question 9

Let * be a binary operation on the set Q of rational number as follows:
(iJa*b=a-b

(ii) a *b = a® + b?

(iiija*b=a+ab

(iv)a*b = (a-b)?

(v)a*b=ab/4

(vi) a *b = ab?
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Find which of the binary operation are commutative and which are associative.
Solution:

(iJa*b=a-b

a*b=a-b=-(b-a)=-b*a(Not commutative)
(@a*b)*c=(a-b)*c=(a=(b-c)J=a-b+c#a*(b*c)(Notassociative)
(ii) a+ b = a% + b?

a*b=a?+b?=b?+a’=b*a (operation is commutative)
Check for associative:

(a*b) *C:(az +b2)*C2 :(az +b2)+C2
a*(b*c)=a*(b?+c?)=a%*(b%+c?
(a*b)*c#a*(b*c) (Notassociative)

(ilija*b=a+ab

a*b=a+ab=a(l+b)

b*a=b+ba=b (1+a)

a*b #b*a

the operation * is not commutative

Check for associative:
(a*b)*c=(a+ab)*c=(a+ab)+ (a+ab)c
a*(b*c)J=a*(b+bc)=a+a(b+bc)
(@a*b)*c#a*(b*c)

The operation * is not associative

(iv)a*b = (a-b)?

a~b=(a-b)?
bra=(b-a)?
ab=b*a

the operation * is commutative.
Check for associative:
(a*b)*c=(a-b)?’*c=(a=b)?-c)?
a*(b*c)=a*(b-c)? =(a-(b-c)?)?
(@a*b)*c#a*(b*c)

The operation * is not associative
(v)a*b=ab/4

a*b-b*a

the operation * is commutative.
Check for associative:
(a*b)*c=ab/4*c=abc/16
a*(b*c)=a*(bc/4)=abc/16
(@a*b)*c=a*(b*c)

The operation * is associative.

(vi)a * b=ab?
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B *a = ba?

a*b#b*a

the operation 8 is not commutative.
Check for associative:
(a*b)*c=(ab?)*c=ab?c?
a*(b*c)=a*(bc?) =ab?c*
(@a*b)*c#a*(b*c)

The operation * is not associative.

Question 10

Find which of the operations given above has identity.
Solution:

Let I be the identity.

(Ja*l=a=1#a

(iJa*I=a®-1+#a

(iiij)a*I=a+al#a

(ivia*l=(a-1)? #a

(v)a*l=al/4#a

Which is only possible atl + 4 i.e,a*I=al/4=2a(4)/4=a
(vija*l=al®* #a

Above identities does not have identity element except (v) atb = 4.

Question 11

Let A =Nx N and * be the binary operation on A defined by
(a,b)*(c,d)=(a+c,b+d)
Show that * is commutative and associative. Find the identity element for * on A, if any.

Solution:

A=NxN and * is a binary operation defined on A.
(a,b)*(c,d)=(a+c,b+d)
(c,d)*(a,b)=(c+a,d+b)=(a+c,b+d)

The operation * is commutative

Again, ((a,b) *(c,d) * (e, f) =(a+c,b+d) * (e f)
=(a+c+e,b+d+f)

(a,b) *(c,d) * (e, f) = (a, b) * (c+e, elf) = (a+c+e, b+d+f)
=>(a,b) *(c,d) *(e,f) = (a, b) *(c,d) * (e, )

The operation * is associative.

Let (e, f) be the identity function, then
(ab)*(ef)=(a+eb+f)

For identity function,a=a+e=>e=0andb=b+f=>f=0
As zero is not a part of set of natural numbers, so identity function does not exist.
As 0 € N, therefore, identity-element does not exist.
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Question 12

State whether the following statements are true or false. Justify.
(i) For an arbitrary binary operation *onasetN,a*a=aVva€eN.
(ii) If * is a commutative binary operation on N, thena * (b *c)=(c*b) *a

Solution:

(i) Given: * being a binary operation on N, is definedasa*a=aVvVa€N
Here operation * is not defined, therefore, the given statement is not true.
(Ii) operation * bring a binary operation on N.

C*b=b*c

(c*b)*a=(b*c)*a=a*(b*c)

Thus, a * (b * c) = (c * b) * a, therefore the given statement is true.

Question 13

Consider a binary operation * on N defined as a *b = a® + b3. Choose the correct answer.
(A) IS * both associative and commutative?

(B) Is * commutative but not associative?

(C) Is * associative but not commutative?

(D) Is * neither commutative nor associative?

Solution:

A binary operation * on N definedasa *b = a® + b3,
Also,a*b=a%+b3=b3+a%3=b*a

The operation * is commutative.

Again, (a*b) *c=(a® +b3) *c=(a® +b3)3 + ¢3
a*(b*c):a*(b3+c3):a3+(b3+c3)3

= (@*b)*c#a*(b*c)

The operation * is not associative.

Therefore, option (B) is correct.

Miscellaneous Exercise

Question 1

Let f: R —»R be defined as f(x)= 10x+7. Find the function g: R— R such that g of =Fog= I
Solution:

Firstly, Find the inverse off.
Let say,g is inverse of f and
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Y=f(x) = 10x+7

Y=10x+7

Orx = (y-7)/10

Org(y) =(y-7)/10; whereg: Y = N
Now, gof = g(f(x)) = g (10x+7)
_(10x+7)-7

10

=X

=Again, fog = f(g(x)) = f((y-7)/10)
=10((y-7)/10) +7

=Y-7+7=Y

=Ix

Since g o f = fog =Iy. F is invertible, and
Inverse off is x =g(y) = (y-7)/10
Question 2

Lef f: W ->W be defined as f(n) = n - 1, if n is odd and f(n) = n+1, if n isEven. Show that f is
invertible. Find the inverse off. Here, W is the set of allWhole numbers.

Solution:

F: W > W be defined as f(n) =n - 1, if n is odd and f(n) = n + 1, if n is even.
Function can be defined as:
n—1, ifnisodd
f(n)§ {n +1, if niseven
f is invertible, if f is one-one and onto.
For one-one:
There are 3 cases:
For any n and m two real numbers:
Case 1: n and m: both are odd
F(n)=n+1
Fim)=m+1
If f(n) = f(m)
=>n+l=m+1
=>n=m
Case 2: n and m: both are even
F(n)=n-1
F(m)=m-1
If f(n) = f(m)
=>n+l=m-1
=>n=m
Case 3: nis odd and m is even
F(n)=n+1
F(m)=m+1
If f(n) = f(m)
=>n+l=m-1
=>m - n = 2 (not true, because even - odd # Even)
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Therefore, f is one-one
Check for onto:
n—1 ifnisodd
fln) = {n +1 ifniseven
Sayf(n)=y,andy €W
Case 1:if n = odd
F(n)=n-1
N=y+1
Which show, if n is odd, y is even number.
Case 2:If nis even
F(n)=n+1
Y=n+1
If n is even, then y is odd.
In any of the cases y and n are whole numbers.
This shows, fis onto.
Again, for inverse of f

fl:y=n-1
Orn=y+landy=n+1
N=y-1

qen_m—1 ifnisodd
f Oﬂ_{n+1 if n is even

Therefore, f~! (y) = y, this show inverse of f is fitsell.

Question 3
If f: R - R defined by f(x) = x? - 3x + 2, find f (f(x)).
Solution:

Given: f(x) = x? - 3x + 2

f(f(x)) = f (x? - 3x + 2)
=(x?-3x+2)?2-3(x*-3x+2)+2
=x*-6x3 +10x% - 3x

Question 4

show that the function f: R - {x € R: - 1 < x < 1} defined by f(x) = ﬁ ,X € RIis one-

X|
oneandonto function.

Solution:

The function f: R = {x € R: - 1 <x < 1} defined by f(x) = %M x€R

For one-one:
Sayx,y €ER
As per definition of |x|:
x| = {—X, x<0
x, x=0
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X

1—, x<0
So,f) =11

1+4x’ -
Forx>0

f(x) =x/(1+x)

f(y) =y/(1+y)

If f(x) = f(y), then
x/(1+x)=y/(1+Yy)
x(1+y)=y (1 +x)
X=y

Forx<0

F(x) =x/(1-x)

F(y) =y/(1-y)

If f(x) = f(y), then
x/(1-x) =y/(1-y)
x(1-y)=y(1-x)

X=y

In both the conditions, x =y
Therefore, f is one-one
Again, for onto:

X

E’ x<0
) 3

1+x’
Forx<0

y = f(x) =x/(1-x)

y(1-x) =x

Orx(1+y) =y

Orx=y/(1+y) .criiiieneiiinennns (D)

Forx=>0

Y = f(x) x/(1+x)

Y(1+x) =x

Orx=y/(1-y) orreverienenne (2)

Now we have two different values of x from both the case.
Sincey€ {xe€R:-1<x<1}

The value of y lies between -1 to 1

Ify=1

x=y/(1-y) (not defined)

Ify=-1

x =y/(1+y) (not defined)

So, x is defined for all the values of y, and x € R
This shows that, fis onto.

Answer: f is one-one and onto.

x =0

Question 5

Show that the function f: R - R given by f(x) = x3 is injective.
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Solution:

The function f: R — R given by f(x) = x3
Let x, y € R such that f(x) = f(y)

This implies, x3 = y3

X=y

fis one-one. So, f is injective.

Question 6

Give examples of two functions f: N — Z and g:Z — Z such that g of is injective but
G is not injective (Hint: Consider f(x) =xand g (x) = | x|)

Solution:

Given: two functionsare f: N - Zand g : Z - Z

Let us say, f(x) =x and g(x) =x

Gof = (gof) (x) = f(f(x)) = g(x)

Here gof is injective but g is not.

Let us take a example to show that g is not injective: Since g(x) = |x|
G(-1)=|-1]=1landg(1)=|1]|=1

But-1#1

Question 7

Give examples of two functions f: N — Z and g: Z — Z such that g of is injective but g is not
—11i >1
injective.(Hint: Consider f(x) =x +1 and g (x) = {xl i;f ; i g )

Solution:

Given: two functionf: N > Zandg: Z > Z
Say f(x) =x +1
x—11if x>1
Andg(x)—{ 1 if x=1
Check if f is onto:
fiN->Nbef(x)=x+1
sayy=x+1
orx=y-1
fory =1,x=0, does not belong to N
therefore, f is not onto.
Find gof
Forx 1: gof=g(x+ 1) =1 (Since g(x) = 1)
Forx>1:gof=g(x+1)=(x+1)=(x+1)-1=x(sinceg(x)=x-1)
So, we have two values for gof.
As gofis a natural number, as y = x, x is also a natural number. Hence gof is onto.
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Question 8

Given a non-empty set X. consider P(x) which is the set of all subsets of X.

Define the relation R in P(x) as follows:

For subsets A, B in P(X), ARB if and only if A ©B. Is R an equivalence relationOn P (x)? Justify
your answer.

Solution:

A c A . Ris reflexive.

A c B # B c A .. Risnot commutative.
IfAcB,BcC(, then AcC.. Ristransitive
Therefore, R is not equivalent relation

Question 9

Given a non-empty set X, consider the binary operation *: P(x) x P(x) — P(x) given by
A*B=ANBVA,BinP(x), where P(x) is the power set of X. Show that X is the identity
Element for this operation and x is the only invertible element in P(x) with respect to the
Operation®.

Solution:

Let T be a non-empty set and p(T) be its power set. Let any two subsets A and B of T.
AuBcCcT

So,AUBEP(T)

Therefore, U is an binary operation on P(T).

Similarly, if A, B € P(T) and A - B € P(T), then the intersection of sets and difference of sets
Are also binary operation on P(T)and ANT=A =T N A for every subset A of sets
ANT=A=TnAforall A€ P(T)

T is the identity element for intersection on P(T).

Question 10
Find the number of all onto functions from the set {1, 2, 3, ...... , h} to itself.
Solution:

The number of onto functions that can be defined from a finite set A containing n
Elements onto a finite set B containing elements = 2" — n.

Question 11

LetS={a,b,c}and T = {1, 2, 3}. Find F~1 of the following functions F from STo T, if it exists.
(i) F={(a, 3), (b, 2), (¢, 1)} (ii) F = {(a, 2), (b, 1), (c, 1)}

Solution:
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(1) F={(a 3), (b, 2), (c, 1)}

F(@)=3,F(b)=2and F(c)=1

F1(3)=a F!'(2)=bandF ! (1)=c

F~'={(3 ), (2,b), (1, )}

(i) f={(a 2), (b, 1), (c, 1)}

Since element b and ¢ have the same image 1 i. e. (b, 10, (c, 1)
therefore, fis not one-one function.

Question 12

6262969699

Consider the binary operations * RxR—->Rando:RxR - Rdefinedasa*b=|a

-bjandaob =a, Va,b €R.Show that * is commutative but not associative, o is

Associative but not commutative. Further, show thatVv a,b,ceR,a*(boc)=(a*b)o (a
*c). [ if it is so, we say that the operation * distributes over the operation o]. Does o

Distribute over *? Justify your answer.
Solution:

Step 1: Check for commutative and associative for operation*
a*bb=|a-blandb*a=|b-a|=(a, b)

operation * is commutative,

a*(b*c) = a*|b-c| = |a+b+c| and

(a*b) *c = |a-b|*c = |a-b-c|

Therefore, a*(b*c) # (a*b) *c

Operation * is associative.

Step 2: Check for commutative and associative for operation o.
aob=aV a,a,beRboa=b

this implies aob boa

operation o is not commutative.
Again,ao(boc)=aob=aand (aob)oc=aoc=a
Here ao(boc) = (aob)oc

Operation o is associative.

Step 3; Check for the distributive properties

If * is distributive over o then. A * (boc) = a*b = |a-b|
RHS:

(a*b)a(a*b) = (a-b) O (a - c) = |a-b]|

= LHS

And, ao (b*c) = (aob) *(aob)

LHS

Ao(b*c) =ao (|b-c|])=a

RHS

(aob)8(aob) =a*a=|a-a| =0

LHS#RHS

Hence, operation o does not distribute over.

Question 13

For more Info Visit - www.KITest.in

1.36




For Enquiry — 6262969604 6262969699

Given a non-empty set X, let *: P(X) x P(x) — p(X) be defined as

A*B = (A -B) U (B-A), V A, B € P(x), Show that the empty set ¢ is the identity for the
Operation * and all the elements A of P(X) are invertible with A1 = A, (Hint: (A - ) U (¢ - A)
=Aand(A-A)U (A-A)=A*A=).

Solution:

x€ P(x)

d*A=(P-A)UA-P)-dUA=A

And

A*d=(A-PJU(P-A)=AUP=A

¢ is the identity element for the operation * on P(x).
Also,A*A=(A-A)U(A-A)

- pUd=0

Every element A of P(x) is invertible with A™1= A.

Question 14

Define a binary operation * on the set {0, 1, 2, 3, 4, 5)on the set {0, 1, 2, 3, 4, 5}as
A*b={ a+b _lfa+b<6

a+b—-6 ifa+b =0
Show that zero is the identity for this operation and each element a # 0 of the set
Isinvertible with 6 - a being the inverse of a.

Solution:

Letx={0, 1, 3, 4, 5} and operation * defined as
A*b:{ a+b ifa+b<6
a+b—6 ifa+b =0
Let us say, e € x is the identity for the operation *,ifa*e=a=e *xa
a+b=0=hba, ifa+b<6
{a+b—6=0:b+a—6 ifa+b=>6
Thatisa=-borb =6 -a, whichshowsa#-b
Sincex={0,1,2,3,4,5}and a,bEx
Inverse of an elementa € x,a# 0,anda™! =6 - a.

Ya 3x

Question 15

letA={-1,0,1,2},B={-4,-2,0,2}and f, g: A - b be functions defined by

F(x) =x% -x,x€Aand G(x) = 2|x - ¥2| - 1, x € A. Are fand g equal?

Justify your answer. (Hint: one may note that two functionf: A-Bandg: A —> B
Such that f(a) = g (a) V a € A, are called equal functions).

Solution:

Given functions are: f(x) = x?> — x and g9x) = 2|x — 1/2| - 1
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Atx=-1

f(-1)=12 +1andg(-1)=2|-1-%|-1=2
Atx=0

F(0)=0andg(0)=0

Atx=1

f(1)=0andg(1)=0

Atx=2

f(2)=2andg(2)=2
So, we can see that, for each a € A, f(a) = g(a)
This implies f and g are equal function.

Question 16

let A =[1, 2, 3}. Then number of relations containing (1, 2) and (1, 3) which are
Reflexive and symmetric but not transitive is

(@)1 (B) 2
(€3 (D) 4
Solution:

Option (A) is correct.
As 1 is reflexive and symmetric but not transitive.

Question 17

Let A ={1, 2, 3}. Then number of equivalence relations containing (1, 2) is
(A)1 (B) 2

(3 (D) 4

Solution:

Option (b) is correct.

Question 18

Letf: R — r be the signum function defined as
1, x>0
F(x) ={ 0, x=0
-1, x<0
And g: R - R the greatest integer Function given by g (x) [x}, where [x] is
Greatest integer less than or equal to x. Then does fog and gof coincide in )0,1]

Solution:

Given:

F: R — R be the Signum function defined as
1, x>0

F(x) = { 0, x=0
-1, x<0
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And g: R — r be the greatest integer Function given by g (x) = [x] where [x] is
Greatest integer less than or equal to X.

Now, let say x € 0, 1), then

[x]=1ifx=1and

[x] =0if0<x<1

Therefore:

Fog(x) = f(g(x)) = f([x])
B {f(l). ifx=1
“f(0). ifx € (0.1)
(L ifx=1

- {0. ifx € (0.1)

Gof (x) =g(f)) =g (1) =1
Forx>0

When x € (0.1), then fog = 0 and gof = 1
But log (1) # gof (1)
This shows that, fog and gof do not concede in 90. 1].

Question 19

Number of binary operations on the set {a, b} are

(A) 10 (B) 16
(C) 20 (D)8
Solution:

Option (B) is correct.

A ={a, b} and

Ax A={(aa), (a,b), (bb), (b,a)}
Number of elements = 4

So, number of subsets = 274 = 16.
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